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Figure 5. Tree-level annihilation diagrams for a Majorana fermion and their matching with the
two-loop self-energies. Note the correspondence between reversing the fermion flow arrows and
crossing the external legs.

|Mrev
AIII

|2 = Mexc
tree (Mtree)

∗ ,

|Mrev
BII

|2 = |Mexc
tree|2. (4.10)

Diagram C of fig. 3 does not contribute, since as discussed above we can ignore any con-

tribution with an off-diagonal sfermion CTP propagator.

The calculation of Σ<S> is analogous and reproduces the first term in (2.3), which

corresponds to the production process f f̄ → χχ. We therefore conclude that – as antic-

ipated – at LO in the CTP formalism, that is, inserting the DM self-energy at two loops

into (4.2) and (3.26) for the integrated collision term, leads to the standard Boltzmann

equation (2.2). This is true under the assumptions of the gradient expansion and quasi-

particle approximation, which are well-satisfied for the standard scenario of freeze-out of an

initially thermal DM particle population. At LO in the coupling expansion the integrated

collision term is, provided the tree level 2 → 2 processes are χχ↔ f f̄ , as in (2.3).

4.3 Tree-level annihilation cross section

For later reference, we give the tree-level χχ → f f̄ cross section in our model. More

precisely, we give the cross section times velocity expanded in the small velocity (partial

waves) in the non-relativistic regime,6

4E2
χ σχχ→ff̄ vrel = atree + btreev

2, (4.11)

where v is the CM velocity of one DM particle and we extracted the flux factor 4E2
χ so

that atree and btree are dimensionless, and correspond to the s- and p-wave contributions,

respectively. It proves useful to adopt variables rescaled by the DM mass, i.e.

τ ≡
T

mχ
, ξ ≡

mφ

mχ
, ϵ ≡

mf

2mχ
. (4.12)

Then

atree =
2λ4

π
ϵ2

√
1− 4ϵ2

(1 + ξ2 − 4ϵ2)2
, (4.13)

6We recall that this cross section is summed over both initial and final state polarizations.
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