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Abstract

In this thesis we analyze the importance of the one-loop corrections and
the non-perturbative Sommerfeld enhancement on the dark matter thermal
relic density and indirect detection signals. We discuss general properties
of these effects and present a detailed study of their impact in the Minimal
Supersymmetric Standard Model.

For the Sommerfeld effect (SE) we have developed a general formalism
to compute the enhancement factors for a multi-state system of fermions, in
all possible spin configurations and with generic long-range interactions. We
show how to include such SE effects in an accurate calculation of the thermal
relic density for WIMP dark matter candidates. We apply the method to the
MSSM and perform a numerical study of the relic abundance of neutralinos
with arbitrary composition and including the SE due to the exchange of the
W and Z bosons, photons and Higgses. Additionally, we perform an analo-
gous analysis in the case of large co-annihilation effects with a scalar particle,
presenting also the appropriate formulas for a general scenario of this kind,
with a set of particles with arbitrary masses and (off-)diagonal interactions.

We find non-negligible corrections in whole sfermion co-annihilation regimes
and a very strong effect for the heavy Wino-like neutralino. We also provide
a numerical package for computing the neutralino relic density including the
Sommerfeld effect in a general MSSM setup.

We turn then to a specific scenario, where the dark matter is made of Wino-
like particles, and study the indirect detection signals including both our full
computation of one-loop level electroweak corrections and the Sommerfeld
effect. We discuss how to incorporate them simultaneously and present the
results for the full present-day annihilation cross-section. Having well under
control the particle physics properties of the model, we concentrate on what
exclusion limits and detection prospects we can obtain for this model taking
into account various astrophysical uncertainties. Our results on the indirect
detection signals show a significant impact of higher order effects and moreover
the importance of cross correlation between various search channels.
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Chapter 1

Introduction

The Universe is amazing. It is enough to look once at the starry sky to become aware of
how enormous and rich it is. Not surprisingly, it is even more striking when one gets to
know that what we are looking on, the luminous matter, is just a small portion of what
there really is. On the other hand, it is remarkable how relatively few laws are needed to
describe much of its behaviour.

What seems to be a fascinating possibility is that this dark side of the Universe,
which we have no means to directly probe yet, can lead us to deeper and more complete
understanding of what we see on Earth. Indeed, although we already know a lot about
fundamental properties of matter and interactions experienced in our everyday life, there
are still some puzzling issues which indicate that we do not have a complete picture yet.
Recent discovery of the Higgs (or at least Higgs-like) boson at the LHC [1, 2] gives us even
more confidence in thinking that our theoretical framework correctly describes the world
at all energy scales currently accessible to particle physics experiments. However, it did
not shed much light onto these puzzling properties of our theory, which we still do not fully
understand. From a theory point of view the open issues of the Standard Model (SM) of
particle physics give the main hints on where to look for a more fundamental description.
When finally found, it is likely to also open a new window on the Universe. Such a
window would be extremely useful in helping us to understand various astrophysical and
cosmological observations, in particular connected to the dark matter.

This is a theoretical particle physicist’s perspective. But through a window one can
look in both directions. Although we do not know what dark matter (DM) is, what is it
made of and most of its properties, we already have a lot of knowledge about it. This
comes from numerous observational and experimental data, with constantly increasing
precision. Owing to this, the dark matter can be also studied separately and detachedly
from addressing the problems of particle physics. When detected and with some of its
properties measured, it will on the one hand pose a challenge, but on the other give
strong guidance principle on how to complete our particle physics picture. This is the
astroparticle physics perspective. Throughout this thesis we are aiming in joining this two
points of view, by studying the dark matter phenomenology within the well motivated
particle physics framework, the Minimal Supersymmetric Standard Model (MSSM).

However, there are two obstacles one encounters when trying to infer some information
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2 CHAPTER 1. INTRODUCTION

on particle physics from the dark matter phenomenology. Firstly, the data is not yet
constraining and precise enough to make on one hand very general and on the other
strong statements. This is becoming better and better every year with new experiments
using state-of-art technology and detection methods. Second obstacle is on the theory
side and is the one we are going to tackle with. There are plenty of ideas what the dark
matter can be. Many of them give predictions for experiments which are already running,
or have prospects for being tested in the near future. However, the theoretical predictions
for concrete models are very often not at the state-of-art level, using calculations only at
the lowest level of perturbation theory. In many cases this is satisfactory, since higher
order corrections are typically expected to be of per cent level, and thus not affecting
much the outcome of a given model. However, for many well motivated scenarios this
statement is not true. Loop and also non-perturbative effects can significantly alter the
phenomenology and accordingly the general picture of a wide class of dark matter models.

The work described in this thesis aims in extending our knowledge of the importance of
such effects in general and give concrete examples of computations in some specific cases.
We start the discussion from introducing the dark matter paradigm and summarizing
what we know about it. Then in Section 1.2 we present general ideas of what the DM can
be made of and in the remaining parts of Chapter 1 describe its production mechanisms
and detection methods.

The particle physics framework is introduced in Chapter 2. We briefly summarize
the Standard Model of particle physics and discuss its open issues. Then we argue why
supersymmetry is an appealing idea to address them and following in Section 2.3 we
specify the model we will work in, i.e. the MSSM. Finally, we discuss the possible dark
matter candidates in this framework in Section 2.4.

Chapter 3 presents the importance of the electroweak radiative corrections. Firstly, we
summarize what is the current status of the subject and then describe our computation
of the full one-loop corrections in the Wino dark matter model and comment on more
general applications.

In Chapter 4 we describe the non-perturbative Sommerfeld effect and its role in the
dark matter physics. This effect can strongly affect the annihilation cross-section lead-
ing to dramatically different phenomenology in some classes of models. Although, in the
literature it is mostly described to enter due to existence of some new ”dark” force, in
our work we adopt much less speculative approach and study its impact coming from the
electroweak gauge bosons. In Section 4.3 we derive a formalism applicable in a general
multi-state scenario, where the dark matter can be degenerated in mass with other par-
ticles, being both fermions and bosons. As a result we can apply this method to such
general setups like the MSSM. We perform studies of this model in several distinct cases
and present the results in Section 4.4.

Both of these effects, electroweak radiative and Sommerfeld corrections, have impact
on the dark matter searches. The most important place where they cannot be neglected
is the indirect detection. Taking advantage of our detailed analysis of the Wino model, in
Chapter 5 we study the full multi-channel indirect detection signals for this scenario, and
show the impact of the higher order effects. Furthermore, thanks to the good understand-
ing of the particle physics properties of this model, we are able to make some observations
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about the astrophysical uncertainties associated with different search channels.
Finally, we give our conclusions in Chapter 6.

1.1 Evidence for particle dark matter

There is no doubt that ”dark matter” exists in our Universe. ”Dark” in the sense that we
do not observe it in the electromagnetic waves. In fact it is not at all surprising: after all
many astrophysical objects are to faint to be seen at any wavelength. One thus may expect
that inferring the mass of a large astrophysical object like a galaxy cluster from its lumi-
nosity should in principle give a different result than the one obtained from its dynamical
properties. Of course, this kind of measurements come with a substantial uncertainties
and a small ”missing mass” would be impossible to extract. However, observations told us
something which certainly was unexpected, and eventually lead to radical changes in our
understanding of astrophysics. In 1933 Fritz Zwicky [3] measured velocity dispersions of
some of the galaxies of the Coma cluster and then estimated its mass with the use of the
virial theorem. The results showed that the ratio of mass to the total luminosity obtained
this way was more than two orders of magnitude larger than the mass to the luminosity
ratio locally. This discrepancy was surprising, as such a large value by any means could
not be explained with the standard astrophysical objects. This led Zwicky to suggest,
that at least in the observed cluster, there exists some non-luminous matter component
which holds the cluster together. Similar ”missing mass” was also subsequently found in
the Virgo cluster [4].

Not surprisingly, however, those measurements were initially not considered robust
enough to accept such a extraordinary interpretation. In fact, Zwicky’s work did not get
much attention of the astronomical community until several decades later. The change
came with the development of observational techniques and new measurements on various
scales ranging from galaxy and cluster up to cosmological ones. Nowadays, the existence
of dark matter is not only widely accepted by astrophysicists, but also influences a lot
line of research of the modern particle physics.

Of course, existence of dark matter is indeed an extraordinary claim, and as such it
needs extraordinary evidence. We will shortly summarize these evidences below, empha-
sizing mostly the ones demonstrating the particle nature of dark matter, as opposed to
the mere modification of gravity.1

1.1.1 ”Missing matter” in galaxy clusters

The estimation of the mass of a galaxy clusters have progressed considerably since the time
of Zwicky and now we are in possession of much more precise measurements. Furthermore,
in addition to the observation of the peculiar velocities of the galaxies inside a cluster two

1All the evidence we have so far are based on the gravitational interactions. It is thus in principle
possible, and in fact also studied a lot, that instead of adding new matter component our theory of gravity
needs to be modified (see e.g. [5] for a review). Those ideas are however rather unmotivated theoretically
and facing problems in explaining simultaneously all observed phenomena. It is fair to say that by know
the dark matter hypothesis is the only well-established one.
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Figure 1.1: An example of gravitational lenses. Left: strong lensing from the Abell 1689 galaxy
cluster captured by the HST. Image taken from [6]. Right: contours of the mass distribution in
the Bullet cluster inferred from the weak gravitational lensing of the background sources [7].

other techniques were developed and used thoroughly: gravitational lensing and thermal
X-rays emission.

In general relativity (GR) the light follows the null geodesics, which are determined
by the stress-energy tensor. In particular, presence of a gravitational field caused by a
massive object bends these trajectories and thus inflicts deflection of light. This gives
rise to two effects: the so-called strong and weak gravitational lensing. The first one is
straightforward. If some mass concentration is present between the observer and a distant
object, then it acts as a lens and produces fake images in the form of spherical arcs. A fine
and famous example of this effect was captured by the Hubble Space Telescope (HST)
while looking through the center of one of the most massive clusters called Abell 1689, as
given on Fig. 1.1.

Weak gravitational lensing is a bit more subtle. The distortions of the background
object coming from lensing are often to small to be observed. However, even then a
net statistical effect can be seen. What one measures is the deformation of shapes, e.g.
elongations of spherical objects, or the systematic alignment of background objects around
the foreground mass. Weak lensing is thus intrinsically statistical measurement, but it is
very useful in determining the mass of the foreground lensing objects without assumptions
on their composition or dynamical state.

The second method, thermal X-ray emission, relies on the fact that the intercluster
medium consist mostly of very hot gas, with the temperature between 107 K and 108 K.
By measuring its X-ray emission one can deduce the total mass distribution, assuming
that gas is in approximate hydrostatic equilibrium with the overall cluster gravitational
field. If the gas is the only component, the relation of its temperature T and the mass M
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Figure 1.2: Observation of the Bullet cluster [7]. A clear shock profile is visible in the X-rays.
The green contours present the gravitational potential inferred from the weak gravitational
lensing, which was not strongly affected by the collision. This gives a strong evidence for a
collisionless particle nature of dark matter.

inside a given radius R is given by [8]:

T � 1.5 keV
MpRq

1014M@

1Mpc

R
. (1.1)

Again, the observed value of the temperature of about 10 keV is about 6 times larger and
inconsistent with this assumption, leading to the conclusion of existence of an additional
matter component.

1.1.2 The Bullet cluster

Probably the most compelling piece of astrophysical evidence for the particle dark matter
is the observation of the collision of two clusters by Clowe et al. [7], i.e. the so-called Bullet
cluster (1E 0657-558).2 The main baryonic component, the intercluster gas observed in
X-rays, was strongly affected by the electromagnetic interactions and created the clear
shock profile, see Fig. 1.2. What was so striking, was that most of the mass, which
was inferred from weak gravitational lensing, didn’t trace the gas, but rather visible
objects. It follows, that most of the mass is not in the intercluster gas and furthermore,
that the additional ”dark” component is collision-less. Comparing Fig. 1.2 with Fig. 1.1b
showing the same cluster but in the optical band, one can clearly see that the gravitational
potential, presented as green contours, traces the collisionless part, and not the interacting
gas. This lead to the conclusion expressed in the title of the paper: A direct empirical
proof of the existence of dark matter.

This observation is not only a direct indication of existence of dark matter but also of
its particle, collisionless behaviour. In fact, authors of this work claim that at a statistical

2Strictly speaking the Bullet is the smaller of the two, which crosses the larger with a very high
velocity. The name comes from the characteristic conical shock, see Fig. 1.2.
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significance of about 8σ, the spatial offset of the center of the total mass from the center
of the baryonic mass peaks cannot be explained with an alteration of the gravitational
force law.

1.1.3 Rotation curves of spiral galaxies

On the galactic scale the strong case for the dark matter follows from observation of
the rotation curves in spiral galaxies.3 It was pointed out quite early by Rubin and
collaborators [11] that the true galaxies exhibit unexpected, nearly flat behaviour at large
distances r. In Newtonian gravity (being of course a sufficient approximation of GR at
these scales) one can easily compute the rotational velocity vr for a given mass distribution
Mprq, giving

vrprq �
c
GNMprq

r
, (1.2)

where GN is the gravitational constant. Therefore, for constant Mprq, i.e. outside the
visible part of the galaxy, the velocity should fall down as r�1{2. This is however not what
we see in observations. As an example, on Fig. 1.3a we present a rotation curve from NGC
6503 galaxy with highlighted various contributions. As evident, the simplest explanation
to the apparent approximate flatness is the inclusion of a dark matter component called the
”halo”. The precise shape of the rotation curves is an important ingredient in determining
the halo profile: flat rotation curve would point to ρ � r�2, i.e. the so-called isothermal
profile. In reality however, the observations give different slopes for different galaxies,
with only some being very close to flat (for a recent and comprehensive review of the
rotation curves in spiral galaxies see e.g. [12]).

1.1.4 Cosmological scale evidences

Our understanding of cosmology made a huge progress in recent decades, leading to now a
well-established and widely accepted cosmological model, known as the concordance model
or sometimes even called the standard model of cosmology (for a modern review see e.g.
[15]). Observations from various distances (redshifts), especially the Cosmic Microwave
Background (CMB), large scale structures (LSS), clusters of galaxies and supernovae,
point to a precise model within this framework, called the ΛCDM, see Fig. 1.4. The
name comes from the content of the Universe, which in general can constitute of matter
Ωm, curvature Ωk and the cosmological constant ΩΛ.4 The different relative values of
these three parameters result in different models, which can be illustrated on a triangle,
Fig. 1.4a. Observations strongly suggest that the Universe has a flat geometry. As a
consequence, the curvature contribution vanishes and the total energy density of the
Universe is equal to the critical density, i.e. Ωtot � 1. When additional constraints are

3Another, although not so clean evidence comes form the velocity dispersion measurements for pressure
supported galaxies, see e.g. [9] for elliptical galaxies and [10] for dwarf spheroidals.

4Energy densities in cosmology are typically given in terms of the critical density ρc � 1.879 �
10�29h2 g{cm

3
, i.e. Ωi � ρi{ρc, where h � 0.702 � 0.014 is the Hubble constant in units of

100 km s�1Mpc�1.
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Figure 1.3: Left: an example of a galaxy rotation curve with separate contributions from the
galactic disk, gas and the dark matter halo. Figure from [13]. Right: CMB power spectrum
anisotropies [14]. The solid line gives the ΛCDM model fit to the data from various experiments.

superimposed one can see that the favoured model is the one with Ωm � 1{4, Ωk � 0 and
ΩΛ � 3{4, where the matter is mostly composed of the cold non-baryonic component, i.e.
cold dark matter (CDM).

From the dark matter perspective, the most important ingredient of the cosmological
model is the CMB and in particular measurements of its anisotropies. The CMB is an
imprint of the first moment in the history of the Universe when it became transparent to
light. After the temperature dropped below about 0.4 eV, protons and electrons recombine
to form neutral atoms making the photons’ scattering on the plasma no longer efficient
enough. They decoupled and started to propagate freely. We observe those ”relic” photons
as a nearly uniform radiation coming from all the directions in space, with the perfect
spectrum of a black body radiation with the temperature of 2.725 K. The anisotropies
of this radiation are very small, with ∆T {T � 10�4–10�5, which is truly a remarkable
fact. Moreover, their presence is considered to be of crucial importance for the large
scale structures formation. The reason is that these minute temperature differences trace
the density inhomogeneities at the moment of last scattering, which are seeds for later
collapse and clustering around the more dense regions.

In fact, these anisotropies carry a lot of information about the composition of the
Universe at that time, i.e about 300 000 years ater the Big Bang, corresponding to redshifts
around z � 1100. In order to extract it one makes an expansion in spherical harmonics:

∆T

T
pθ, φq �

8̧

l�2

m�ļ

m��l
almYlmpθ, φq, (1.3)

and calculates the variance

Cl � x|alm|2y � 1

1� 2l

m�ļ

m��l
|alm|2. (1.4)
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Figure 1.4: Left: the cosmic triangle [16]: Right: The same but on a pΩm,ΩΛq plane, showing
the ”concordance” of the various independent observations [17].

The plot of lpl � 1qCl{p2πq both from experimental data and the fit in the 6-parameter
ΛCDM model is shown of Fig. 1.3b. It shows a characteristic sound waves peaks and an
overall fall for large l from diffusion damping (also called Silk damping). The acoustic
oscillations arise because of a competition in the photonbaryon plasma: the pressure
of the photons tends to erase anisotropies, whereas the gravitational attraction of the
baryons makes them tend to collapse. These acoustic peeks contain information about the
cosmological parameters. The measured angular scale (position) of the first peak gives
the total energy Ωtot, since it appears at the harmonic of the sound horizon and thus
depends on the curvature of the Universe. Recent results of the WMAP collaboration
give [18] (all uncertainties indicate the 68% confidence levels):

Ωtot � 1.0023�0.0056
�0.0054 . (1.5)

The odd peaks come from the compressions of the photon-baryon fluid, while the even
peaks from rarefactions. Therefore, the more baryons, the fluid feels the potential well
stronger, and the larger the ratio of the amplitudes of the odd to even peaks. In particular,
the ratio of the first to second peak leads to the determination5 of the energy density in
the baryons:6

Ωbh
2 � 0.02255� 0.00054 . (1.6)

In the presence of additional matter component not coupled to photons the potential
well is steeper but the effective mass of the photon-baryon fluid is not altered. This

5Note, however, that the quoted numbers are obtained from the full fit of the ΛCDM model and
therefore do not come directly from the acoustic peaks only.

6A completely independent measurement of the baryon energy density follows also from the Big Bang
Nucleosynthesis (BBN), which leads to a consistent value. For a review of the results see [19].
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effects in boosting the odd peaks and allows to use the relation between the third and
two previous ones to infer the energy density of this additional component:

ΩCDMh
2 � 0.1126� 0.0036 . (1.7)

This provides a strong evidence for the dark matter, more abundant than the baryons
by roughly a factor of 5, a completely independent from the evidences from astrophysical
observations. Moreover, it already gives some information about the properties of such
new dark particle.

To conclude this section, let us just mention the last cosmological scale observation,
also leading to the consistent picture. As mentioned above, the anisotropies of the CMB
trace the density anisotropies which are then imprinted in the large scale structures of our
Universe. This can be seen observationally by the distributions of galaxies in large surveys
like recent Sloan Digital Sky Survey (SDSS) [20] containing more than 930 000 galaxies.
The results of the three-dimensional power spectrum again show characteristic pattern,
coming from the baryon acoustic oscillations (BAO). It is compatible with the sound waves
seen in CMB and lead to cross-check of the cosmological parameters. Consistent results
show that the overall LSS formation picture, with large CDM component, provides a good
explanation of the complexity of large scales of the observed Universe. Although the full
description of structure formation, covering also the non-linear regime, is still not available
and thus the theory still possess some unresolved issues (e.g. ”missing satelites” [21] or
”cusp” [22] problems in the comparison of numerical simulations with the observational
data), the recent enormous progress in the field gives more and more confidence in the
general picture.

1.2 Candidates

One of the major challenges of modern particle physics is to understand the nature of
dark matter and hopefully incorporate it in the more fundamental and complete theory.
The efforts go in two directions: detecting and then measuring properties of dark matter
particles, which we shortly discuss in Sec. 1.4 and on the theory side to deduce its prop-
erties from a particle physics perspective. The latter gives also some hope that solving
the dark matter problem will be also connected with the resolving the shortcomings of
the Standard Model and giving an indication where to look for a more fundamental the-
ory. Needless to say, in the literature there exists many kinds of models for particle dark
matter with huge number of their realizations. In this section we are going to summarize
the main properties that a particle should have in order to be a viable candidate for dark
matter and then give some examples (of arguably the most promising) classes of models.

What we already know about dark matter can be summarized by the following 5 golden
rules :

1. DM is optically dark

By definition, being ”dark”, it does not contribute significantly to the background
radiation at any frequency [23]. This condition is however much stronger, because it
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means also that dark matter cannot couple to photons at the CMB epoch and even
more importantly it does not cool by photon radiation (otherwise it would dissipate
energy and collapse in the same way as the baryonic matter).

2. DM is collision-less

This can be most straightforwardly seen from the Bullet cluster, as discussed above,
but in fact more stringent constraints come from the ellipticity of the halo and even
dissipation of sub-halos or growth rates of super-massive black holes (see e.g. [24]
and references therein).

3. DM is in a classical fluid limit

No discrete effects in the halos are observed. In fact, large granularities would affect
the stability of astrophysical systems by introducing a time dependent gravitational
potential, see e.g. [25]. Classical, because no quantum effects are seen in observa-
tions, for a boson giving lower bound on the mass of about mDM Á 10�22 eV. In
the fermion case analogous, though much weaker bound exists, called the Tremaine-
Gunn bound [26]. It follows from the condition of not exceeding the possible phase
space density allowed by the Pauli exclusion principle.

4. DM is stable

If it could decay with a lifetime shorter than the age of the Universe, it would not
survive to present day and could not solve small scale missing matter issues. This
sets a rough bound for the lifetime τ Á few � tUniverse. Moreover, in the case it
can decay to visible states it could be already detected in the cosmic rays and the
condition for the lifetime is typically much more restrictive.

5. DM is cold

”Cold” means here non-relativistic at the moment of structure formation onset, i.e.
matter-radiation equality at redshifts z � 106. The reason is that relativistic parti-
cles tend to free-stream and smooth the initial density perturbations, which would
lead to different large scale structures than observed in the present day Universe
[27]. For example, neutrinos have a free-streaming length of

λFS � 40 Mpc

�
30 eV

mν



, (1.8)

which would need a top-down hierarchy in the large structure formation, i.e. first
large structures are formed and then collapsed to smaller ones. This is however
disfavoured by observations, since the galaxies are known to be much older than
superclusters. In fact, referring also to additional arguments, one can show that the
amount of allowed ”hot” dark matter satisfies ΩHDM   0.0062 p95% CLq [18].

In a single sentence all this can be summarized by the statement, that observations
favour the non-baryonic, cold dark matter. However, as usual, some of the conditions
described above may be relaxed and still one can obtain a viable candidate. For example
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interaction with photons via electric or magnetic dipole moment [28] are still allowed.
Another example is the idea that dark matter composed of axions can form a Bose-
Einstein condensate [29], clearly not being a classical fluid. Decaying dark matter was
also heavily studied recently, especially in the context of possible indirect detection signals.
Most models however preserve those golden rules, which act as a useful guideline for model
building.

To illustrate how this works for a particular model, it is useful to use as an example
historically one of the first candidates, a neutrino. Neutrinos are the only possible po-
tential candidates among the known particles: they are stable, do not couple to photons,
interact only very weekly and it is now well-established that they have mass. Therefore,
they definitely contribute to the total DM component. However, as already mentioned,
relic neutrinos do not give cold dark matter. The reason is that they are too light, with
the upper limit on the mass of the heaviest one, mν   2 eV [30]. It follows, that neutrinos
are still relativistic at their decoupling, which happens for temperatures at the MeV scale.
Additionally, to constitute the whole DM they would need to be very dense in the phase
space and as fermions they would start to be in conflict with the Tremaine-Gunn bound.
As a consequence, although neutrinos contribute to the total dark matter density, they
cannot be the main component.

1.2.1 Weakly Interacting Massive Particles

Two reasons draw most of the attention to the very broad class of models in which the dark
matter is weakly interacting, i.e. a WIMP. Firstly, as we will discuss below in Sec. 1.3.1,
the thermal relic density for such a particle is approximately given by:

ΩDMh
2 � 0.1

3� 10�26cm3s�1

xσvy , (1.9)

i.e. a generic particle with the self-interaction cross-section of the typical weak scale
process of tens of pb (corresponding to xσvy of the order of 10�26 cm3{s) leads rather
naturally to a thermal relic density in agreement with observations. This property was
dubbed a ”WIMP Miracle”. Secondly, from a more practical point of view, WIMPs’
generic properties allow for a concrete detection methods, which one can use to search for
dark matter experimentally (see Sec. 1.4).

Many models fall in this category, with the two most widely studied cases being: light-
est supersymmetric particles (LSPs) and Kaluza-Klein particles present in some models
with extra dimensions.

LSPs

In supersymmetric scenarios with R-parity conservation the lightest supersymmetric par-
ticle is stable and thus can potentially give a very well theoretically motivated dark matter
candidate. In the minimal supersymmetric extensions of the SM there are three possible
candidates of this type: sneutrino (scalar partner of a neutrino), neutralino (fermionic
partner to gauge and Higgs bosons) and gravitino (fermionic partner of graviton). We
will discuss them in detail in Sec. 2.4.
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Kaluza-Klein particles

Models of Universal Extra Dimensions (UED) [31, 32] or Warped GUTs (e.g. Randall-
Sundrum [33]) predict existence of infinite tower of massive states, Kaluza-Klein particles
(KK), from which the lightest one can play the role of dark matter. For example, in the
simplest UED models the extra fifth dimension is compactified on a sphere of radius R.
Then from the 4D point of view one sees a tower of KK states with the mass of the nth

state proportional to n{R. The stability of the lightest one is ensured by the conservation
of momentum in the extra dimension, which in the 4D picture translates to conservation
of the KK number. In the early Universe those new states are produced thermally with
the cross-section being naturally at a weak scale [34, 35]. Although Kaluza-Klein particles
are typically hard to detect experimentally, some signals can still be potentially observed,
most probably in collider and indirect searches [36].

1.2.2 Non-WIMPs

Apart from WIMPs, there exist also other types of candidates. Although not motivated
by the thermal origin, they often possess additional strong motivation, coming from cos-
mology or particle physics. Two prominent examples of such kind are axions and Q-balls.

Axions

One of the naturalness issues of the SM is the so-called Strong-CP problem: why CP
is seen to be conserved in strong interactions, although the QCD Lagrangian contains
a term which breaks it explicitly? This term arises via non-perturbative effects and is
connected to the non-trivial topological structure of the QCD. It has a form

Lθ � θ̄
g2

64π2
εµναβGa

µνG
a
αβ, (1.10)

where Ga
µν is the field stress tensor. The coefficient θ̄ gets contributions from the initial

non-perturbative θ-angle and the argument of the quark mass matrix determinant (due
to weak interactions the quark mass matrix becomes complex and because of the chiral
anomaly the re-absorption of phases done by the chiral rotation contributes to Lθ). One
can easily check that this term indeed breaks CP, P and T, and thus it seems that the
only possibility is that the θ̄ coefficient vanishes. To quantify this problem, note that
this term would lead to a non-zero electric dipole moment of the neutron, of the order of
dn � 10�16|θ̄| e cm. From the measurements one gets then condition that |θ̄| À 3 � 10�10

(or |θ̄�π| À 3�10�10). There comes the naturalness issue: since it gets contributions from
two completely different parts of the theory, how comes that they cancel so effectively?

Several solutions to this issue were proposed, among which the most compelling one
is the dynamical mechanism of driving θ̄ to zero, by promoting it to a dynamical field a.
The mechanism used by Peccei and Quinn [37] was to consider a to be a pseudo-Goldstone
boson of a new spontaneously broken Up1qPQ symmetry. The resulting particle, named
axion by Wilczek [38], is a very weakly interacting pseudoscalar, with a mass related (in
the simplest models inversely proportional) to the scale of PQ symmetry breaking fa. This
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scale has to be high enough to evade all the experimental constraints. For the scenarios
where axion can be a viable dark matter candidate it gives 109 GeV À fa À 1012 GeV,
with the precise values being model dependent. This translates to a bound on the mass
(again model dependent) 10�2 eV Á ma Á 10�6 eV.

Even with such a strong experimental constraints, axion remains a viable and interest-
ing dark matter candidate. Its main unique feature is the production mechanism, called
the misalignment production. The idea is that when the temperature of the Universe ex-
ceeds the PQ symmetry breaking scale the θ angle is displaced from its minimum. When
the temperature drops down, at around 1 GeV potential for the axion field starts to be
effective and the fields starts to ”roll down” to its minimum. It starts to oscillate coher-
ently, behaving like a condensate of axions at rest. This mechanism can give a correct
thermal relic density for a still allowed values of the axion mass ma.

7

Q-balls

Another interesting possibility are the so-called Q-balls [40]. A Q-ball is a coherent state
of a complex scalar field, a non-topological soliton, whose existence and stability arises
due to the conservation of some global U(1) quantum number. For example, the usual
baryon (lepton) number may play the role of such conserved quantity for the Q-balls built
of squarks (sleptons), i.e. the supersymmetric scalar partners of quarks (leptons). In
particular, Q-balls are generically present in the Affleck-Dine baryogenesis [41] scenarios,
as it was shown in [42]. They are very heavy, containing at least 1022 particles and rather
difficult to detect. Q-balls can be produced in right amount in the early universe and sur-
vive to the present day and thus can be considered as a viable dark matter candidate [43].
Production mechanisms include phase transitions, fragmentation of the scalar condensate
at the end of inflation and the so-called solitosynthesis (analogue of nucleosynthesis). Ad-
ditional interesting features of this scenario is that by predicting rather warm dark matter
it can accommodate for the solution of the cosmological ”cusp” and ”missing satellites”
problems [44]. In the end it is rather safe to say that although the Q-ball dark matter is
without doubt an interesting idea, it is also certainly a bit exotic and therefore not in the
mainstream of the field.

Baryonic dark matter

For completeness, let us mention the sometimes invoked possibility that the dark matter
is in fact of the baryonic origin, but is contained in the Massive Astrophysical Compact
Halo Objects (MACHOs). This possibly could evade detection at any wavelengths if these
objects are optically dark (like e.g. planets, black holes, neutron stars, etc). However, this
kind of models have typically substantial problems with the CMB and BBN constraints.
One example of possibly working scenario could be the primordial black holes (PBH) [45].

From the observational point of view various surveys were conducted with the aim
of searching for MACHOs. The bottom line of all those searches is the following (for a

7Thermal population of axions has a very low relic density. However, another potentially important
production exists, namely the decay of the cosmic strings coming from Up1qPQ breaking in the early
Universe. For a recent axion review see e.g. [39].
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short summary see e.g. [46]): MACHOs are excluded as a main DM component of the
Milky Way halo in the entire range of masses above 10�7M@. Another attempt to save
the Universe from the non-baryonic dark matter is seen to fail.

1.3 Thermal history of the Universe

In the standard cosmological model, the Universe after the inflationary period consists
of extremely hot plasma, containing all possible kinds of existing particles.8 Although
it is not truly in a thermodynamic equilibrium, it can be approximated as such for the
most of its history. Therefore, we can trace its evolution with temperature playing the
role of time. In this parametrization various epochs are much more clearly visible, since
it is the temperature which sets the energy scale for a given moment, determining which
processes take place efficiently and which are not effective any more. In particular, as the
temperature decreases, the interactions rates between different particles in the thermal
bath are typically decreasing as well. If the interaction rate for a given particle species
drops below the rate of the expansion of the Universe, then the interactions are too rare to
be important, and this particle freezes-out. After that, it is decoupled from the thermal
bath and evolves independently with constant comoving number density, i.e. number
density normalized to the entropy density.

The interaction rate Γ is given by the product of the number density n and the
thermally averaged cross-section xσvy, while the expansion is governed by the Hubble
rate H. This gives an estimation of the freeze-out temperature Tf.o.:

nxσvy|Tf.o. � H|Tf.o. , (1.11)

which for a WIMP happens typically for Tf.o. � m{20. More precise treatment involves
solving (numerically) the set of Boltzmann equations governing the evolution of the indi-
vidual number densities under simultaneous effects of expansion, scatterings and annihi-
lations, see Sec. 1.3.1 below.

This provides a very natural mechanism for production of particles in the early Uni-
verse, which is in fact seen to give predictions consistent with the abundance of light
elements from the BBN. Furthermore, after decoupling the only possible depleting effect
would be the decay, therefore if the freezed-out particle is stable it will survive up to
the present day. It is the most promising and natural scenario for the generation of the
observed dark matter density. The Universe is however something more than just the
dark matter, thus in the following we will shortly sketch its whole history from the Big
Bang till now [47]:

• T � 1019 GeV (10�43 s): Planck epoch. Quantum gravity desperately needed.

• T � 1015 GeV (10�36 s): the most typical period for inflation. A conjectured,
model-dependent phase of exponential expansion, which flattens and isotropizes the

8With masses not larger than the highest temperature of the plasma, which in the inflationary models
is the so-called reheating temperature TRH .
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observed patch of Universe, giving answers to several important issues, like e.g. why
CMB is so uniform even though (without inflation) we were never in causal contact
with most of the observed regions.

• T � 1015–103 GeV (10�36–10�11 s): lepto- and baryogenesis? Supersymmetry break-
ing? Not yet well understood.

• T � 103–5 GeV (10�11–10�7 s): typical WIMP freezes-out and dark matter relic
abundance created.

• T � 100 GeV (10�10 s): electroweak phase transition.

• T � 0.3 GeV (10�5 s): QCD phase transition. Gluons and quarks confine inside
baryons.

• T � 0.1–10 MeV (102–10�2 s): Big Bang Nucleosynthesis.

• T � 1 MeV (1 sec): neutrinos decouple and form relic population (still too elusive
to be found with present technology).

• T � 1 eV (104 yr): matter-radiation equivalence and onset of structure formation.

• T � 0.4 eV (105 yr): recombination and last scattering, CMB is formed.

• T � 0.4–10�4 eV (105–14� 109 yr): formation of galaxies, stars, planets, etc.

• T � 10�4 eV (14� 109 yr): present day.

1.3.1 Relic density calculations

In this section we will discuss in detail the thermal production mechanism and show for a
generic particle how to compute its relic density by solving the Boltzmann equation. We
will follow quite closely the approach of Ref. [48], which is the one appropriate for situa-
tions strongly affected by co-annihilations [49, 50] and will be needed in our computations
of the relic density with the Sommerfeld effect (see Sec. 4.4.2).

To be general, let’s assume that we have set of N particles χ1, χ2, ... χN , each with
mass mi (the ordering is such that m1 ¤ m2 ¤ � � � ¤ mN) and number of internal degrees
of freedom hi. Moreover, we assume that they are sharing a conserved quantum number
so that: i) if kinematically allowed, inelastic scatterings on SM thermal bath particles can
turn each of these states into another, and ii) χ1 is stable (and is our DM particle).

If the mass splitting between the heaviest and the lightest is comparable with Tf.o. �
m1{20, roughly speaking the freeze-out temperature for a WIMP, all these states have
comparable number densities at decoupling and actively participate in the process of
thermal freeze-out.

The evolution is governed by the expansion of the Universe and interactions with the
thermal bath. The latter depends not only on the temperature and the number densities,
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but also on their phase space distributions. For a given particle i, its phase space density
fi satisfies the continuity relation:

Lrfis � Crfis, (1.12)

where L is the Liouville operator describing the evolution of the phase space volume, in
general relativity given by:

LGR � pα
B
Bxα � Γαβγp

βpγ
B
Bpα . (1.13)

The right hand side of (1.12) describes all possible processes resulting in producing or
destroying particle i, by the so-called collision operator C. Since some of these processes
involve also other particles from the thermal bath, C depends also on their corresponding
phase space densities, which in general leads to a set of coupled Boltzmann equations for
their number densities ni �

³
d3pfippq. For a given particle species i it has the form:

dni
dt

� 3H ni � �
Ņ

j�1

xσijvijy
�
ninj � neqi n

eq
j

�
�

¸
j�i

�xσXijvijy pninX � neqi n
eq
X q � xσXjivijy

�
njnX � neqj n

eq
X

��
�

¸
j�i

�
Γij pni � neqi q � Γji

�
nj � neqj

��
, (1.14)

where neqi is the thermal equilibrium number density and

σij �
¸
X

σ pχiχj Ñ Xq , (1.15)

σXij �
¸
Y

σ pχiX Ñ χjY q , (1.16)

Γij �
¸
X

Γ pχi Ñ χjXq , (1.17)

are the annihilation cross-section, the inelastic scattering cross-section and decay rate,
respectively. The ”relative velocity” vij is defined as

vij �

b
ppi � pjq2 �m2

im
2
j

EiEj
, (1.18)

where pi is the four-momentum and Ei the energy of particle i. The thermal averaging
for processes of the type χi�χj Ñ X (in the dilute limit two-body initial state processes
dominate) is given by:

xσijvijy � 1

neqi n
eq
j

¸
X

»
d3pi
2Ei

d3pj
2Ej

d3pX
2EX

δ4ppi � pj � pXqf eqi ppiqf eqj ppjq |AijÑX |2 , (1.19)
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where the sum here is on the set X of allowed SM final states and d3pX{2EX stands
symbolically for the integration over the phase space in the final state. Normally in X
only two-body final states are considered, since they are clearly the dominant ones.

This set of coupled Boltzmann equations traces all the number densities ni. However,
we do not need all this information to compute the relic density. Indeed, after freeze-out
all heavier states decay into the lightest one and one usually solves a single equation
written for the sum of the number densities, n � °

i ni, which can be obtained from
(1.14):

dn

dt
� 3H n � �xσeffvy

�
n2 � pneqq2� , (1.20)

where we have defined the effective thermally averaged annihilation cross section:

xσeffvy �
¸
i,j

xσijvijyn
eq
i

neq
neqj
neq

, (1.21)

written as a weighted sum over the thermally averaged (co-)annihilation cross-sections.
There are two main assumptions which allow to rewrite the system of coupled Boltz-

mann equations as the single equation for n, in analogy to the case one writes for one
single WIMP, with the usual term of dilution by volume on the l.h.s. and the depletion
and replenish terms on the r.h.s.:

• The factorization of the individual terms in Eq. (1.14) and the sum of Eq. (1.21)
is possible if one assumes that the shape of phase space densities for each particle
χi follows the shape of the corresponding thermal equilibrium phase space density,
namely fippi, tq � cptq � f eqi ppi, tq (with the coefficient c depending on time but not
on momentum). This is the case if the so-called kinetic equilibrium is maintained,
i.e. if scattering processes of the kind χi � Xl Ñ χk � Xm (with k equal to i or
different from it) on SM thermal bath states Xl and Xm have a rate which is larger
than the Universe expansion rate H.

Kinetic equilibrium is a legitimate assumption, because kinetic decoupling usually
takes place much later than chemical freeze-out. The reason is that although the
amplitudes for scattering and annihilation processes are usually comparable, since
the two can be related via crossing symmetry, the scatterings are much more frequent
than annihilations. This is due to the fact that around the time of freeze-out Tf.o. !
m1 and WIMPs are very rare in the thermal bath. On the other hand scatterings
are stimulated by thermal bath states themselves, which are relativistic and hence
whose number density is not suppressed.

• The second assumption which is implicit in Eq. (1.20) is that one takes ni{n �
neqi {neq. This quantity in the Maxwell-Boltzmann approximation for equilibrium
phase space densities, i.e. f eqi ppi, tq � hi{p2πq3 expp�Ei{T q, is proportional to the
number of internal degrees of freedom hi and is exponentially suppressed with the
mass splittings. Analogously to the first assumption, this approximation is valid in
case inelastic scatterings are active for the whole phase in which the depletion term
is relevant.
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Once the particle physics of χis is known, we can compute all the cross-sections, plug
them into (1.21) and then solve the Boltzmann equation with the initial condition that
at early times the number densities ni trace the equilibrium ones. This can be done
very accurately by using fully numerical computations, typically using existing codes like
DarkSUSY [51] or micrOMEGAs [52]. Note also, that the treatment outlined above does
not involve any approximations in the way thermally averaged annihilation cross-sections
are computed.

In order to get some more insight on the possible result, it is useful to look at a
simplified case. Let’s assume that there is only one WIMP and thus no co-annihilation
effects are present. It is convenient to write then the Boltzmann equation in the variables:
Y � n{s, where s is the total entropy density, and x � m{T . Then Eq. (1.20) can be
rewritten in a form:

dY

dx
� 1

3H

ds

dx
xσvy �Y 2

eq � Y 2
�
. (1.22)

Now let us make an approximation that the thermally averaged cross-section can be
expanded with respect to the velocity and truncated on the second term:

xσvy � a� bv2 �Opv4q � a� 6 b{x . (1.23)

This is justified, since the WIMP has to be non-relativistic at the time of freeze-out in
order to constitute a cold dark matter. Then the Boltzmann equation can be written as:

dY

dx
� �

�
45

π
GN


�1{2
g

1{2
� m

x2
pa� 6pb{xqqpY 2 � Y 2

eqq, (1.24)

with

g1{2
� � heff

g
1{2
eff

�
1� T

3heff

dheff
dT



, (1.25)

geff � 30ρ

π2T 4
, (1.26)

heff pT q � 45s

2π2T 3
, (1.27)

and ρ being the total energy density. Within this approximation, in a radiation dominated
Universe with an adiabatic expansion, it is possible to find an analytical solution, giving
the freeze-out happening at [50, 47]:

xf � log

�
5

4

c
45

8

h

2π3

mχmPlpa� 6 b{xf qa
g�pxf qxf

�
, (1.28)

and the relic density being equal to

Ωχh
2 � 1.07� 109

mPl

xfa
g�pxf q

1

a� 3 b{xf . (1.29)
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For an S-wave annihilation, if one plugs in the numbers of a typical WIMP of a mass
Op100 GeVq one indeed gets xf � 20–30 and the relic density:

Ωχh
2 � 0.1

3� 10�26cm3s�1

xσvy . (1.30)

This is the advocated famous ”WIMP Miracle”: a particle of a typical cross-section gov-
erned by weak interactions and mass on a weak scale gives correct thermal relic density.
This result should be however taken with a grain of salt. Not only it depends on sev-
eral assumptions and is related to the simplified case without co-annihilations, but also
inspected in more detail is seen to be rather fine-tuned in in many concrete realizations.
For instance, the low-energy supersymmetry typically predicts too large or too small relic
density, unless one goes to narrow regions of parameter space [53]. This tension can be
eased if one allows for the dark matter mass to approach TeV scale, but this weakens a
bit the motivation of a WIMP as a manifestation of new weak scale physics. Nevertheless,
this simple computations shows why so much effort is devoted to studies of the weakly
interacting massive particles.

1.4 Detection methods

The prospects for experimental searches for the dark matter very strongly rely on its
nature. If it is (nearly) decoupled from our visible SM sector we can probe it only via
gravitational effects. In this case it is extremely hard to measure any of its properties.
On the other hand, if the dark matter has anything to do with the new physics suggested
by the open issues in the SM, other detection channels are possible. In the case of a
WIMP, its properties make viable either direct detection (DD) via scattering on a nucleus
or indirect detection (ID) searching for a WIMP-induced component in cosmic rays, in
the photon background at frequencies ranging from the radio to gamma-ray band, or in
the neutrino flux from the Sun or other astrophysical objects.

1.4.1 Direct detection

The mechanism of thermal generation of WIMP dark matter relies on the weak-interaction
strength of their pair annihilation into thermal bath particles, most likely light SM states.
Using crossing symmetry one expects also scattering processes on the same states to be of
similar order. In particular, s-channel annihilation to quarks leads to t-channel scattering
of a WIMP on a quark.

Direct detection is a method of exploiting this process for looking for a dark mat-
ter signal and if found, determining the DM particle mass and scattering cross-section.9

However, the expected signal is very small and additionally one has to make a lot of effort
in order to discriminate the background.

The quantity measured is the recoil energy Er of the nucleus after the WIMP scatters
off. It can be easily related to the kinematical properties of the impinging WIMP, using

9For a recent review see e.g. [54] and references therein.
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non-relativistic kinematics: Er � q2{2mχ, where q2 � 2µ2v2p1 � cos θq is the momentum
transfer, µ � mχmN{pmχ � mNq is the reduced mass with nucleon mass mN , θ is the
scattering angle in the center of mass frame and v the WIMP velocity relative to the
target nucleus. The typical value of the recoil energy is relatively small, of the order of
Op10 keVq. The scattering rate on a nucleus with atomic number A is given by:

dR

dEr
� ρ0

mχ

NA

A

» vesc

vmin

d3v v fp~vqdσχN
dEr

, (1.31)

where vmin is the minimal relative velocity corresponding to angle θ � π, vesc � 544 km/s
is the local galactic escape velocity and NA is the Avogadro number. The function fp~vq
is the velocity distribution function of WIMPs and is not know well. Together with local
dark matter density ρ0, it brings a considerable uncertainty for making predictions on the
event rate for a given DM model.

The scattering cross-section σχN can be determined from the DM interactions with
quarks and gluons, and the nuclear matrix elements. For a typical WIMP candidate, a Ma-
jorana fermion, there are two types of interactions: spin-independent and spin-dependent
(corresponding to interactions mediated by scalar or pseudo-vector, respectively). The
latter one is usually subdominant, since it means that a WIMP scatters only on the un-
paired nucleon in the nucleus, while the former happens coherently for all the nucleons.
Therefore, the most stringent experimental bounds are obtained for the spin-independent
scatterings.

The method described above has been exploited in many experiments, using various
detection techniques. The two ones giving strongest constraints up to date are XENON
[55] and CDMS-II [56]. The former is a detector operating with 100 kg liquid xenon as
a target and measuring the scintillation light from a recoil.10 The latter is a cryogenic
experiment using germanium and silicon crystals inferring the recoil energy from measure-
ments of phonons.11 The most up to date exclusion limits are given on Fig. 1.5 borrowed
from [58].

On the other hand, several groups reported positive signals, possibly coming from dark
matter. These are:

• DAMA/LIBRA [63]: the experiment concentrates on the annual modulation sig-
nal from DM coming from the cyclic variation of the mean energy of WIMPs in
the detector frame due to the orbital motion around the Sun. The collaboration
claims to observe an effect with more than 8σ statistical significance. Interestingly,
even though this result is known already for a long time, still there exists no other
plausible explanation of this signal rather than the scattering of dark matter parti-
cles. Especially, that not only the period but also the phase of observed modulation
coincides with the motion of Earth around the Sun.

10For WIMP masses of the order of Op10 GeVq the 100 kg version of the experiment has less sensitivity
than the previous, 10 kg one, called XENON10 [57]. This is due to higher energy threshold and still
not sufficient understanding of scintillation efficiency, the so-called Leff , at very low energies. In the
autumn of 2012 a construction of 1 ton version, XENON1T, is planned to start with sensitivity goal of
2� 10�47 cm2 for a WIMP mass of about 50 GeV after two years of data-taking [58].

11In reality both XENON and CDMS combine two detection channels in order to reject the background,
with the second one in both experiments being the measurement of the ionization charge.
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XENON100: New Spin-Independent Results

Upper Limit (90% C.L.) is 2 x 10-45 cm2  for 55 GeV/c2 WIMP

Wednesday, July 18, 2012Figure 1.5: Exclusion limits on the σχN vs. the WIMP mass from XENON, CDMS, EDELWEISS
[59], ZEPLIN-III [60], COUPP [61] and SIMPLE [62] experiments. The contours indicate regions
consistent with possible signals found in DAMA, CoGeNT and CRESST. Tha gray shaded region
shows part of the parameter space suggested by the supersymmetric theories. Figure from [58].

• CoGeNT [64, 65]: this experiment uses high-purity germanium crystal and measures
the ionization charge from nuclear recoils. It takes advantage of a very low threshold
of about 0.5 keV which allows to search for nuclear recoil events coming from dark
matter particles of relatively low mass, i.e. as low as 5 GeV. It has reported an
excess that cannot be associated to any known background source and furthermore
recently also found a hint for a annual modulation of the observed signal.

• CRESST [66]: uses CaWO4 crystals as the target, and detects scintillation and also
phonons in order to discriminate the background nuclear recoils. It has found an
excess of events in the oxygen band, making the results statistically significantly
inconsistent with the background-only hypothesis.

All of these experiments point to a region with a WIMP with mass of a few GeV
and scattering cross-section ranging from about 10�42 to nearly 10�39 cm2, see Fig. 1.5.
The results are, however, not consistent with each other and furthermore very difficult
to reconcile with the null results of XENON and CDMS. The situation is unclear and at
the moment subject to a debate, nevertheless, it constitutes an intriguing hint for a light
WIMP scenario.

1.4.2 Indirect detection

Indirect detection aims in measuring the fluxes of photons, neutrinos and various cosmic
rays reaching Earth and try to single out the ones coming from dark matter annihilation
or decay in the halo. In Chapter 5 we will present the detailed study of the multi-channel
indirect detection signals for a specific model, a Wino dark matter, and also discuss
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prospects of detection and resolving various uncertainties. At that point we also discuss
all necessary physical ingredients, here let us just describe the general concept.

In the same way as for direct detection, this method relies on the assumption that
the dark matter annihilate to the SM final states, as happens for a typical WIMP. This
present-day annihilation produces both matter and antimatter, which then contributes to
the measured cosmic rays. Photons and neutrinos reach us essentially unaltered by the
interstellar gas and magnetic fields, while charged particles scatter and propagate in more
complicated, diffusive manner. Moreover, in both cases the astrophysical backgrounds are
much larger than the would-be dark matter contribution, and unfortunately they are also
not fully known. Given all that, to search for a signal one has to study and understand as
much as possible about the background and how cosmic rays propagate and additionally
look for distinctive signatures. An example of the latter is a monochromatic gamma-ray
line, which is not expected to be generated by any astrophysical processes, and therefore
is considered to be a smoking-gun signature of dark matter.

Furthermore, the signal coming from DM annihilation depends not only on its particle
physics properties and propagation model, but also on the DM distribution in the halo of
our Galaxy, or other targets for the indirect detection. This distribution is again not yet
fully understood. The data we have from observations, coming mainly from the dynamical
properties of galaxies, are by itself not sufficient to determine the dark matter density
profile.

Therefore, the profile is rather inferred from N-body simulations and then compared
with observations (for a review see e.g. [67]). In principle these simulations are straight-
forward, since only (Newtonian) gravity matters, but technically are rather challenging
and very CPU time consuming. Only recently they reached accuracy needed for resolving
substructures in individual collapsed structures and in fact now one can resolve about 105

substructures in a Milky-Way size halo. Today simulations are running with up to 109 par-
ticles and with spatial resolution better than 0.1% of the virialized region. Nevertheless,
still to make comparisons with observations one often is forced to make extrapolations
well below the current resolution scale.

What is striking is that the results show a universal density profile for objects of
different scales, from dwarf spheroidals and spiral galaxies up to even clusters. It can be
approximated be a Navarro-Frenk-White (NFW) profile [68]:

ρNFW prq � ρs

pr{rsq p1� r{rsq2
, (1.32)

where rs is the so-called scale radius, with typical values for Milky-Way size halo ranging
from about 15 to 25 kpc.

On the other hand, in the inner part of the halo, well below rs, different simulations
give several different results. Indeed, most resulting halos were seen to be marginally
shallower than what follows from the NFW profile. To improve this, one can use a
generalized version of the NFW:

ρprq � ρs

pr{rsqα p1� r{rsq
β�γ
α

, (1.33)
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and let the α, β and especially γ parameters to vary or adopt an Einasto profile [69, 70]:

ρEinprq � ρse
� 2
α
rpr{rsqα�1s , (1.34)

where again α is a free parameter, with typical values ranging from 0.1 to 0.25. In fact,
nowadays there is a rather general consensus on that the results of simulations using only
CDM, i.e. without any baryons, are described best by the Einasto profile. However, if
baryons cool and collapse into CDM potential well adiabatically, they would tend to make
the DM profile steeper, resembling more the NFW.

Another possibility studied in the literature is the Burkert profile [71]:

ρBprq � 1�
1� pr{rsq

� �
1� pr{rsq2

� . (1.35)

It is distinct from the other two, because it has a core. This is what also might happen
in reality when one includes baryons whose infall can induce the shallowing of the central
DM slope, if there is a substantial angular momentum transfer between baryons and dark
matter. In fact, the complex interplay between the dark matter and baryons is not yet
understood, and this is what is limiting the extrapolations from simulations to the actual
distribution of the DM in the central regions of galaxies.

From the above discussion it is clear that lack of full knowledge about the dark matter
profile introduces another uncertainty in the indirect searches. However, this is important
mainly when looking at the Galactic center, where the differences between the profiles are
the most pronounced.
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Chapter 2

The Minimal Supersymmetric
Standard Model

The one of the best motivated WIMP candidates comes from the supersymmetric exten-
sions of the standard model. In this chapter we will firstly review the necessary ingredi-
ents of the SM and then its shortcomings. In Sec. 2.2 we introduce supersymmetry and
in Sec. 2.3 the Minimal Supersymemtric Standard Model (MSSM). The dark matter in
this framework is then discussed in the last Section 2.4.

2.1 The Standard Model and its problems

The Standard Model is one of the most successful theories ever written.1 It was tested to
a very high precision in numerous experiments [30] and describes all known elementary
particles and their interactions except gravity. It comprises two parts, both invented in
the 1960’s: quantum chromodynamics (QCD) [76, 77, 78] and the electroweak theory of
Weinberg [79], Salam and Glashow [80, 81].

The Standard Model is a renormalizable quantum field theory in which both matter
and interactions are described in terms of four-dimensional fields in flat Minkowski space-
time. Excitations of these fields manifest themselves as particles. It is also a gauge
theory: the fundamental interactions are described by the fields’ transformations under
the standard model group gauge GSM .

In the following we present a short overview of the main features of the SM relevant
for this work. In particular we concentrate on the open questions and their possible
explanation within the framework of its supersymmetric extensions.

2.1.1 Gauge interactions and the field content

The SM gauge group is a direct product of three simple groups GSM � SUp3qC�SUp2qL�
Up1qY , where the strong interactions are symmetric under SUp3qC transformations while
the electroweak interactions under the SUp2qL � Up1qY . The generators of these sub-
groups correspond to the fields carrying the interactions. The color SUp3qC is associated

1Numerous textbooks and reviews of the Standard Model exist. See for example [72, 73, 74, 75].
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Fields pSUp3qC , SUp2qL, Up1qY q Particles Spin�
u
d



L

,

�
c
s



L

,

�
t
b



L

�
3,2,�1

3

�
Quarks 1

2u:R, c:R, t:R
�
3,1,�4

3

�
d:R, s:R, b:R

�
3,1,�2

3

�
�
νe
e



L

,

�
νµ
µ



L

,

�
ντ
τ



L

p1,2,�1q
Leptons 1

2e:R, µ:R, τ :R p1,1,�2q
g p8,1, 0q

Gauge bosons 1W p1,3, 0q
B p1,1, 0q
H p1,2,�1q Higgs 0

Table 2.1: The field content of the Standard Model. All the fields correspond to given particles,
except for the Higgs field H which is partially reabsorbed into longitudinal components of the
massive gauge bosons and from a complex scalar doublet only one neutral boson h remains. See
text for more details.

to 8 gluons, while SUp2qL and Up1qY give W i, i � 1, 2, 3 and B bosons, respectively.
The subscript L refers to Left, indicating that the theory is chiral: left- and right-chiral
fermion fields transform differently. The generators can be written as Hermitian matrices
satisfying the commutation relations of the corresponding Lie algebras:

rT a, T bs � ifabcT c for SUp3qC a � 1, . . . , 8 ,
rI i, Ijs � iεijkIk for SUp2qL a � 1, 2, 3 , (2.1)

where the structure constants are given by the totally antisymmetric tensors fabc and εijk.
Moreover, the generators are normalized such that Tr

 
T aT b

( � 1
2
δab. Obviously, since

Up1qY is Abelian it has only one generator and the corresponding commutation relation
is trivial.

This group structure allows for an easy classification of the matter content of the
theory. Indeed, every SM particle can be classified according to its symmetry properties
under SUp3qC and SUp2qL transformations, or in other words by their representations.
Additionally, every particle has an assigned Up1qY charge Y , related to the electromagnetic
charge by the Gell-Man–Nishijima relation:

Q � I3 � Y

2
. (2.2)

The complete field content of the SM is listed in Tab. 2.1, where the fermions come
with three copies, called families for quarks and generations for leptons.

Gauge symmetry prevents gauge fields to be massive: a mass term for them is forbidden
if the symmetry is preserved. On the other hand we know from experiment that for
weak gauge bosons this is not the case. Therefore, the SUp2qL � Up1qY symmetry has
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to be broken. In the SM this is done spontaneously, i.e. by a non-vanishing vacuum
expectation value (VEV) of a scalar field. This, so-called Brout-Englert-Higgs mechanism
[82, 83, 84, 85], gives masses to the gauge bosons and fermions of the standard model
(through the Yukawa interactions with the Higgs field) and predicts an existence of a
neutral scalar boson, called the Higgs boson.2

Photon, on the other hand, is massless. Thus the SUp2qL � Up1qY symmetry is not
broken completely, but to an Up1qem, called electromagnetic. The gauge bosons are no
longer mass eigenstates and they mix to form W�, Z and a photon:

W� � 1?
2
pW 1 	 iW 2q,

�
Z
γ



�
�

cos θW � sin θW
sin θW cos θW


�
W 3

B



. (2.3)

Here, the θW is the weak mixing angle, called the Weinberg angle, and is defined
as cos θW � g2{

a
g2

2 � g12 with g2 being the coupling constant of the SUp2qL and g1 of
the Up1qY gauge theory. It is also related to the masses of the weak gauge bosons, via
cos θW � MW {MZ . These masses arise due to non-vanishing Higgs VEV v � 246 GeV
and are given by MW � pv{2qg2 and MZ � pv{2q

a
g2

2 � g12.

2.1.2 Open questions in the SM

The standard model is certainly not the ultimate theory, despite its great successes. The
most important reason is gravity. It is not incorporated in the SM and in fact cannot
be. Our understanding of gravitational interactions is still classical and relies on the fact
that the space-time is curved and dynamical. This is very challenging to fit into quantum
theory on a static flat Minkowski space.

Indeed, no theory of quantum gravity exists yet, but nevertheless we know that it is
inevitable. At all the energy scales currently accessible experimentally, gravity is very
weak. However, its importance clearly grows with energy, such that around the scale of
the Plank mass mPl � 1019 GeV it cannot be neglected any more. As a consequence, at
this point a new, more complete theory is needed to replace our low energy description.

This obliges us to look on a Standard Model as an effective theory, valid only up to
some energy scale Λ. At higher energies it should be replaced by a new, possibly still
effective, theory. It is conceivable that this new physics is also related to the other open
questions of the SM, so that they can provide hints where to look. In the following we
will briefly summarize those issues which are most important for this work.

Naturalness problems

Introducing a maximal energy scale to the theory, i.e. a cut-off Λ, leads to its appearance
in various observables in the form of contributions from quantum corrections. If the
cut-off is physical, it cannot be sent to infinity and taken care of by the renormalization
procedure. Therefore, in general one obtains observable corrections that can depend on the

2The very recent result from ATLAS [1] and CMS [2] experiments at LHC show an existence of a
new boson with Higgs-like properties and a mass of p126.0� 0.4� 0.4q GeV and p125.3� 0.4� 0.5q GeV,
respectively. Most likely the last particle of the Standard Model has been finally found.
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h h∓ h

W±

h h h

Z

h h h h

h

f

f̄

Figure 2.1: The diagrams giving the dominant one-loop corrections to the mass of the Higgs
boson h.

cut-off through Λm logn Λ, where n,m P Z. Among those, the logarithmic contributions
are always not that relevant numerically, even for Λ being replaced by the Planck scale.
On the other hand the ones with n � 0, m ¥ 1 are puzzling. Those type of corrections are
found in the contributions to the mass of scalar particles. In particular, the only scalar
of the SM, the Higgs boson h gets a one-loop correction of the form:

∆m2
h �

3Λ2

8π2v2

�
4m2

t � 2m2
W �m2

Z �m2
h

��O�
log

Λ

v



, (2.4)

where the contributions of other quarks than a t were neglected, due to the smallness of
their Yukawa couplings (or equivalently masses). Diagrams giving this type of corrections
are given on Fig. 2.1. This quadratic correction tend to push the mass of the Higgs boson
to the highest scale of the theory. On the other hand, electroweak precision data favour
the physical Hiigs boson mass mph

h to be at the EW scale [86] and in fact, now we know

that mph
h � mh � ∆mh � 125–126 GeV. Therefore, in order to satisfy these constraints

and obtain the physical mass of the Higgs boson as observed, an important cancellation
between positive and negative contributions to correction (2.4) is needed.

This is a viable solution, but leads to the famous naturalness issue, the so-called hier-
archy problem: why does the EW scale is so small compared to the cut-off one (typically
considered to be the GUT3 or Planck scale)? Or, more technically, why the parameters
of the model need to be so precisely fine-tuned, so that this cancellation occurs? Al-
though this might be just a coincidence, a more ”natural” reason would be that there
exists some sort of mechanism that eliminates or strongly suppresses these quadratic cor-
rections. Such a mechanism can be provided by a symmetry. For example, in the SM
fermions and gauge bosons do not get these kind of contributions, due to chiral and gauge
symmetry, respectively. This symmetry might be supersymmetry, which we will discuss
in Sec. 2.2.

Another neutralness issue present in the Standard Model is the Strong-CP problem
already discussed Sec. 1.2.2. Also there a large fine-tuning is necessary, unless some
mechanism for driving the θ̄ to zero is present.

3Grand Unified Theories (GUTs) aim to unify the fundamental interactions by embedding GSM into
a higher dimensional group. This happens typically at roughly 1016 GeV.
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In principle, the naturalness issues are not ”true problems” of the theory. They do
not pose any logical difficulties, nor disagreement with experiment. However, they are
puzzling open questions and may serve as hints for the new physics.

Cosmological problems

From the point of view of this thesis, the most crucial drawback of the SM is the lack of
viable dark matter candidate. As we discussed previously, none of the known particles can
satisfy the constraints coming from various astrophysical and cosmological observations.
This itself is enough to claim that SM is incomplete and needs to be extended. Fortu-
nately, most of the theoretically motivated extensions give such candidates, as discussed
in Sec. 1.2.

Apart from the dark matter, the SM itself cannot explain the baryon-antibaryon asym-
metry. If there was no initial asymmetry between them or no new physics beyond the
SM, during the evolution of the Universe nearly all the baryons would annihilate. This is
clearly not what we observe. More quantitatively, defining the baryon number asymmetry
normalized to the photon number density by:

ηb � nb � nb̄
nγ

, (2.5)

one gets a constraint from the BBN [87]:

4.7� 10�10 ¤ ηb ¤ 6.5� 10�10. (2.6)

Independently, the value of baron asymmetry can be inferred from CMB [18], giving
consistent result. If there was no initial asymmetry at the Big Bang, it had to be generated
dynamically by some processes occurring before the BBN epoch, called baryogenesis.

The necessary and sufficient conditions under which baryogenesis happens in the early
Universe, were pointed out in 1967 by Sakharov [88]. Those are:

1. baryon number violation,

2. C and CP violation,

3. departure from thermal equilibrium.

Although at the qualitative level all these conditions are present inside the Standard
Model4, quantitatively the SM itself fails to produce even such small asymmetry as in
(2.6). The reason is that the amount of the CP-violation in the SM is too small [91] and
moreover, the departure from the thermal equilibrium is not sufficient. The latter could
happen if the EW phase transition was a first order one, but because of the lower bound
on the Higgs mass [92], it cannot be strong enough. In conclusion, in order to obtain the
observed value of ηb, it is necessary to go beyond the SM.

4The chiral anomaly of EW interactions together with sphaleron configurations leads to baryon and
lepton number violation, C is maximally violated by the weak interactions, while CP is broken due to the
Cabibbo-Kobayashi-Maskawa mixing [89, 90] and the departure from thermal equilibrium can be due to
a strongly first order electroweak phase transition in the early Universe.
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Neutrino masses

On contrary to what the Standard Model predicts, we now know that neutrinos are
massive. This is a major issue for the original SM, but luckily it can be very easily
extended in order to take neutrino masses into account. It is sufficient to add a new
right-handed neutrino νR for every generation and introduce a Dirac mass term. The
only conceptual problem with this solution is that the resulting νR would be sterile, i.e. it
would not interact at all with other SM particles (except for gravitationally). Nevertheless,
it is again a viable and very minimal solution.

However, treating neutrino masses as another hint where to look for extension of the
SM, one encounters a handful of interesting and potentially important ideas. For example,
if neutrinos are Majorana particles, i.e. that they are their own antiparticles, the smallness
of their masses can be elegantly explained via the see-saw mechanism [93]. This idea can
be also embedded in more general frameworks and leads to thermal leptogenesis as a very
promising mechanism for producing primordial baryon asymmetry [94].

Others

Finally, there are also some other additional open questions, which we will now mention
very briefly:

• Charge quantization: why the hydrogen atom is neutral? After all, the Up1q charges
of quarks and leptons could be totally unrelated, but somehow the sum of the
electromagnetic charges of three valence proton quarks is exactly opposite to the
electron charge.

• Anomaly cancellation: moreover, why the Up1q charges of the SM are quantized
in such a way, that all the gauge anomalies cancel out? This is indeed surprising
and may suggest that GSM is in fact a subgroup of a higher dimensional group, e.g.
SOp10q, in which the cancellation is automatic.

• Gauge coupling unification: the evolution of the SM gauge couplings with the energy
computed using the renormalization group equation techniques shows the tendency
to bring them very close to each other at some very high scale. This happens at some
point roughly from 1012 up to 1016 GeV. However, this unification is not exact within
the SM itself. Note, that such an unification is essential for GUT models where the
GSM comes from some higher dimensional simple group. Since adding additional
matter fields changes this evolution and may correct the unification picture, also
this may suggest that SM is incomplete.

• The flavour puzzle: why the flavour sector seems so complicated and without any
guiding principle? The enourmous hierarchies in leptons and quark masses or the
completely different mixing patterns in the quark vs. lepton sectors call for a deeper
understanding, again necessarily going beyond the SM.
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2.2 Supersymmetry

The most straightforward way to tackle the open problems of the SM is to extend it by
some new fields (to account for neutrino masses, dark matter, unification etc.) related by
additional symmetries (naturalness issues, flavour puzzle). One may thus pose a question:
what are the all types of symmetries that can be consistently incorporated into SM?

Although, the question is very general, surprisingly it has a very concrete answer. On
very general grounds, the SM is a relativistic local QFT containing a mass gap. In 1967
Coleman and Mandula proved a famous theorem [95], that in this framework the most
general symmetry is always a direct product of the Poincaré group and an internal group.
This means that the only conserved quantities can be the Poincaré generators and a finite
number of Lorentz scalars associated with a Lie algebra of some compact Lie group (e.g.
gauge symmetry).5 This puts strong constraints on possible extensions of the SM.

However, the Coleman-Mandula theorem can be bypassed, as was shown by Haag,
 Lopuszański and Sohnius in 1975 [96]. The reason is that it restricts only symmetries
given by Lie algebras, and not graded algebras. In particular they showed, the Z2 graded
Lie algebra, called Lie superalgebra, is the only one of this kind compatible with all the
symmetries of the S-matrix. The reason is that its generators are not scalars but rather
spinors and instead of commutation relations it involves anti-commutators. The symmetry
related to this superalgebra is called supersymmetry (SUSY).

In conclusion, the most general symmetries consistent with the Poincaré invariance
are the internal symmetries and supersymmetry. This is in a way remarkable fact: the
SM exploits nearly all possible symmetry structures, and for other reasons we already
know that it is incomplete. Maybe including supersymmetry6 is an answer to both these
issues?

Indeed, it seems plausible. The most prominent fact about SUSY theories is that
it naturally solves the hierarchy problem. The reason is that, since the supersymmetry
generators Qα are spinors, from the conservation of angular momentum it follows:

Qα|fermiony � |bosony and vice versa. (2.7)

It means that every fermionic state has its bosonic suerpartner, and vice versa. For the
hierarchy problem it has an important consequence that the radiative corrections to the
Higgs mass are exactly cancelled by diagrams with SUSY partners of the SM particle
fields in the loops (fermion contributions come with opposite sign to the boson ones and
the supersymmetry enforces the couplings to be the same).

It is apparent, that the field content of the SM does not contain enough particles to
relate them among each other by the relation (2.7). Especially that a particle and its

5Note however, that this theorem only constrains the symmetries of the S-matrix itself. Spontaneously
broken symmetries, which do not show up directly on the S-matrix level, are not affected. Moreover, it
only applies to Lie algebras and not Lie groups, for instance it does not hold for discrete symmetries or
globally for Lie groups.

6Theory can have more than one supersymmetry, i.e. where there is more than one type of SUSY
generator. The number of generators is by convention denoted by N and can be equal to N � 1, 2, 4
or 8. In this work we will be interested only in N � 1 SUSY, since this is the one most interesting
for phenomenology. Higher supersymmetries can be relevant for building and understanding of more
fundamental theories, like the string theory. For an introduction to this topic see e.g [97].
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superparnter need to have the same quantum numbers, except the spin. Therefore, in
order to extend it by SUSY one needs also to extend the field content. From our point
of view, what is extremely important is that, as we will show in Sec. 2.4, this also can
provide a very promising dark matter candidate.

Finally, adding new fields changes also the coupling running, as discussed previously.
In particular, it can be shown that the minimal supersymmetric extension of the SM, the
MSSM, can lead to a much better unification than in the SM itself, see e.g. [98]. From
that point of view GUTs seem to favour SUSY over non-supersymmetric theories.

All of the above constitutes a strong motivation for studying supersymmetric exten-
sions of the SM. Below we will introduce shortly the formalism (and notation) used in the
construction of the MSSM, discussed in more detail in Sec. 2.3.

The Supersymmetry algebra

The SUSY algebra is given by the following (anti-)commutation relations [99]:

tQα, Qβu � tQ̄ 9α, Q̄ 9βu � 0 ,

tQα, Q̄ 9βu � 2pσµqα 9βPµ ,

rQα, Pµs � rQ̄ 9α, Pµs � 0 ,

rQα,Mµνs � �1

2
pσµνqαβQβ ,

rQ̄ 9α,Mµνs � �1

2
pσ̄µνq 9α 9βQ̄ 9β .

(2.8)

The generators Qα and its conjugate Q̄ 9α are fermionic operators and Weyl spinors be-
longing to the p1{2, 0q and p0, 1{2q representations of the Lorentz group, i.e. left- and
right-handed, respectively. Matrices σµν � 1

4
pσµσ̄ν � σν σ̄µq are the generators of the spe-

cial linear group SLp2,Cq, where σµ � p1, σiq and σ̄µ � p1,�σiq. Finally, P µ are the
generators for space-time translations and Mµν for Lorentz transformations.

Essentially all the properties of SUSY follow from (2.8). The one which is most striking
is that a particle X and its superpartner X̃ must have the same mass:

m2
X |Xy � P 2|Xy � P 2

�
Q|X̃y

	
� Q

�
P 2|X̃y

	
� Qm2

X̃
|X̃y � m2

X̃
|Xy , (2.9)

where in the third equality we have used the fact that the SUSY generators commute
with the momentum operator P , see Eq. (2.8). This is of course completely ruled out
by experiment, since no sparticles have been observed so far. This leads to a conclusion,
that if SUSY is there, in inevitably has to be broken (at least at the scale of currently
accessible energies). Luckily however, this does not spoil its nice features. Although one
might be worried that this brings back again the hierarchy problem, it can be shown that
it is not necessarily the case. Indeed, even when SUSY is (softly) broken the hierarchy
problem is resolved, as long as the scale of the SUSY breaking is not much larger than
TeV [100]. It follows that some fine-tunning is still needed, but considerably less than in
the Standard Model.
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Superspace and superfields

Having introduced the concept of supersymmetry, now we will turn to its specific re-
alizations in the context of extensions of the SM. An efficient and very elegant way to
construct Lagrangians invariant under N � 1 SUSY relies on the so-called superfield and
superspace formalism. Superspace extends the four-dimensional Minkowski space by two
additional anti-commuting (i.e. Grassmann) dimensions. Thus, the point in this space
is described by six coordinates, the usual xµ four Minkowski space-time coordinates and
two additional fermionic ones: θα and θ̄ 9α. They obey the anti-commutation relations:

tθα, θβu � tθ̄ 9α, θ̄ 9βu � tθα, θ̄ 9βu � 0. (2.10)

A global SUSY transformation can be constructed from the superalgebra, and has a form:

Gpxµ, θ, θ̄q � exp
��i �xµPµ � θQ� θ̄Q̄

��
. (2.11)

From the way how two subsequent transformations add,

Gpxµ, θ, θ̄qGpyµ, ζ, ζ̄q � Gpxµ � yµ � iζσµθ̄ � iθσµζ̄ , θ � ζ, θ̄ � ζ̄q, (2.12)

one can deduce the differential representation of the SUSY generators. They are defined
as:

Qα � B
Bθa � i pσµqα 9α θ̄ 9aBµ , (2.13)

Q̄ 9α � B
Bθ̄ 9α � iθα pσµqα 9α Bµ . (2.14)

In analogy to gauge theories one also here defines covariant derivatives Dα and D̄ 9α. Their
form follows from the requirement that they have to commute with the SUSY generators,
i.e.:

tDα, Qβu � tDα, Q̄ 9βu � tD̄ 9α, Qβu � tD̄ 9α, Q̄ 9βu � 0 . (2.15)

This, together with Eqs. (2.14) and (2.14), gives:

Dα � B
Bθa � i pσµqα 9α θ̄ 9aBµ , (2.16)

D̄ 9α � � B
Bθ̄ 9α � iθα pσµqα 9α Bµ . (2.17)

We are now ready to introduce the main ”physical” object, i.e. the superfield. A
superfield is a field defined on the superspace. It does not correspond to a single particle,
but rather it is a function whose components are members of a single supermultiplet. In
fact, a general superfield contains 32 degrees of freedom (dof), with half being bosonic
and half fermionic. Relations (2.10) ensure that the additional coordinates are nilpotent
and therefore the superfield can be expanded in a finite series as:

Φpx, θ, θ̄q � φpxq � θψpxq � θ̄χ̄pxq � θθF pxq � θ̄θ̄Hpxq � θσµθ̄A
µpxq

� pθθqθ̄λ̄pxq � pθ̄θ̄qθξpxq � pθθqpθ̄θ̄qDpxq. (2.18)
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The components of this expansion are: the scalar fields φ, F , H and D, the vector field
Aµ and the Weyl spinors ψ, χ̄, λ̄ and ξ. The superfield defined above is in a reducible
representation of the supersymmetry algebra. To obtain irreducible representations one
imposes some constraints on Φ. In particular, to construct a supersymmetric field theory
of particles up to spin 1 (i.e. without gravity) one needs two type of superfields: chiral
(containing matter fields) and vector (with gauge fields).

The (left-)chiral superfield is defined by imposing the condition:

D̄ 9αΦ � 0. (2.19)

This condition gets rid of 24 degrees of freedom, and the chiral superfield is left with 8
dof. It contains two complex scalar fields φ and F and one Weyl fermion ψ and it can be
expanded as:

Φpx, θ, θ̄q � φpxq � iθσµθ̄Bµφpxq � 1

4
pθθqpθ̄θ̄q2φpxq

�
?

2θψpxq � i?
2
pθθqBµψpxqσµθ̄ � pθθqF pxq. (2.20)

Note, that on-shell the Weyl fermion has 2 dof and it might seem that the number of
bosonic and fermionic dof do not match. However, then the equations of motion for the
field F become trivial and on-shell F � 0. Therefore, it is called an auxiliary field.

The SUSY gauge transformations with generators T a and gauge coupling g transform
a chiral superfield as

Φ Ñ e�2 i gΛΦ , (2.21)

where Λ � ΛaT a and Λapx, θ, θ̄q are chiral superfields.
A product of two chiral superfields is a chiral superfield. On the other hand, the

product of a chiral and a conjugated chiral superfield gives a vector superfield. The
vector superfield V is obtained from a superfield (2.18) by imposing the reality condition:

V � V :. (2.22)

This condition removes half of the degrees of freedom and leads to an explicit form:

V px, θ, θ̄q � Cpxq � i θχpxq � i θ̄χ̄pxq � θσµθ̄Aµpxq
� i

2
θθ rMpxq � iNpxqs � i

2
pθ̄θ̄q rMpxq � iNpxqs

� ipθθqθ̄
�
λ̄pxq � i

2
σ̄µBµχpxq

�
� ipθ̄θ̄qθ

�
λpxq � i

2
σµBµχ̄pxq

�

� 1

2
pθθqpθ̄θ̄q

�
Dpxq � 1

2
BµBµCpxq

�
,

(2.23)

where C, M , N and D are (real) scalar fields, χ and λ are complex Weyl fermions and
Aµ is a real vector field. A vector superfield defined in this way still contains redundant
degrees of freedom. This can be realized by noticing that the transformation:

V Ñ V � ipΛ� Λ̄q, (2.24)
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where Λ is a generic chiral superfield, implies the Aµ component change of the form of
Abelian gauge transformation. Therefore, it is a straightforward generalization of the
gauge symmetry. In general, non-Abelian SUSY gauge transformation has the form

e2gV Ñ e�2 i gΛ̄e2gV e2 i gΛ , (2.25)

again where V � V aT a.
To reduce the number of components even more one chooses a partial gauge fixing,

typically of the Wess-Zumino form [101]. This, at the cost of losing manifest supersym-
metry, fixes C � M � N � 0 and χ � 0 and we end up with the gauge field Aµ, its
fermionic superpartner λ (called the gaugino), and the auxiliary field D:

V px, θ, θ̄q � θσµθ̄Aµpxq � ipθθqθ̄λ̄pxq � pθ̄θ̄qθλpxq � 1

2
pθθqpθ̄θ̄qDpxq. (2.26)

SUSY invariant actions

At this point we have all the ingredients to write actions which are manifestly invariant
under supersymmetry.

Under global SUSY transformation (2.11) both the F -term of the chiral superfield and
the D-term of the vector superfield transform as total derivatives. Thus we immediately
find two classes of globally supersymmetric actions constructed from these terms:»

d4x

»
d2θL|F and

»
d4x

»
d2θd2θ̄L|D . (2.27)

The first one contains only function of F -terms, that is a function of chiral superfields
and provides us with mass terms for the fermions and Yukawa-type interactions. It can
be easily seen that it does not contain any derivatives and therefore contributes to the
potential. Moreover, due to the condition (2.19), it does contain only Φ and not Φ̄. This
term is thus holomorphic and is called a superpotential W . Its most general renormalizable
form is:

W ptΦiuq �
¸
i

aiΦi � 1

2

¸
ij

mijΦiΦj � 1

3!

¸
ijk

λijkΦiΦjΦk , (2.28)

where the couplings mij and λijk are totally symmetric under the interchange of i, j, k.
In terms of the component fields (2.20) it gives:»

d2θW ptΦiuq �
¸
i

aiFi �
¸
ij

mij

�
φiFj � 1

2
ψiψj



�
¸
ijk

λijk
2

pφiφjFk � φiψjψkq

�
¸
j

BW pφq
Bφj Fj � 1

2

¸
jk

B2W pφq
BφjBφk ψjψk . (2.29)

The kinetic terms of the matter fields come from the second class, i.e. built from
D-terms. The simplest (and renormalizable) choice would be Φ̄Φ|D.7 However, in this

7More generally, one can replace it by a real function KpΦ̄i,Φjq, called the Kähler potential. This leads
to a non-linear σ-models and is useful for studying effective filed theories, e.g. in string phenomenology.
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simplest form it is not invariant under super gauge transformations. To correct this
problem, one follows the minimal coupling procedure: promotes the original derivatives
to covariant ones:

Bµ Ñ Dµ � Bµ � i gAaµT
a , (2.30)

and modifies:

Φ̄Φ Ñ Φ̄ e2gV Φ . (2.31)

Thus this part of the Lagrangian, in the component notation, reads:

L|D �
¸
i

�
DµφiD

µφ�i � i ψ̄iσ̄
µDµψi �

?
2g

�
ψ̄iλ̄ψi � ψ�i λψi

�� gφ�i T
aDaψi � F �

i Fi

�
.

(2.32)
Note, that by including covariant derivatives we automatically add also SUSY-gauge
interaction terms.

To construct kinetic terms for the gauge bosons and gauginos one defines another
chiral superfield built from the original vector one V , by:

Wα � 1

4
D̄D̄ e�2gVDαe

2gV . (2.33)

Since it is a chiral superfield,
³

d2θ TrpWαW
αq will be SUSY (and clearly also gauge)

invariant. Therefore, with proper normalization, the missing part we need to add is:

Lkin � 1

16g2

»
d2θTrpWαW

αq. (2.34)

Again translating it into component notation we see that it indeed contains kinetic terms
for both gauge bosons and gauginos and couplings between them:

Lkin � �1

4
F a
µνF

µν a � i λ̄aσ̄µpDµλqa � 1

2
DaDa . (2.35)

In conclusion, the full Lagrangian is:

LSUSY �
»

d2θW ptΦiuq � 1

16g2

»
d2θTrpWαW

αq �
»

d2θd2θ̄Φ̄ e2gV Φ� h.c. (2.36)

For completeness, note that for an Abelian vector superfields one can also include another
contribution, called the Fayet-Iliopoulos term [102] of the form:

LFD �
»

d4θξV � ξDpxq, (2.37)

where ξ is just a constant. This affects only the potential, shifting the D-term contribution
by a coefficient ξ. This term is however not present in the MSSM and thus we will not
consider it in more detail.
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Superfield Type SM fields Superpartners pSUp3qC , SUp2qL, Up1qY q

Q
chiral

�
u
d



L

�
ũ

d̃



L

�
3,2,�1

3

�
Ū ūR ũ�R

�
3,1,�4

3

�
D̄ d̄R d̃�R

�
3,1,�2

3

�
L

chiral

�
ν
e



L

�
ν̃
ẽ



L

p1,2,�1q
Ē ēR ẽ�R p1,1,�2q
Ga

vector
ga g̃a p8,1, 0q

W i W i W̃ i p1,3, 0q
B B B̃ p1,1, 0q
Hu chiral

�
h�u
h0
u



L

�
h̃�u
h̃0
u



L

p1,2,�1q

Hd

�
h0
d

h�d



L

�
h̃0
d

h̃�d



L

p1,2,�1q

Table 2.2: The field content of the MSSM. The SUSY partners of the SM fields are denoted
with a tilde. The subscripts L and R of the scalar SUSY fields refer to the chirality of the
corresponding fermionic partner. To simplify the notation the family and colour indices for the
chiral matter fields are suppressed. The index a � 1, . . . , 8 enumerates the vector superfields of
SUp3qC and the index i � 1, 2, 3 of SUp2qL. The Higgs sector is extended with respect to the
SM in order to preserve supersymmetry in a phenomenologically viable way.

2.3 Field content of the MSSM

The SM is not a supersymmetric theory. In order to exhibit SUSY invariance it has to be
extended by additional field content. This can be done in many ways, among which we
will discuss the minimal one, called the Minimal Supersymetric Standard Model (MSSM).
It is minimal in the sense that it introduces the least possible amount of new fields while
preserving supersymmetry and all the desirable features of the SM.

The first step in constructing the MSSM is to decide in what supermultiplets embed
the SM fields. Since fermions belong to the fundamental representation of the gauge
group, while gauge bosons to an adjoint, it is not possible to put them together inside
the same supermultiplet. Therefore, SM quarks and leptons are placed in (separate)
chiral multiplets, while gauge bosons in a vector ones. The remaining degrees of freedom
are filled by superpartners: additional particles added to the SM. They consist of scalar
partners of quarks and leptons, with the corresponding names with added prefix ”s” (short
for scalar).

In fact, the left- and right-handed pieces of the quarks and leptons have different gauge
transformation properties, so each must have its own complex scalar partner. Note, that
the L and R in the name of squarks and sleptons denote the chirality of its corresponding
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superpartner. It is important to keep in mind that it has nothing to do with the transfor-
mation properties of sfermions, but it affects the gauge interactions. In particular, only
the left squarks couple to W boson, while right do not.

The vector multiplet apart from gauge bosons need to contain also fermions. They
are called gauginos and belong to an adjoint representation of the gauge group. These
are the so-called gluinos, charginos and neutralinos.

Finally, to complete the model one needs to specify the Higgs sector. Because Higgs is
a scalar it has to reside in another chiral multiplet and be accompanied by a Weyl fermion
superpartner, called Higgsino. In fact, it turns out that one Higgs doublet is not enough.
There are two way to see this. Firstly, as discussed previously, the superpotential has to
be holomorphic. It follows, that it cannot contain both a field and its conjugate. Hence,
to provide masses to both up-type and down-type quarks one needs two Higgs doublets.

Second reason is that it is needed to cancel the gauge anomaly. In the case of one
Higgs chiral superfield its fermionic component must be a weak isodoublet with non-zero
weak hypercharge. This adds a contribution to the triangle gauge anomaly, which in
the SM itself is accidentally vanishing. One needs another contribution with opposite
hypercharge to cancel it out. Thus, finally the MSSM Higgs sector comprises two scalar
Higgs doublets and four Higgsinos: two neutral and two charged. After the EWSB three
scalar degrees of freedom are eaten by the longitudinal components of the massive gauge
bosons, and we are left with five spin-0 particles: h, H0, H� and A, where the first two
are real scalars and last one is a pseudoscalar.

The full field content of the MSSM is summarized in Tab. 2.2.

2.3.1 The superpotential and R-parity

The most general superpotential invariant under GSM built out of the field content of the
MSSM can be written as [103, 104]:

W � pYuqijQiεHuŪj � pYeqijLiεHdĒj � pYdqijQiεHdD̄j � µHdεHu (2.38)

� 1

2
λijkLiεLjĒk � λ1ijkLiεQjD̄k � κiLiεHu � 1

2
λ2ijkD̄iD̄jŪk . (2.39)

Here, we suppressed gauge indices and introduced the ε tensors to account for contracting
the SUp2qL indices.

This decomposes into two distinct parts. The first line (2.38) induces fermion Yukawa
couplings and masses and the last term, so-called µ-term, is crucial for electroweak sym-
metry breaking. Therefore, this part is clearly necessary ingredient.

On the other hand, second line (2.39) is phenomenologically dangerous. Its first three
terms violate lepton number while the last one violates the baryon one. This leads to
very rapid proton decay [105, 106], unless the coefficients are strongly suppressed.

Note, that in the SM proton is stable due to the baryon and lepton number being
(accidentally) exact symmetries. As we can see, this is no longer the case in the MSSM,
and to solve this problem an additional symmetry has to be invoked. This is chosen to be
a discrete symmetry, the so-called R-parity. It introduces to each particle a multiplicative
discrete quantum number:

PR � p�1q3pB�Lq�2s (2.40)
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where B is the baryon number, L the lepton number and s the spin of the particle.
It can be easily seen that this gives 1 for SM fields and �1 for SUSY particles. This
symmetry forbids the dangerous (2.39) terms and is the main reason why MSSM can
provide successful dark matter candidate (see Sec. 2.4).

2.3.2 SUSY breaking and soft parameters

Having described the field content and symmetry constraints, a natural continuation
would be to discuss the spectrum. The crucial observation has been already made: su-
persymmetry requires the same masses for particles and its superpartners and therefore
it has to be broken.

How does it happen? This is one of the most important open questions in the subject.
It is most probable, that the breaking is spontaneous and that it occurs in some hidden sec-
tor and is then mediated to our ”visible sector” through some messengers. Obviously, this
can be done in plenty of ways, among which the most important are: gravity-mediation
[107], gauge-mediation [108], anomaly-mediation [109] or by other effects induced by extra
dimensions [110].

Although the precise mechanism is unknown, we can still parametrize the effects of
supersymmetry breaking in a model independent way. This approach became an inherent
ingredient of the MSSM, in which the SUSY breaking is parametrized by introducing more
than 100 free parameters. Those, however, should not be considered to be fundamental
parameters of the theory: once the breaking mechanism is known, they will be related
with (hopefully) much smaller number of more fundamental parameters.8

The way to parametrize the breaking is by introducing explicitly SUSY breaking terms
into the Lagrangian. The only constraint we put is that those terms are soft, i.e. of a
mass dimension at least one. This is done in order to ensure that they do not reintroduce
quadratic divergences in the theory and thus bring again the hierarchy problem.

The soft parameters can be classified as follows:9

• mass terms for the gauginos

� 1

2
pM1B̃B̃ �M2W̃W̃ �M3g̃g̃q � h.c. , (2.41)

• mass parameters for the Higgses

�m2
huh

:
uhu �m2

hd
h:dhd � pbhuεhd � h.c.q , (2.42)

8In fact from this point of view, supersymmetry as an extension to the SM is a very economical idea.
Without SUSY breaking, despite doubling the field content, the only one new parameter is µ, which
mixes the two Higgs superfields in the superpotential, see (2.38). It predicts also a handful of relations
between various couplings, leading to (in principle) clear pattern for distinguishing it from other beyond
the Standard Model (BSM) scenarios. Let us just mention, that this additional parameter is connected
with the arising naturalness problem, called the µ-problem [111, 112], which may suggest a direction to
go beyond the MSSM.

9In principle, additional fermionic terms could also be included, but they can be reabsorbed by ap-
propriate redefinitions of the superpotential and the above soft terms.
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• sfermion mass matrices

� q̃:Lm
2
Q̃
q̃L � ũ�Rm

2
Ũ
ũR � d̃�Rm

2
D̃
d̃R � l̃:Lm

2
L̃
l̃L � ẽ�Rm

2
Ẽ
ẽR , (2.43)

• trilinear couplings

� pAU q̃Lhuũ�R � ADq̃Lhdd̃
�
R � AE l̃Lhdẽ

�
Rq � h.c. (2.44)

Note, that since the F - and D-terms contribute positively to the Higgs potential, one
needs the negative soft supersymmetry breaking terms for the Higgs scalars in order to
obtain electroweak symmetry breaking.

The number of free parameters introduced in soft terms may be reduced under some
reasonable assumptions about the flavour sector. The reason is that the sfermion masses
and trilinear couplings are matrices in the family space and thus they induce mixings which
can give rise to new flavour changing processes. Additionally, if the complex phases of
the soft parameters are not constrained in any way, they generically lead to unobserved
CP violation, e.g. in the electric dipole moments [113].

The flavour problem can be evaded if the SUSY breaking is universal, i.e. squarks
and slepton masses are flavour blind. This also clearly reduces the number of parameters,
since all the sfermion masses are then proportional to the identity matrix. On the other
hand additional CP violation can be removed assuming that the soft parameters do not
bring any new phases, i.e. reality of gaugino masses and trilinear couplings. Let us again
emphasize, that it is conceivable that these properties follow from more fundamental
theory, e.g. flavour blindness is a feature of gravity or gauge mediation.

2.3.3 The spectrum

In this section we briefly summarize the MSSM spectrum. The gauge eigenstates of
Tab. 2.2 after EWSB acquire mixings and are no longer mass eigenstates. This happens
both for SM particles and their superparnters. Note however, that the standard model
states are not altered at the tree level (apart from the extended Higgs sector) and therefore
below we describe what happens only with the additional particles.

Sfermions

For every fermion in the SM we have two scalar partners appearing in the spectrum. After
the EWSB the L and R scalars mix and give two different mass eigenstates. In general
the mass matrices have a form:

M2
f̃
�
�
m2
f �m2

LL mfXf

mfXf m2
f �m2

RR



, (2.45)

where

m2
LL � m2

f̃L
� �

I3
f �Qfs

2
W

�
m2
Z cos 2β , (2.46)

m2
RR � m2

f̃R
�Qfs

2
Wm

2
Z cos 2β , (2.47)

Xf � Af � µ

ptan βq2I3
f

, (2.48)
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and tan β � vd{vu, i.e. is the ratio of the VEV of two Higgs fields, which satisfy pvu�vdq2 �
v2. After diagonalization one gets two mass eigenstates for every sfermion pair:

m2
f̃1,2

� m2
f �

1

2

�
m2
LL �m2

RR 	
b
pm2

LL �m2
RRq2 � 4m2

fX
2
f

�
. (2.49)

Especially interesting case is the stop squark in which this mixing can be very large, if
the Xt � At � µ{ tan β is large. The reason is that then the lighter of the pair can be
as light as the t quark (or even lighter) and much lighter than all the other sfermions.
This is important for the neutralino dark matter in the stop co-annihilation region, see
Sec. 2.4.1.

Gauginos and Higgsinos

The fermionic sector is composed of the superpartners to gauge bosons and Higgses. The
charged ones, i.e. two Winos and two Higgsinos, mix to form charginos, while the neutral
Wino, Bino and Higgsions form neutralinos.

• The charginos mass terms in the Lagrangian are given by

pW̃�, h̃�u qMχ̃�

�
W̃�

h̃�d



� h.c, (2.50)

with a tree level mass matrix:

Mχ̃� �
�

M2

?
2mW sβ?

2mW cβ µ



, (2.51)

where we used a short notation sβ � sin β and cβ � cos β. The one-loop corrections
to the mass matrix in this case can typically be safely neglected as they are often
very small [114]. However, one important exception is the pure Wino case, where
the radiative corrections due to custodial symmetry breaking introduce a mass shift
of lighter chargino by about 0.17 GeV [115]. This is an important point in the
computation of the Sommerfeld effect in the MSSM, see Sec. 4.3.

• The neutralinos are a combination of gauginos and higgsions with the mass matrix
in the basis (B̃,W̃ 3,h̃0

1,h̃0
2):

Mχ̃0 �

�
���

M1 0 �cβsWmZ sβsWmZ

0 M2 cβcWmZ �sβcWmZ

�cβsWmZ cβcWmZ δ33 �µ
sβsWmZ �sβcWmZ �µ δ44

�
��
. (2.52)

They can be diagonalized to form four states χ̃0
i

χ̃0
i � Ni1B̃ �Ni2W̃

3 �Ni3h̃
0
1 �Ni4h̃

0
2,

lightest of which, χ̃0
1, is called the neutralino. A useful parameter is a gaugino

fraction defined as
Zi
g � |Ni1|2 � |Ni2|2. (2.53)
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Typically one calls the neutralino Higgsino-like whenever Z1
g   0.01 and gaugino

like for Z1
g   0.99.

In the mass matrix we introduced also two one-loop contributions, δ33 and δ44.
They are the most important ones in the case of Higgsino-like neutralino and come
from dominantly quark-squark loops. The full expressions for these corrections are
rather lengthy and not particularly illuminating. They can be found in [114] and
are included in the DarkSUSY code.

• The gluinos, the superpartners of the gluon, are an octet fermion and therefore
cannot mix with any other particle of the MSSM, even if R-parity is broken. Hence,
they are not affected by the EWSB and are their own mass eigenstate. In models
with minimal supergravity or gauge mediation, the gluino mass parameter is related
to the Bino and Wino by:

M3 � αs
α
s2
WM2 � 3

5

αs
α
c2
WM1. (2.54)

This implies that at a TeV scale M3 : M2 : M1 � 6 : 2 : 1, and hence that it
is reasonable to suspect that in most of the situations the gluino is considerably
heavier than lightes neutralinos and charginos.

The Higgs sector

As we already mentioned, in the MSSM there are five physical Higgs bosons: neutral
scalars h, H0, complex scalar H� and a pseudoscalar A. The Higgs sector has two free
parameters, one of which is the tan β and the second one is conveniently chosen to be the
pseudoscalar mass mA. Then the remaining masses are expressed as:

m2
h,H0 � 1

2

�
m2
A �m2

Z 	
b
pm2

A �m2
Zq2 � 4m2

Zm
2
A cos2 2β

�
, (2.55)

m2
H� � m2

A �m2
W . (2.56)

This expressions show a famous tree-level bound for the lighter neutral Higgs h mass,
being:

mh ¤ mZ | cos 2β|, (2.57)

which is already excluded by experiment. Fortunately, the loop corrections give large
contributions and depending on the model parameters one can relax considerably this
upper bound. Nevertheless, one can see that supersymmetry favours light Higgs, which
is also desirable in the light of EWPT [30].

2.4 Supersymmetric dark matter

In the Section 1.2 we presented the necessary conditions that a particle have to satisfy
in order to be considered a dark matter candidate. The most important of these were
stability and no (or nearly no) coupling to the photons. In the supersymmetric extensions
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to the SM several particles can satisfy these criteria, depending on the precise model for
the SUSY breaking and the values of the parameters. In particular, stability of the LSP
is ensured by the conservation of R-parity. Therefore, potential candidates could be those
neutral particles which at least in some realizations of the model can be the LSP. In the
MSSM these are: neutralinos or sneutrinos. When supersymmetry is made local and we
consider supergravity theories one also has gravitinos (spin 3{2 superpartners of gravitons)
as a viable, and interesting possibility. Finally, if the Peccei-Quinn extension of the SM is
promoted to a supersymmetric theory, a fermionic superpartner of an axion, called axino,
can be additional supersymmetric candidate.

Below we briefly describe all these possibilities paying most attention on the most
promising and widely studied one, the neutralino.

2.4.1 Neutralino

In the most regions of the allowed parameter space of the MSSM the LSP is the neutralino.
Therefore, it is the most natural dark mater candidate within supersymmetric theories.

Indeed, from a theoretical point of view it is rather difficult to describe and classify all
its possible realizations. Even constraining ourselves to the MSSM, without invoking any
of its extensions or effective approaches, we are left with far too large parameter space
to probe. Therefore, the philosophy is rather to concentrate on the simpler (motivated
theoretically) scenarios and simultaneously hope for positive signals from the experiments,
giving hints about the dark matter properties.

One of such scenarios is the so-called Constrained MSSM (CMSSM). It is based on a
SUSY breaking scenario inspired by supergravity theories where SUSY breaking is medi-
ated via gravitational interactions [116, 117, 118, 119]. It relies on several assumptions
constraining the parameter space of the general MSSM, steeming from requirements of
gauge coupling unification at the GUT scale and the flavour puzzle. One then imposes
the conditions at a GUT scale:

• gaugino masses universality

M1 �M2 �M3 � m1{2 , (2.58)

• scalar (sfermion and Higgs) masses universality

m2
Q̃
� m2

Ũ
� m2

D̃
� m2

L̃
� m2

Ẽ
� m2

01 mhu � mhd � m0 , (2.59)

• trilinear couplings universality

AU � AD � AE � A01 . (2.60)

All these conditions hold at a GUT scale and are then broken by the RGE evolution,
so that at low energies one obtains a phenomenologically viable spectrum. Nevertheless,
imposing relations of this kind will result in some specific patterns in the low energy
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spectrum. In particular, in the CMSSM the Bino and Wino mass parameters at EW scale
are related by:

M1 � 5

3
tan2 θWM2 � 0.5M2, (2.61)

which leads to the conclusion that the Wino component of the lightest neutralino is always
subdominant in this model.

After imposing these conditions we are left with only five free parameters: m1{2, A0,
m0, tan β and signpµq. The absolute value of µ is determined from the conditions for
EWSB. Indeed, demanding radiative electroweak symmetry breaking, minimization of
the Higgs potential gives the relations:

b � 1

2

�pm2
hu �m2

hd
q tan 2β �M2

Z sin 2β
�
, (2.62)

µ2 � m2
hd

sin2 β �m2
hu

cos2 β

cos 2β
� M2

Z

2
, (2.63)

which means that the absolute value of µ is fixed, but the sign can be either plus or
minus. However, µ is often chosen to be positive as favoured by the constraint from the
anomalous magnetic moment of the muon.10

The model can be simplified even more, if one further assumes a relation between the
bilinear and trilinear soft breaking terms and additionally a relation between the gravitino
and scalar masses. Then the resulting model is called minimal supergravity (mSUGRA)
since a minimal choice for the Kähler potential is used [118]. The main difference between
it and CMSSM concerns the gravitino mass, which is not relevant in the scenarios of the
neutralino being the LSP.

In this framework the properties of the neutralino can be studied in some more de-
tail. In particular, as we mentioned above in the CMSSM the neutralino is mostly Bino,
therefore couples very weakly to both the Z and the Higgs bosons. In the early Universe
it annihilates mainly into SM fermions via sfermion t-channel exchange. This process is
however not efficient enough, for the reason that it is helicity suppressed (see Sec. 3.1.1),
leading typically to overproduction of the Bino dark matter. To avoid this one needs to
choose the regions of parameter space in which the annihilations are particularly effec-
tive. This can happen in three distinctive cases: i) neutralino has significant Higgsino or
Wino component, opening a much more effective annihilation channel into gauge bosons,
ii) annihilations proceed via a resonance or iii) relic density is strongly affected by co-
annihilations.

This translates to five distinct regions of the parameter space giving a correct thermal
relic density (see also Fig. 2.2 borrowed from [122]):

• The bulk region: small pm1{2,m0q, annihilation goes mainly through t-channel sfermion
exchange. This region is now mostly excluded by the LHC slepton searches and the
measured value of the Higgs boson mass.

10The Standard Model predictions for the value of the anomalous magnetic moment of the muon are
lower from the experimentally obtained value, with a statistical significance of about 3σ, but subject to
considerable theoretical uncertainties [120]. The additional contributions from SUSY have are typically
proportional to signpµq and therefore µ ¡ 0 is generically favoured. For a review of the muon magnetic
moment and supersymmetry see e.g. [121].
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• The stau co-annihilation region [123]: still at low m0, but slightly larger m1{2, the
neutralino is close in mass to the τ̃ and co-annihilations are driving the relic density
to observed value.

• The funnel region [124, 125]: relies on the resonance with one of the Higgs bosons.
One possibility is for low m1{2 when 2mχ � mh, so that the neutralinos have an
enhanced annihilation rate through the narrow s-channel light Higgs resonance.
Essentially excluded by the LHC results. Second, still allowed, is at large values
of tan β where the mass of the pseudoscalar Higgs boson A is unsuppressed, when
2mχ � mA, so that the neutralino has an enhanced annihilation rate through the
s-channel A-resonance.

• The hyperbolic branch/focus point region [126, 127]: at large m0, where the neu-
tralino obtains a significant Higgsino fraction.

• The stop co-annihilation region [128, 129]: when the mχ � mt̃ and the very effective
co-annihilation with the t̃ are present. This needs very light stops and thus is not
captured in the pm1{2,m0q planes for A0 � 0, but it rather needs large negative
values of A0, see Fig. 2.3. Although stringent constraints on light stop are put by
the new LHC results, still the scenario when it is degenerated in mass with the
netralino is allowed [130].

From this discussion it is quite clear, that although many possible realizations com-
patible with experimental data exists, they are also constrained to rather narrow slices
of the parameter space. In fact, those regions are critically sensitive to some of the soft
SUSY breaking parameters. Moreover, this conclusion persists also if we depart from the
constrained models like CMSSM or mSUGRA and allow much wider parameter space.

This brings again fine tuning into the game and produces an naturalness issue. One
way of (partially) resolving it is the so-called well-tempered neutralino [53]. The idea
is the following. When one varies the values of the soft terms, one finds that Ωχ is
typically too large (Bino LSP) or too small (Higgsino or Wino LSP). However, since Ωχ

is a continuous function of parameters, one should obtain a correct relic density also
somewhere in between these limiting cases. This does not eliminate the fine tuning issue,
but at least makes it somewhat less severe.

On the other hand, the fine tuning related to the relic density constraint can be
resolved in the scenarios of split-supersymmetry [132, 133], i.e. when SUSY does not
solve the hierarchy problem and the spectrum posses light Higgs and possibly the LSP,
while other particles are considerably heavier. In this case the values of µ and M2 at a
TeV scale are perfectly acceptable and one can obtain naturally the Higgsino or Wino
LSP with correct relic abundance. The motivation for this scenario got recently stronger
due to null results of sparticles searches in the LHC. In particular, the gluino masses are
constrained (roughly, since very model-dependent) to be larger than 1 TeV, pushing up
the allowed region for all the SUSY particles. This possibility, the TeV scale neutralino,
is the one on which we are concentrating in the work described in this thesis: the impact
of higher order effects onto the relic density computations and indirect detection searches,
discussed in the following Chapters.
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Figure 2.2: Illustrative regions of the CMSSM parameter space for A0 � 0 with relevant cos-
mological constraints. The blue regions have a relic density consistent with the measured by
WMAP. The shaded regions to the upper left and lower right are disfavoured by the LEP
chargino bound and as a result of containing a (charged) stau LSP, respectively. The LEP
bound on the light Higgs mass is shown as a solid line (mh � 114 GeV). The region favored by
measurements of the muon magnetic moment are shown as a light shaded region. Figure taken
from a review [122]. With new Higgs searches results from LHC the mh bounds are a bit more
stringent.

Finally, let us comment on the recently revived possibility of a very light neutralino,
with the mass of the order Op10 GeVq. The models of this type are non-generic, since
one has to ensure that they evade all the collider bounds, B-physics observables, precision
measurements, as well as astrophysics constraints. Nevertheless, their interesting feature
is that (at least in some cases) they can have the right scattering cross-section on the nuclei
to potentially explain positive hints of detection signals obtained by DAMA, CoGeNT and
CRESST (see Sec. 1.4.1). Recently several authors found that in the MSSM with non-
universal gaugino masses a neutralino LSP with such a small mass can still be a viable
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Figure 2.3: An example of relic density contours in the stop co-annihilation region in mSUGRA.
Figure taken from [131].

possibility [134, 135, 136]. However, these models are not free from tension when the new
LHC results are taken into account [137, 138].

2.4.2 Sneutrino

The sneutrino is a prototype of a scalar dark matter candidate. In 1994 Falk, Olive
and Srednicki [139] showed that a heavy left-handed sneutrino can have an observed
thermal relic density if it has a mass in the range of several hundreds GeV up to a few
TeV. However, this original model is ruled out by the direct detection experiments: ν̃L
interacts with the nuclei via Z boson exchange with a cross-section, which is way too
large for the cosmologically interesting masses.

The situation is different if we include in the model the neutrino masses. Then a
right-handed neutrino requires a superpartner, ν̃R, which can then mix with the initial
left-handed one. The latter do not couple to the Z boson, thus the L�R mixed sneutrino
may evade the direct detection bounds. It can be also a viable non-thermal or even
thermal [140] dark matter candidate.

Another interesting feature of some sneutrino DM models is that it provides a pos-
sibility for light SUSY DM below 10 GeV. This is phenomenologically interesting in the
light of direct detection anomalies (see Sec. 1.4.1), especially that one can naturally obtain
scattering cross-section of the suggested order.
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As an example of a recent model, in [141] a global Markov chain Monte Carlo analysis
of a sneutrino DM model with Dirac neutrino masses originating from SUSY breaking
was performed. The main distinctive feature of this model is a mainly right-handed
mixed sneutrino as the LSP, which has a large coupling to the Higgs fields through non-
suppressed weak-scale trilinear term. It was found that such a sneutrino can be an very
good thermal cold dark matter candidate for masses around 3-6 GeV, as well as for masses
larger than about 50 GeV. In particular, it was shown that it satisfies all experimantal
constraints from direct detection and collider searches.

These kind of models, however, typically rely on fine-tunning between the left- and
right-handed sneutrino components or need additional extension of the MSSM, e.g. by
an additional Up1q symmetry, see for example [142].

2.4.3 Gravitino

The gravitino G̃ appears when SUSY is promoted to a local symmetry leading to super-
gravity.11 It is a prototypical superWIMP, i.e. super-weakly interacting massive particle,
because it has only gravitational-strength12 interactions. This is a feature with remarkable
consequences for its aboundance and detection signals.

The gravitino mass mG̃ depends strongly on the SUSY breaking scheme. It can range
from the eV scale (typically for gauge mediation) up to scales around TeV (e.g. in gravity
mediation). In order for it to be a dark matter candidate, it has to be the LSP, which
can happen for large regions of the parameter space.

Because of its very weak interactions, gravitino is not expected to have been in thermal
equilibrium in the early Universe. Therefore, it needs rather to be produced in high-energy
particle collisions in the early Universe, or in the decays of next-to-lightest supersymmetric
particle (NLSP), which typically is a charged slepton, sneutrino, chargino, or neutralino.
In the latter case the relic aboundance is set by

ΩG̃ �
mG̃

mNLSP

ΩNLSP . (2.64)

This is independent of any cosmological parameters, like the reheating temperature, but
needs a rather large gravitino mass, typically inconsistent with the BBN constraints (see
e.g. [87]). For example, for a stable gravitino a very stringent constraints have been found
if the Bino or the stau are the NLSP. Then, mG̃ ¥ 10 GeV is excluded if the mass of the
NLSP is smaller than about 1 TeV. It follows, that in such cases the decay of the NLSP
alone cannot provide the correct amount of gravitino dark matter. More generally, BBN
constraints on both unstable and stable gravitinos have been recently derived in [144].

An example of the former mechanism, is the 2 Ñ 2 QCD inelastic scattering, which

11Since the SUSY algebra contains Poincaré generators, it can be seen that supergravity follows nat-
urally from supersymmetry. Note, however, that this requires enlarging the field content by additional
gravity supermultiplet, containing the spin-2 graviton and spin-3{2 gravitino. For a review of supergravity
theories see e.g. [143].

12This include gravitational ones and after SUSY breaking also others, which are however suppressed
by the Planck mass, and therefore of roughly the same order.
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gives the gravitino relic density [145]:

ΩG̃h
2 � 0.5

�
TRH

1010 GeV


�
100 GeV

mG̃


� mg̃

1 TeV

	
, (2.65)

which can give the correct relic density for typical parameters of supergravity and leptoge-
nesis. These processes take place after inflation, therefore the resulting relic aboundance
persists to present day, whenever gravitino is stable (or sufficiently long-lived).

As we can see, in the gravitino DM picture the dark matter, baryogenesis and BBN
are strongly correlated in cosmological history. In fact, it may give rise to the so-called
gravitino problem [146]: thermally produced gravitinos overclose the Universe, unless
the reheating temperature is sufficiently low, which is however in conflict with thermal
leptogenesis. Furthermore, one has to fine-tune the reheating temperature just below this
upper bound to explain the required mass density of the dark matter.

The gravitino problem can be evaded for larger values of mG̃ (like in gauge mediation)
or even for light gravitinos in certain class of models, see e.g. [147]. Another possibility is
to abandon the idea of thermal leptogenesis and rely on other baryogenesis mechanisms.

To summarize, gravitino’s strong theoretical motivation coming from supergravity
theories and rich phenomenology make it a very interesting topic to study. It plays an
important role in many cosmological scenarios and in some cases can also be a dark matter
candidate. For a short review see e.g. [148] and references therein.

2.4.4 Axino

The Peccei-Quinn solution of the strong-CP problem can be incorporated also an the level
of a supersymmetric theory [149]. The axion needs then to be put in an additional chiral
superfield, together with two additional particles: scalar saxion and Weyl fermion axino.

As long as SUSY is unbroken, the axion multiplet remains light, since it is protected
by the Up1qPQ symmetry (for a review see [150]). It implies that no supersymmetric mass
parameter is allowed for the axion multiplet since the axion does not have a potential. On
the other hand if SUSY is broken, both saxion and axino get large mass contributions.
For the saxion it is typically of the order of the soft scale, while for the axino it can be
relaxed in both ways. If it is lighter, it provides a dark matter candidate.

If axinos are light, in the range MeV-GeV, they can be produced in the early Universe
in the scatterings of thermal bath particles (linearly dependent on the temperature, thus
most effective near the reheating TRH) or from a decay of the lightest supersymmetric
particle in the MSSM (LSPSM)13. In the second case, in the same way as for gravitinos,
exists a strong connection of the axino relic density and the LSPSM would-be-relic density:

Ωã � mã

mLSPSM

ΩLSPSM , . (2.66)

It gives a connection with the classical WIMP mechanism in case the LSPSM is a neu-
tralino. The thermal relic density was recently carefully analysed in [151], still however

13This can happen both in the case of R-parity violating and conserving theories.
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with large uncertainties due to the strong interactions. It is also worth noting, that
another axino production mechanism may also come form the Q-ball decay [152].

On the other hand, if axinos are heavier, they do not constitute the dark matter, but
may decay into LSP and still give an important contribution to the neutralino abundance.

To summarize, axino is another reasonably motivated supersymmetric candidate. It is
also an useful one, since its presence relaxes many of the bounds on the SUSY parameters,
because the right number density of axinos can be obtained in a wider region of the
parameter space.



Chapter 3

Electroweak corrections to DM
annihilation

The most natural way to accommodate a WIMP into any BSM scenario is to make it
charged under the electroweak group of the Standard Model. This is a generic situation in
supersymmetric models, where the dark matter is composed typically of the superpartners
of the SUp2qL � Up1qY gauge and Higgs bosons. The models of this type are sometimes
referred as EWIMP models.1

In Section 1.3.1 we demonstrated that the annihilation cross-section leading to a cor-
rect thermal relic density is easily achievable in this type of models, although sometimes
giving strong constraints on the parameters.2 This analysis was performed using the tree
level value of the cross-section and assuming two-body annihilations as the dominant
processes. However, in the case of EWIMP, the presence of the electroweak interactions
may lead to important ”corrections”, coming from higher-order effects. In fact, as we
will discuss, even when the DM itself is not charged under the weak interactions (like e.g.
the Kaluza-Klein DM) the corrections to the final and virtual SM states often cannot be
neglected.

In recent years a lot of effort was devoted to study the role of electroweak corrections
in the DM physics, giving some insight on the general picture and providing more accurate
results for several concrete models. Therefore, we start this Chapter with an introduction
to the topic and a short review of existing results. Then in Section 3.2 we present and
discuss our computation of the full radiative corrections at the level Opg6q including
virtual and real processes for a particular model, corresponding to the Wino DM case. In
this way we explicitly show the interplay of the various contributions and obtain results
which are not only self-consistent at a give order of the perturbation theory, but also as
we show in Section 5 crucial in the phenomenology of this model.

1The same applies also to the sneutrino DM. Instead, if the LSP is the gravitino, it interacts only
gravitationally and the situation is of course different.

2From another perspective, it means that treating this as a constraint allows to narrow, or for some
simpler models even pin down, the predicted dark matter properties.
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3.1 The importance of the electroweak corrections

Weak interactions are weak and thus one typically expects them to generate only per cent
higher level corrections. Those are important for the collider experiments where such
an accuracy is desirable and sometimes even necessary. On the other hand, in the dark
matter searches the astrophysical and cosmological uncertainties are considerably larger
and it may seem to be premature to study in detail these corrections at this stage. In
many dark matter scenarios this is indeed the case. However, there are classes of models
in which this simple expectation is not true. The most important and most widely studied
examples are the effect of lifting the helicity suppression and the generic case of the heavy
dark matter, at the scale of TeV or higher.

3.1.1 The helicity suppression and its lifting by gauge boson
emission

The annihilation cross-section of a non-relativistic particle can be expanded in the relative
velocity v of the incoming pair:

σvann � a� bv2 �Opv4q, (3.1)

where the a and b coefficients do not depend on the velocity. The velocity independent
first term contains only the L � 0 partial wave, i.e. the S-wave, while second gets
contributions from both S- and P -wave processes.3 In the present day annihilations in
the dark matter halos the relative velocity is v � 10�3 which makes the second term very
small.4 Therefore, in the absence of any mechanism suppressing the S-wave annihilation
the higher partial waves can be safely neglected.

On the other hand, if a � 0 then a careful computation of both terms is needed.
This situation happens e.g. when there is some (approximate) symmetry forbidding the
two-body S-wave final state. This is in fact a very common case in the SUSY extensions
of the SM, when the dark matter is composed of Majorana particles and annihilates
predominantly to two fermions, due to the well known helicity suppression.5 The reason
for this suppression is that the type of interaction favours the final fermions to be in a
state forbidden from the conservation of the total angular momentum.

To see why this is the case it is useful to recap on some properties of two-body fermion
states. The only possible spin states are the symmetric triplet S � 1 and antisymmetric
singlet S � 0. The parity is P � p�qL�1 where L is the total angular momentum of the
pair and the intristic parity is always equal to �1. All of these hold for both Dirac and
Majorana fermions, while the reason for the latter is different in those two cases. The
intristic parity of a Majorana fermion is �i which gives p�iq2 � �1 for the pair. On the

3In general the Lth partial wave contribution to the annihilation cross-section is proportional to v2L.
4For the relic density calculations, where at the freeze-out v � 0.3 the P -wave can introduce a non-

negligible, but still sub-dominant contribution.
5Note however, that this is not always the case in any general Majorana DM model: if there exists

a pseudoscalar particle mediating an s-channel annihilation process the S-wave is not suppressed in any
way, see the discussion below and also appendix of [153] for more details.
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other hand Dirac fermion and antifermion need to have opposite parities, since u and v
spinors have opposite sign eigenvalues under the action of γ0.

Additionally, fermion-antifermion pair under charge conjugation has C � p�qL�S,
which for the Majorana pair has to be equal to �1 (since it is it’s own antiparticle).
Therefore, for a Majorana pair L and S have to be both even or both odd.

It follows then, that for two Majoranas CP � p�qL�Sp�qL�1 � p�qS�1 and thus the
CP invariance forces the final fermions to be in the same spin state as the initial ones.
In an S-wave, i.e. in the v Ñ 0 limit, the initial Majorana two-body state has to be
antisymmetric due to the Pauli principle, hence it has to form a spin singlet state. This
forces the final state also to have S � 0 and means that the only allowed s-channel
interaction is the one mediated by a pseudoscalar, while all others are suppressed by v2L.

The t- and u-channels annihilation can be rearranged with the help of the Fiertz
identities, obtaining separate bilinears for the initial and final state fermions. In general
this gives a sum of different ”s-channel” contributions. However, if the t- or u-channel
process is mediated by a scalar (as in the MSSM with sfermion exchange), then after
the Fiertz transformation there is no pseudoscalar current contribution and the final
cross-section contains only terms proportional to v2L or pmf{mχq2 (i.e. so-called helicity
suppressed terms).6

The bottom line of the above discussion is that in such scenarios the S-wave contribu-
tion to the two-body annihilation cross-section is roughly of the same order as the P -wave
one. However, in [154] it was noticed that in such a situation three-body final state may lift
the helicity suppression, introducing instead two powers of the coupling constant, which
effectively leads to an enhancement of the cross-section. The reason is that emission of
a gauge boson changes the spin structure of the final state and hence there is no longer
need for the fermions to form a singlet. This effect is most prominent if the gauge boson
is emitted from the virtual leg, the so-called Virtual Internal Bremsstrahlung (VIB) or
the Initial State Radiation (ISR).7 On the contrary, Final State Radiation (FSR) is much
less effective, since in this case the cross-section is dominated by the region of phase space
where the gauge boson is emitted collinearly with one of the final fermions. This is purely
kinematical effect, coming from the structure of the propagator of the outgoing particle,

Dppq9 1

pp� kq2 �m2
χ

, (3.2)

where p is the outgoing fermion momentum and k the gauge boson momentum. One
immediately sees, that for a collinear photon emission the propagator diverges, while
when emitting massive gauge boson it is inversely proportional to its mass squared. How-
ever, collinear gauge boson emission does not change the spin structure significantly and
therefore does not lift the helicity suppression, in contrary to both ISR and VIB.

First studies of this topic where concentrated on the helicity suppression lifting by the
photon emission and also its importance for the indirect detection signals. In particular,

6The only contribution which might have been non-suppressed is the s-channel exchange of Higgs
pseudoscalar, but the coupling is then itself proportional to mf {vEW giving a suppression nearly of the
same order.

7Internal Bremsstrahlung (IB) stands for emission of a gauge boson, accompanying some scattering
process, without any external field.
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existence of spectral features due to the IB was observed and studied on the example of
heavy neutralino in [155] and in more model-independent way in [156]. Full scan of the
relevance of this effect in general MSSM was performed in [157].

Interestingly, very recent works claim to find such a signal in the FERMI data [158,
159]. The authors of these works performed a dedicated analysis of the FERMI-LAT data
to search for the internal bremsstrahlung and gamma ray line signals. The observed excess
over the background is on the level of 4.6σ (or if one includes the look-elsewhere-effect
3.3σ) at the photons energy of about 130 GeV. If interpreted in terms of the dark matter
signal from IB this gives its mass of about 150 GeV [158], while if the signal comes from
a monochromatic gamma line then the best fit mass is mχ � p129.8 � 2.4�7

�13q GeV and
a partial annihilation cross-section xσvyχχÑγγ � p1.27 � 0.32�0.18

�0.28q � 10�27cm3s�1 [159].
This tentative signal is based on about 50 photons and it most probably will take a few
years of additional data to clarify its presence and maybe nature.

Apart from potential signals in gamma rays the IB has also other important phe-
nomenological consequences. In [160] it was found that by enhancing the e�e�γ annihi-
lation, new spectral features in positron spectra should be expected. Moreover, since the
collinear photons are dominant, the resulting positron spectrum is rather hard and posses
a sharp cut-off.

Also other final states may obtain relevant ”corrections” from internal Bremsstrahlung.
Authors of [161] find a conservative, model independent upper bound on the cross-section,
studying the electroweak bosons IB impact on the neutrino signals. They find it to be
comparable to the original neutrino bound [162], but with some room for improvement
from better spatial distribution of sources (studied recently by FERMI). This analysis
was then extended in the following works [153, 163, 164, 165].

It is also interesting to mention another case when gauge boson emission introduces
a significant correction, i.e. when the dark matter is a boson degenerated in mass with a
particle mediating t-channel annihilation [157]. This is an effect related to the t-channel
propagator for a non-relativistic initial state, which leads to enhancement for large energies
of the emitted photon. Finally, a related effect was also observed in the Kaluza-Klein dark
matter models [166, 167] and in the Inert Dark Matter (IDM) model [168].

3.1.2 TeV scale dark matter

If the dark matter mass is at Op1–100q GeV scale, than electroweak corrections are rel-
evant typically only in some classes of models, like the ones described in previous sub-
section. However, for heavier dark matter the effect becomes not only stronger but also
more generic.

This follows directly from the fact that electroweak part of the Standard Model is a
spontaneously broken non-abelian gauge theory. This leads to large ”IR-type” logarithms
which do not cancel, even at the inclusive level. This is substantially different than e.g.
QED where the Bloch-Nordesick theorem [169] states that the IR divergence from the
virtual corrections is cancelled by the real emission of a soft photon. It is a very crucial
fact ensuring that the QED is free from IR divergence and thus infrared safe.

In the non-abelian theory an analogue of this is the Lee, Nauenberg and Kinoshita
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Figure 3.1: An example of a process including the FSR and its consequences on the apperance
of all possible SM final states, even when primary annihilation channel is e.g. neutrinos.

theorem [170, 171], stating that soft singularities cancel after summing over initial and
final soft states. This theorem is however not useful directly, because it involves the sum
over the initial non-abelian charge, which of course is not available in the initial state
(e.g. to obtain the cancellation for the e�e� scattering one needs to consider not only
the inclusive level, but also sum over initial e�e� and e�νe).8 This was noticed in the
seminal works of Ciafaloni et al. [174, 175] and then explored in the context of dark
matter indirect detection in [176].9

There are three main phenomenological consequences of this observation:

1. Electroweak corrections at the TeV scale are numerically important due to non-
cancellation of the corrections containing the (double) Sudakov-type logarithms. For
instance, for mχ � 1 TeV and electroweak coupling α2 � 1{30, one gets corrections
of the typical size:

α2 log

�
m2
χ

m2
W



� 0.17, α2 log

�
m2
χ

m2
W


2

� 0.86, (3.3)

which are hardly small.

2. After including the emission of the weak bosons, whatever is the primary annihila-
tion channel of the dark matter particle, all SM stable states will be produced in
the final state. This is illustrated on Fig. 3.1. For instance, emitted Z boson from
a neutrino final leg can split/decay into quarks which after hadronization decay,
among others, into antiprotons.

This has an important consequence for the indirect searches, which was explored in
series of works ranging from connected to the UHECRs from a decay of super-heavy
particle [177, 178] to the dark matter annihilation [179, 180, 181]. We will come back
to this point in Chapter 5, when we will deal with the indirect detection signals.

8In fact, as it is well known, similar situation occurs also in QCD [172, 173], but there confinement
forces a color averaging in the initial state and luckily no IR divergence survives.

9This paper corrects also quantitatively some previous claims of [153, 163, 164] where s{m2
w contribu-

tions were found, although in full result they should cancel. The reason why they appeared was that these
papers were using an effective approach which was explicitly braking the SUp2q �Up1q gauge symmetry.
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3. Three-body annihilation has softer spectrum than the two-body one, which trans-
lates to much softer spectra of final stable particles after the whole showering and
cascade evolution. Moreover, although the energy is conserved, the total number
of particles is not and the FSR can in addition enhance the low energy part of the
spectrum. This is indeed what was found in [179].

Those logarithmically enhanced terms arise form the FSR in the soft/collinear regime
and therefore can be treated in a model independent way, whenever the approximation
of the factorisation from the two-body annihilation can be applied. This was studied
in detail in [179] where all the EW corrected splitting functions were computed. Those
splitting functions, replacing the ones without electroweak corrections, can be used to get
an approximated model-independent predictions for the indirect detection of dark matter.
This was done in an important paper [182], where a comprehensive study of production
and propagation of dark matter annihilation products were studied and the results given
in the form of a ready to use Mathematica code, called Poor Particle Physicist Cookbook
For Dark Matter Indirect Detection (PPPC 4 DM ID) [183]. As the name suggests, it
is a very user-friendly code aiming in giving reliable (approximate) indirect detection
signals for a given particle physics model, i.e. the user needs only to supply the mass and
annihilation channels of the dark matter particle. This approach is of course very useful
in the view of the fact that the true model of dark matter is unknown and detailed study
of every single candidate is infeasible. Nevertheless, it has some considerable drawbacks,
e.g. it cannot capture well the spectral features (depending on the VIB and not FSR,
see Sec. 3.1.1) or the sharp edge (related to the x � 1 region, in which the collinear
approximation fails). It also neglects non-logarithmically enhanced contributions, which
can be also important and in some cases even dominant (see Sec. 3.2 below).

Finally, let us mention two recent works using effective field theory approach, capturing
in a partially model independent fashion also some of the corrections beyond only FSR.
In [180] annihilation of a Majorana particle to two fermions was studied and then [181]
within similar setup deals with the initial state radiation, both showing that the helicity
suppression is lifted at the level of dim-6 operators.

3.2 One-loop computation for the Wino dark matter

Most of the results discussed above include only real emission of the gauge bosons. They
do not contain the full computation of virtual corrections being of the same order in
perturbation theory, or include them only on the level needed to cancel the IR divergence.
In the related literature only some loop computations exist, mostly for processes which
do not occur at the tree level. In recent years there were some attempts to compute
the one-loop corrections in a more systematic way. In particular, a project called SloopS
[184] was initiated with the aim of fully implement all the one-loop corrections relevant
for the supersymmetric dark matter in the MSSM in a numerical package, compatibile
with micrOMEGAs code [185, 186]. However, up to now only partial results exist covering
self-annihilation of the neutralino dark matter into two photons or a Z and a photon [187]
and few examples of the corrections to the thermal relic density [188, 189] (see also [190]).
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In our work [191] we took a different approach: we considered one particular model and
computed full annihilation cross-section at the Opg6q level, making analytical calculation
as far as it was possible. This, first of all, allowed us to obtain better physical insight on
the considered processes and secondly gave the full result with all the non-enhanced terms
(which as we found are not negligible). Moreover, anticipating what will be discussed in
Chapter 4, this computation is needed for consistent incorporation of the electroweak
Sommerfeld effect.

The model we chose to study is a fermion dark matter living in the adjoint representa-
tion of SUp2qW . This is the case of the pure Wino neutralino, but it is also interesting case
per se (see e.g. the Minimal Dark Matter model [192]). It is also a good starting point
for possible extensions because its relative simplicity makes more clear the description of
the various effects. Another, more phenomenological reason to study this case is that it
is precisely the one in which the Sommerfeld effect in the MSSM is the most important
(see Chapter 4).

Similar physical scenario was later also studied in [193] with the idea of checking what
is not captured in the effective approach discussed above. Indeed, they find a large impact
on the total annihilation cross-section, but only if the lightest sfermion is degenerated in
mass with the neutralino.

The model

We consider a Majorana fermion χ0 and assume that it belongs to the adjoint represen-
tation of the SUp2q subgroup of the electroweak SUp2q � Up1q. The other two members
of the triplet can be combined together and be described as a charged Dirac fermion and
its anti-fermion which we call χ�. We assume that this triplet of fermions is massive
due to an explicit mass term, that is present independently of the Higgs mechanism that
might give mass to the weak vector bosons, and in fact we assume that these fermions do
not interact with the Higgs field. Within this set-up, χ0 interacts only with the charged
weak-interaction vector bosons W� and its charged partners only interact with the W�,
and with the Z and γ.

We will be interested in the mass mχ of the Wino up to a few TeV. For the computation
of the radiative corrections we also assume that the charged fermions of the multiplet are
degenerated in mass with the neutral ones.10

In our model, at the tree level there is only one possible annihilation channel:11

χ0χ0 Ñ W�W�. (3.4)

However, at a higher order it is possible that the χ0χ0 pair becomes a (real or virtual)
χ�χ� pair which subsequently annihilates:

χ�χ� Ñ W�W� or χ�χ� Ñ ZZ,Zγ, γγ. (3.5)

10The mass difference comes from radiative corrections and is of the order of δm � 0.17 GeV [115],
which is negligible with respect to the TeV scale.

11In the pure Wino scenario in the MSSM there are additional annihilation channels. However, in the
case in which we are most interested in, i.e. χ0 having a mass in the TeV range, this channel is by the
far dominant one.
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This sequential process is formally of higher order, but it can be enhanced by the two-
channel version of the Sommerfeld effect (see Section 4.3). In this case it can be effectively
of the same order as the tree level process and has to be included.

Moreover, since we consider the radiative corrections which provide an order Opg4q
correction to the amplitude and corresponding to an order Opg6q term to the cross-section,
we have also to include the annihilation in three final particles, i.e.

χ0χ0 Ñ W�W�Z, W�W�γ (3.6)

and, by Sommerfeld effect, also

χ0χ0 Ñ χ�χ� Ñ W�W�Z, W�W�γ . (3.7)

We are interested in the case when annihilating particles are non-relativistic, therefore,
we can take σ0 to be the nominal cross-section for the annihilation at rest within a
negligible relative error Opv2q, that is the relative variation of the Mandelstam variables s
and t averaged over the angles. In this case the two incoming neutralinos, being Majorana
fermions, form an S-wave spin-singlet. This is a very good approximation for dark matter
particles in the halo today, and it allows for a great simplifications of the computations.
Firstly, because in this case the initial pair (being Majorana fermions) have to be in a
S-wave spin singlet. Secondly, the kinematics simplifies, since the annihilation becomes
like a decay of a particle with the mass 2mχ.

To appreciate the consequences of the former observation note the identities, true for
any Dirac matrix M :

x0|χ̄0Mχ0a:Óa
:
Ò|0y � 1

p2πq3 Tr

�
M

1� γ0

2
γ5

�
, (3.8)

x0|χ̄�Mχ�
a:Ób

:
Ò � a:Òb

:
Ó?

2
|0y � 1?

2p2πq3 Tr

�
M

1� γ0

2
γ5

�
, (3.9)

a:Ò,Ópb:Ò,Óq being particle (anti-particle) creation operators at rest, for a given spin-projection.
As a result of this the spinor structure of the annihilation amplitude is greatly simplified,
because after a projection on a given spin state we obtain a trace already at the amplitude
level.

These approximations however set limits on the usage of the results for the relic density
calculations. Although at freeze-out the dark matter particles are still non-relativistic,
their velocity is about v � 0.3. On the other hand, in order to get accurate results in
this case one needs not only to generalize this computations, but also include the P -wave,
which is beyond the scope of this work.12

3.2.1 The scale of the coupling

Before presenting our computations, it is very important to understand at what energy
scale the SUp2q coupling g and of the Weinberg angle θW should be taken. We argue,

12For some results including one-loop corrections to relic density computations, however without the
fully treated non-perturbative Sommerfeld effect see Refs. [188, 189].
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that both in the radiative corrections and later for the Sommerfeld effect computations
we should take them at the electroweak scale.

In the computation of the Sommerfeld factors s0,� one could wonder whether one
should take g at the scale of the neutralino mass mχ, since this sets the energy scale of
the process. However, what matters in the Sommerfeld enhancement computation is in
fact the scale of the momentum transfer between the incoming particles and this can be
at most of the order of the vector boson mass.

The detailed computation, both analytical and numerical, shows [194] that the radia-
tive corrections to the vertices χχW (with χ on-shell as appropriate in the non-relativistic
case) at zero momentum transfer exactly compensate the effect of the χ wave-function
renormalization. Therefore, there is no dependence on mχ once taking the renormaliza-
tion scale to be mW , and this compensation persists quite effectively up to momentum
transfer OpmW q. What remains to be considered is the W wave-function renormalization,
which is already included in the definition of the coupling at the scale mW . Hence there
are no appreciable corrections at all, if we take g at the scale mW .

In fact, note that the use of the running coupling constant is appropriate for the
processes which depend significantly on a single large scale. For instance it would be
appropriate to take the coupling at the scale mχ for processes in which the momentum
transfer to χ is also of the order of mχ.

In the case of the radiative corrections to the annihilation amplitude, there is no precise
compensation of the radiative correction of the vertices χχW with the χ wave-function
renormalization. The reason is that the internal χ lines are off-shell, and therefore we
take into account these loops that give a further radiative correction not included into
taking g at the scale mW .

Note that, by computing the Feynman diagrams giving the vertex corrections and the
wave function renormalization and fixing the renormalization at the EW scale, we are
evaluating perturbatively how the coupling ”runs” from its EW value.

This is like expanding at the one-loop order the formula for the running coupling
constant. The only difference is that we do not have to include the W wave-function
renormalization, because it only depends on the square W -four-momentum which is equal
to m2

W and therefore it is already inside the definition of the coupling at the scale mW .

Let us also recall that the standard use of the renormalization group techniques holds
in the ”deep euclidean region” in which the external lines are quite off-shell. In our case
instead, the external particles are on-shell and therefore there occur not only the large
log’s related to the UV divergences but also large log’s due to IR effects. As we will
discuss in the following, we do not attempt a re-summation of the large log’s of various
origin. This is indeed another reason why we do not attempt to use a kind of non-
perturbative formula for the running coupling, suitably modified to take off the W -wave
function renormalization, which would correspond to some partial re-summation of one
subset only.
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3.2.2 Wino-Wino annihilation

We start the discussion from the one-loop corrections to χ0χ0 annihilation. Firstly we
will discuss the method of doing the computations and in the next subsections we will
give the results. The way we present them is in terms of the correction to the tree level
amplitude:

A � Atree

�
1� g2

p4πq2Cipmχq


, (3.10)

where Cipmχq are the coefficients corresponding to the diagram i.

The UV divergent diagrams

The UV divergent one-loop diagrams come from the vertex corrections and the fermion
wave-function renormalization, as presented on Fig. 3.2.

χ0
χ0

W+

χ−

W−W+

χ0
χ0

W−W+

W−Z, γ Z, γ

χ0
χ0

W−W+

χ0
χ0

W−W+

W±

1) 2) 3)

Figure 3.2: The UV divergent diagrams for χ0χ0 Ñ W�W� process. The vertex corrections
(diagrams 1 and 2) and the fermion wave-function renormalization (both diagrams are included
in 3).

For all these diagrams, we have done the computations using full analytical expressions
with Feynman parameters and integrated analytically (using Mathematica) over the first
one and numerically over the second one.13 We took the Feynman-’t Hooft gauge for the
W propagator, which simplifies the computations, noting that χ is not coupled to the
Higgs bosons and that there is no vertex with two W ’s and one neutral unphysical Higgs.
We used dimensional regularization and dropped the terms Op1{εq because they are taken
into account in the renormalization at the scale mW . In fact, the loop corrections to the
coupling g evaluated at the mW scale do contain the same Op1{εq terms, which therefore
are part of the definition of the coupling at that scale. We also did not include the W
wave-function renormalization of the final W ’s for the same reason.14

13In the approximation of annihilation at rest all the diagrams can be expressed as a linear combination
of integrals with only two Feynman parameters, because in this case there are only two independent
external momenta.

14Except that we have to include the IR divergence of the W wave-function renormalization due to the
photon exchange, which is cancelled by a real photon emission, see Fig. 3.5.
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The UV finite diagrams and the IR divergence

Besides the loops giving the radiative correction of the vertices and the χ wave-function
renormalization, there are two other loops, which are not UV divergent.15

χ0χ0

W−W+

4)

W+χ+ χ−

Z, γ

χ0χ0

W−W+

5)

Figure 3.3: The UV finite diagrams for χ0χ0 ÑW�W� process.

Diagram 4 represents a process in which the incoming χ0 pair goes to a virtual χ�

pair (which then annihilates in W�) by W� exchange (see Fig. 3.3, diagram 4). The
contribution of this loop is very large when mχ " mW . In fact, the correction to the
amplitude grows like mχ{mW , i.e. much faster than even the double Sudakov logarithms
from the FSR. This is one of the places where the full higher order computation is crucial
for obtaining correct results.

This part of the correction comes from the region of the integration where the virtual
χ� momentum is nearly on-shell, that is the non-relativistic part of the diagram. Because
of that it can be actually treated more carefully and even re-summed, which leads precisely
to the advocated Sommerfeld effect and will be discussed in the next Chapter.

For the time being however, we will put this part aside and write the contribution
from the diagram 4 as:

D4 � Atree
g2

p4πq2C4 � Atree
g2

4π

mχ

mW

, (3.11)

where the Atree is the tree-level amplitude. Therefore the 9mχ{mW part, which we will
call the one-loop Sommerfeld one, is not included in any of the C coefficients and we will
treat it separately.

Diagram 5 represents the exchange of Z or γ between the final W� (see Fig. 3.3).
This loop is IR divergent in the part in which there is a photon exchange. This is
the only IR divergence in the radiative corrections of σ0, because the initial χ0 does
not couple to the photon and there is no photon contribution to the χ0 wave-function
renormalization. Moreover, in the other loops at least one of the χ line is off-shell thus
avoiding IR divergences.

15The propagators and vertices of these diagrams give three powers of momentum in the numerator
and eight powers in the denominator therefore the integration in four dimensions is convergent by power
counting. In the case of diagram 5 the analytic integration on one parameter has been done using
the PrincipalValue prescription, in order to discard the absorptive part, due to intermediate W ’s being
possibly on-shell. This part does not interfere with the tree diagram and thus would give a higher order
contribution.

The diagram containing the four vector boson vertex gives a vanishing contribution for the Wino
annihilation at rest in a spin-singlet state.
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Figure 3.4: The results for the one-loop correction to the amplitude of the χ0χ0 Ñ W�W�

annihilation. The total correction is obtained by summing all those contributions and including
the real production. The C5 contribution is made finite due to adding a small mass to the photon
mγ � 0.1 GeV. In these result all the multiplicities of the diagrams were taken into account.

The total result for the radiative corrections due to the loops

On Fig. 3.4 we present the results for the one-loop corrections coming from all the diagrams
separately, in function of the DM mass being in range of 100 GeV–3 TeV. One can see, that
the largest contributions come from diagrams 2, 3 and 5, all containing photon exchange.
Although the C5 is IR divergent, we get a finite result by giving (in all the numerical
calculations) a small (with respect to the TeV scale) mass mγ � 0.1 GeV to the photon.
In reality it is of course massless, and indeed as we shall see the dependence on mγ will
drop out in the final result. We will come back to this point later, where we discuss the
cancellation of the IR divergence by the inclusion of a real production.

Actually, in order for the cancellation to be exact, we have also to take into account
the IR divergent part of the virtual photon contribution to the W wave-function renor-
malization, that is not included in the renormalization of g at the scale mW (see Fig. 3.5).
It gives a further contribution to C which is: s2

W 4 log
�mχ
mγ

�
. Including it in one-loop

corrections gives finally

C1�loop �
5̧

i�1

Ci � s2
W4 log

�
mχ

mγ



. (3.12)

From the computation we get that C1�loop   0 and also that it diverges for mγ Ñ 0.
The divergence is due to the graph 5 described above and to IR divergent part of the W
wave-function renormalization.
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χ0χ0

W−
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W− γ

Figure 3.5: The IR divergent diagram present in the gauge boson wave-function renormalization.

The radiative correction due to the real production and the cancellation of
the IR divergences

As we already mentioned, doing the computation of σ0 at the order Opg6q, we have also
to add to σ0 the production cross-section of W�W�Z and W�W�γ, which are of the
same order (see Fig. 3.6). This has to be done on the level of the cross-section. Hence,
we start from a short review of the cross-section computation. If we call the amplitude
M, then the formula for the differential cross-section in our case reads:

dσ � 1

4m2
χvr

�¹
i

d3ki
p2πq32ωi

�¸
pol

|M|2p2πq4δ4pP �
¸
i

kiq, (3.13)

where vr � 2v is the relative velocity, P � p2mχ, 0, 0, 0q and mχ is the mass of annihilating
DM particle. The sum over polarizations gives:

¸
pol

εµε
�
ν � �gµν � kµkν

m2
W,Z

, (3.14)

for massive gauge bosons and ¸
pol

εiε
�
j � δij � kikj

~k2
, (3.15)

for the photon.
In the annihilation into two particles with the same mass mg the integration over the

phase space gives:

σ2v � 1

64π

d
1� m2

g

m2
χ

¸
pol

|M|2. (3.16)

For the annihilation into three body final state, in the limit in which initial particles
are in rest, the cross-section can be computed in a convenient parametrization with the
use of Dalitz variables16, m2

ij � pki � kjq2:

dσ3 � 1

p2πq3
1

16p2mχq4
1

vr

¸
pol

|M|2dm2
12dm

2
23. (3.17)

16In actual numerical computations we follow a more direct approach by integrating over the final
energies, which we check to be equivalent; this is numerically more convenient but the formulae are too
long and we don’t write them here.
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Figure 3.6: The diagrams for real production of the gauge bosons and the production of the tb̄
quark pair.

The integration limits on these variables depend only on the masses and can be conve-
niently presented as [195]:

4m2
1 ¤ m2

12 ¤ p2mχ �m3q2 pm2
23qmin ¤ m2

23 ¤ pm2
23qmax, (3.18)

with

pm2
23qmin � pE2 � E3q2 �

�b
E2

2 �m2
1 �

b
E2

3 �m2
3


2

, (3.19)

pm2
23qmax � pE2 � E3q2 �

�b
E2

2 �m2
1 �

b
E2

3 �m2
3


2

. (3.20)

Here E2 � m12{2 and E3 � p4m2
χ �m2

3 �m2
12q{2m12 are the energies of particles 2 and 3

in the m12 rest-frame.
In order to add these contributions to the one-loop corrections we define the coefficients

Crp
Z and Crp

γ as:

2
g2

p4πq2 c
2
W Crp

Z � σW�W�Z

σtree
2

, 2
g2

p4πq2 s
2
W Crp

γ � σW�W�γ

σtree
2

. (3.21)

Note the factor 2 in the definitions, which makes these coefficients to be the corrections
to the amplitude coming from the real production. Using this we can write that the
production cross-section provides a further correction:

C1�loop�rp � C1�loop � c2
WC

rp
Z � s2

WC
rp
γ . (3.22)

The full C1�loop�rp coefficient should go to a finite constant for mγ Ñ 0, which we find
it is indeed the case. On the right plot of Fig. 3.7 we show the separate contributions
from one-loop corrections and the real production to show that their sum is independent
of mγ.

Three body production involving t quark. There is a further, though very small,
contribution to the production cross-section at the order Opg6q: the processes involving
the t quark in the final state

χ0χ0 Ñ W�td̄, χ0χ0 Ñ W�ts̄, χ0χ0 Ñ W�tb̄ ,

χ0χ0 Ñ W�t̄d, χ0χ0 Ñ W�t̄s, χ0χ0 Ñ W�t̄b .
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These processes are due to the couplings W� Ñ td̄, ts̄, tb̄ and their conjugates.
Notice that the other processes with a charged W and either a charged lil̄j or a lighter

charged qiq̄j pair in the final state must not be included. They sum up to the total width
of the charged W , and therefore are implicitly taken into account by unitarity when one
takes the approximation of considering W as a stable particle. But the top is more massive
than the W and therefore the qiq̄j pairs with the t as one of them are not included in in
the total width of the W and have to be added to the correction.

Since the square of the coupling W� Ñ td̄ is negligible with respect to the sum of the
square of W� Ñ tb̄ and W� Ñ ts̄ (which all together add up to g2), and the masses of b
and s are negligible at our energy scale, by defining as before

2
g2

p4πq2Ct �
σW�tb̄ � σW� t̄b

σtree
2

, (3.23)

we get final result for the total correction to the tree amplitude

C1�loop�rp�t �
5̧

i�1

Ci � s2
W

�
4 log

�
mχ

mγ



� Crp

γ



� c2

WC
rp
Z � Ct . (3.24)

In the numerical results, as we will see, the relative contribution of Ct is very small.
The reason is that it does not contain any large logarithms, which are present in the case
of the production of three gauge bosons.

Note, that since the unphysical neutral Higgs is not coupled to W� we can use the
Feynman-’t Hooft gauge for the vector bosons forgetting the unphysical Higgs. As for the
physical Higgs, its coupling to W� is proportional to gmW and therefore the (virtual or
real) processes involving it will be suppressed by a factor m2

W {m2
χ and we can neglect

them.

The total result for the annihilation of χ0χ0

We show the results for the full radiative corrections to the χ0χ0 annihilation amplitude
on the left panel of Fig. 3.7. One can see, that subtracting the one-loop Sommerfeld
effect (that will be non-perturbatively treated, see Chapter 4), the total corrections (the
solid black line) are significant, reaching over 15% for the mχ � 3 TeV, but still in the
perturbative regime. Indeed, the perturbative evaluation of the correction to σ0 looks like
to be border-line-reliable up to values of mχ of a few TeV.

This fact is not surprising: when mχ and therefore the overall scale of the process gets
large as compared to mW , the vector bosons resemble more and more massless would-be
gluons of an unbroken SUp2q, like an SUp2q version of QCD. There occur large log’s of
the ratio mχ{mW , and powers of them, which are not related to the UV divergences (and
therefore cannot be included in a standard renormalization group treatment). Therefore,
for higher values of mχ, one would need to borrow from QCD sophisticate techniques of
re-summation of powers of large log’s or semi-empirical formulae. All that is beyond the
scope of this work.

We also see that at a TeV scale the one-loop perturbative evaluation of the Sommerfeld
effect is quite large and this is one of the reasons why the full non-perturbative treatment
of this effect is needed.
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Figure 3.7: Left plot: the correction to the tree level χ0χ0 Ñ W�W� amplitude coming from
loop corrections (dashed red line), real production (chain blue) and the t quark (dotted violet).
The full result is given by the solid black and sparse green lines (without and with the one-loop
Sommerfeld correction, respectively). Right plot: the dependence of the full result on the photon
mass, for fixed m � 1 TeV. A complete cancellation of the IR divergent terms can be seen, and
that the full result is independent of mγ .

3.2.3 Chargino-Chargino annihilation

The χ�χ� annihilation gives a higher order, but still non-negligible contribution to the
χ0χ0 annihilation process. In fact, it can be of the same order as the direct process, due
to the 9mχ{mW part, which is even more pronounced after the re-summation. Therefore,
it is also important to compute the radiative correction to the annihilation with χ�χ� in
the initial state. Because the computations are very similar to the χ0χ0 case, we do not
discuss them in detail, but rather stress the differences and present the final results.

In this case, in the Feynman-’t Hooft gauge it occurs also the vertex of the charged
unphysical Higgs with the vector bosons. However, in the same way as for the physical
Higgs, its coupling is proportional to gmW . Therefore, the process involving it will be
suppressed by a factor m2

W {m2
χ and we neglect it.

One-loop corrections to χ�χ� Ñ W�W�

In the case of the annihilation of χ�χ�, since they are charged, there are more diagrams
to be computed, see Fig. 3.8. The technique is however exactly the same.

Note however the difference in the normalization of the initial states. The spin-singlet
χ0χ0 state is described by

ϕ0pxqa:Òa:Ó|0y, (3.25)

and the spin-singlet χ�χ� state by

ϕ�pxqa
:
Òb
:
Ó � a:Ób

:
Ò?

2
|0y, (3.26)
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Z, γ
W+

χ+
χ−

W+(Z, γ)

χ0(χ+)

W+W−

χ0(χ±)

W±(Z, γ)

W±(Z, γ)

χ±(χ0)

Z, γZ, γ
(W±) (W∓)

W±

γ

Z, γ χ+(χ0)

W−

(W+)

(Z, γ)

W+(Z, γ)

Figure 3.8: The diagrams for the one-loop corrections to χ�χ� ÑW�W� annihilation.

where ϕ0pxq and ϕ�pxq are the S-wave reduced wave functions. Hence, at the tree level
we have Atree

χ�χ�ÑW�W� � 1?
2
Atree
χ0χ0ÑW�W� .

The radiative correction due to the real production

Also in this case the computations go in the same way, except that now the initial state
particles are coupled to Z and γ, which gives the initial state Bremsstrahlung process
(instead of internal one as in the χ0χ0 case). The diagrams to be computed are those on
Fig. 3.9.

χ+χ−

W−W+
W−W+

Z, γ

Z, γ

Z, γ

Z, γ

W+ W−

Figure 3.9: The diagrams for the correction to the process χ�χ� Ñ W�W� coming from the
real production of Z, γ.

The total result for the annihilation of χ�χ� Ñ W�W�

On Fig. 3.10 we show the full radiative correction to the amplitude of the process χ�χ� Ñ
W�W�. When compared to the case of nuetralino annihilations, one immediately sees
that although results are qualitatively similar, quantitatively are considerably smaller. In
fact, the full one-loop result without the one-loop Sommerfeld effect is within -10% range
even up to 3 TeV.
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Figure 3.10: The correction to the χ�χ� Ñ W�W� amplitude (left plot) and dependence on
the photon mass (right plot). The notation is the same as in Fig. 3.7.

For completeness, also in this case we show the IR cancellation and that our results
are independent of mγ.

3.2.4 The one-loop corrections to χ�χ� Ñ ZZ,Zγ, γγ

The diagrams to be computed are given on Fig. 3.11. In this case there is no wave-
function renormalization of the final states, because they do not couple to the photon and
thus do not exhibit IR divergences. Moreover, in this case there are no IR divergences
in the total one-loop corrections, since the fermion wave-function renormalization cancels
precisely the IR divergence coming from the correction to the initial states (the bottom
left diagram).

Here, there is also no three body production, since the emission of three W 3 (a mixture
of Z and γ) is forbidden by the CP conservation: the initial state being spin singlet has
an even CP, while both Z and γ are CP-odd.17

The results for the radiative correction to these processes are presented on Fig. 3.12.
The corrections are very similar to each other, as could be expected from the fact that
since mχ is much larger than mZ , the differences in masses of the final states are not
very important. On the other hand, the differences in couplings are taken into account
in the tree level amplitudes for these processes (i.e. every of these three corrections is
normalized to its own tree level amplitude).

One can also see that the absolute value of these corrections is quite large. In fact,
considerably larger than for the annihilation into charged final states. This might look
surprising, since there are less diagrams and none is IR divergent, but actually it can be

17The processes involving two neutral gauge bosons where one of them subsequently decays into quark
or lepton pairs are allowed, but similarly to what was said for the t quark production they are very
suppressed and therefore we neglect them.
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W+W−

χ+
χ−

Z, γ

χ+

Z, γZ, γ

W+, Z, γ

W+(Z, γ)

χ0(χ±)

Z, γ

W±

χ0

W± W∓

Figure 3.11: The diagrams for the one-loop corrections to χ�χ� annihilation to neutral gauge
bosons.

Figure 3.12: The full one-loop corrections to the annihilation of χ�χ� into ZZ,Zγ, γγ. These
corrections come only from the loop diagrams, because there is no real production in this case
(see the text).
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easily understood by the fact that in this case there is no compensating effect of the real
production.

With all those results we are ready to compute the total annihilation cross-section at
the Opg6q level. However, without proper treatment of the mχ{mW terms the result would
be meaningless and for that reason, we leave the discussion of the final cross-section for
the Sec. 5.1, after the Sommerfeld effect is presented in detail.



Chapter 4

The Sommerfeld effect

In the previous Chapter we have seen that electroweak corrections for the EWIMP in
general cannot be neglected, especially at the TeV scale. We also observed a worrisome
one-loop correction coming from the W boson exchange, when the states of SUp2qL multi-
plet are degenerated in mass. It was found to be of the order Opα2mχ{mW q, which implies
a breakdown of perturbation theory at the scale of a few TeV. This calls for resummation
of higher orders, which leads to an effect known in the particle physics literature as the
Sommerfeld enhancement. This chapter deals with the derivation and applications of this
effect to the dark matter physics.

4.1 The origin of the Sommerfeld enhancement

In 1997 Bergström and Ullio [196], and independently using different method, Bern et al.
[197] computed the annihilation of neutralinos to two photons at the full one-loop level.
These results were in agreement with each other, both giving in the large dark matter
mass limit result which was independent of mχ. For example, in the pure Higgsino case
[197] gives:

σvr � α4
2π

4m2
W s

4
W

. (4.1)

This result was surprising. One would rather expect the cross-section to be proportional
to m�2

χ : for large mχ the mass of the W boson can be neglected, hence the DM mass
is the only dimensionful quantity and from dimensional analysis this is the only possible
behaviour.

This becomes even more troublesome if one thinks about the unitarity bound [198].
For a given partial wave with angular momentum J , in two body scattering process:

σJ ¤ πp2J � 1q
p2
i

, (4.2)

where pi is the center of mass three-momentum of the initial state. In the case of dark
matter annihilation the initial state is non-relativistic p2

i � m2
χv

2
r{4, giving an upper

bound:

σvr À 4πp2J � 1q
vrm2

χ

. (4.3)

71
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Clearly, for large enough mχ, one-loop approximation of the cross section (4.1) is not
sufficient and must be corrected by higher order terms. This was noticed very early
[199], but since this happens for Higgsions with mχ Á 100 TeV, it seemed not to be of
much practical interest. Nevertheless, it was clear that one should somehow revise the
computations.

This has been done several years later by Hisano et al. [200] and subsequently in [201],
where they computed the annihilation cross-section for pure Higgsino and Wino limits
in the non-relativistic (NR) field theory. Indeed, they observed that the correct m�2

χ

behaviour is reproduced, and therefore the higher order contributions unitarize the cross-
section. It was also shown that in this case the critical mass for which the perturbation
theory breaks down, i.e. when the two-loop contribution is the same as the one-loop one,
is about mcrit � 10 TeV.

Apart from saving consistency of the theory, another striking feature was discovered:
leading higher order corrections in the NR limit can be resumed, and significantly alter
the total cross-section. In particular, in the Wino case when the energy of the incoming
neutralino is on the pole of the bound state of chargino, a resonance occurs. It can
enhance the cross section by factor " 1. In fact, if zero energy resonance exists, then the
corrected cross-section is proportional to 1{v2, where v is the DM velocity.1 It leads to
important phenomenological consequences for the possible indirect detection signals [202]
and also for the thermal relic density [203]. Similar effect was found for the Bino dark
matter in the case when it is nearly degenerated in mass with t̃ or τ̃ and has CP violating
interactions with those particles [204].

Later it was realized, that in 1931 Arnold Sommerfeld observed similar effect when
calculating Bremsstrahlung in an external field and introduced a method based on solv-
ing the appropriate Schrödinger equation [205]. Therefore this effect was dubbed ”the
Sommerfeld enhancement”.

The reason standing behind it is the existence of ”long range” force, which distorts the
incoming particles’ wave functions. In the case of heavy Winos or Higgsinos (and also in
the Minimal Dark Matter model [206]) the role of this force was played by the exchange
of weak gauge bosons. It was, however, soon realized that in other physically interesting
scenarios also electromagnetic or even strong interactions may have an analogous impact,
e.g. in [207] radiative and Sommerfeld-type corrections to stop coannihilation were stud-
ied, where e.g. the t̃t̃ annihilation is greatly enhanced by the gluon exchange. Another
application was the computation of the thermal relic density of a charged relic itself [208].
It is relevant e.g. for gravitino dark matter models, where its abundance depends on the
abundance of NLSP, which can be a stop or stau.

In 2008 PAMELA satellite [209] observed rise in positron fraction e�{pe� � e�q in
cosmic rays with energies from 10–100 GeV. This built up over earlier findings of HEAT
[210], AMS-01 [211] and also ATIC [212] experiments. Although these surprising results
may be well explained by astrophysical sources, e.g. nearby yet undetected pulsars [213],
there is an exciting possibility that it comes from dark matter annihilating predominantly
into leptons. This explanation, however, needs an annihilation cross section larger by

1This does not violate unitarity, since for very low velocities σv is saturated by the finite width of the
bound state, as is discussed below.
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several orders of magnitude than the one giving correct thermal relic density.
To solve this issue Arkani-Hamed et al. [214] proposed, that dark matter can interact

with a new ”dark force”. This implies, via the Sommerfeld effect, strong boost of the
present-day NR annihilation cross-section, leaving untouched its value around the freeze-
out, where the typical DM velocity is roughly v � 0.3. This idea started a second life for
the Sommerfeld enhancement.

In our work we followed different direction: we studied what is the impact of this effect
in the MSSM without adding any new interactions. For this we developed a formalism
suitable for more complex scenarios, which we describe in Section 4.3. We implemented
it numerically in the DarkSUSY code and in Section 4.4 we present the possible applica-
tions in the different regions of the parameter space of the MSSM. We start however the
discussion from the ”dark force” case, for two reasons. Firstly, because being more simple
it is instructive for presenting main physical points. Secondly, it has grown to a separate
topic on its own, which definitely is worth discussing, since it might give an explanation
for several cosmic ray anomalies.

4.2 Enhancement due to a dark force

Imagine, that the dark matter particle χ interacts with some scalar or vector boson φ. In
the non-relativistic limit its multiple exchange acts as a force with a range � 1{mφ. This
force can be described by a Yukawa potential:

V prq � α
e�mφr

r
, (4.4)

where α � g2{p4πq and g is the coupling constant of the χχφ interaction.
The existence of this potential effects in distorting the initial wave function ψp~rq of the

incoming two-particle state. The whole effect can then be encoded into the ratio between
the wave function of the incoming, free particle (at r Ñ 8) and the distorted one at the
point of annihilation (at r � 0). For that reason one usually defines the enhancement
factor by

S � |ψp8q|2
|ψp0q|2 , (4.5)

which multiplies the cross-section

σfull � S � σ0 . (4.6)

If one assumes one species of annihilating particle χ with mass much larger than the
mass of force carrier, mχ " mφ, and a coupling strength of the order of the weak coupling
or larger, then one gets a very large enhancement of the cross-section.

Interesting limiting case is when mφ � 0 and the potential is a Coulomb one, since
then the Sommerfeld effect can be solved analytically, giving

Spvq � πα{v
1� e�πα{v

. (4.7)
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The standard approach to compute the enhancement is to solve numerically the
Schördinger equation for the incoming two-particle state to find the wave function distor-
tion; some approximated solutions also exist [215, 216, 217], especially with the aim of
studying resonances.

On the Fig. 4.1 value of the Sommerfeld factor is shown in the mφ{mχ vs. g plane in
the case of typical DM halo velocities v � 10�3. As expected from Eq. (4.4) it can be seen
that the enhancement grows with the coupling and diminishes with the mediator mass.
What is more interesting is the clearly visible resonance structure, leading to much larger
enhancement factors. These resonances come from the formation of loosely bound states
in the Yukawa potential. Whenever such a bound state can be formed, the annihilation
cross-section grows rapidly. In fact, by following the method of solving the Schrödinger
equation exactly at a resonance one obtains an infinite enhancement. This is of course
unphysical, and is due to the fact that our quantum mechanical description does not take
into account a bound state decay. Indeed, the finite lifetime of the bound state will make
the enhancement saturate at v � α3pmφ{mχq [201].

To determine the paramterics of the resonances one can approximate the interaction
potential by the Hulthén one:

VHprq � A
δe�δr

1� e�δr
, (4.8)

which maintains the same both long and short distance behaviour as the Yukawa potential
[215]. In this approximation the resonances occur whenever

mφ

mχ

� 6α

π2n2
, n � 1, 2, 3, . . . (4.9)

which is in a reasonable agreement with the numerical solution. One can also deduce the
magnitude of the Sommerfeld effect at the resonance, leading to

Spvq � π2α

6v2

mφ

mχ

. (4.10)

This shows that at the resonance the enhancement scales as v�2, down to the velocities
where the bound state decay becomes important.

Anticipating further application of this idea to the MSSM, on the same figure we
indicate the value of the weak coupling at the electroweak scale, g2pmZq � 0.652, and
on the right axis we give the corresponding mχ, putting mφ � mW . This gives a rough
estimate of the importance of the Sommerfeld effect for the neutralino. For a sizeable
effect it has to be rather heavy, however for a mass of about several TeV one should
observe a strong resonance. As we will show with detailed computation this is indeed the
case.

Away from the resonance the velocity dependence is a bit different, but in general two
features are present: strong suppression of the enhancement for v Ñ 1 and saturation at
low v. On Fig. 4.2 full velocity dependence for four parameter choices is presented. The
blue, violet and yellow lines correspond to a generic values of the mass ratio and strength
of the coupling, while the green line shows the near resonance behaviour. In all cases
the Sommerfeld factor falls rapidly with velocity and saturates at a value proportional
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Figure 4.1: The Sommerfeld enhancement factor coming from exchange of a boson with mass
mφ between two DM particles with mass m and velocity v � 10�3 in the function of the coupling
constant g. Value of g2 at the electroweak scale is highlighted and the corresponding mass of
the neutralino in the case when mφ � mW is given on the right axis. Four points corresponding
to the parameter choices of the Fig. 4.2 are also shown.

to αmχ{mφ, with the precise value strongly depending on the DM mass. Away from
resonance this happens when the de Broglie wavelength is comparable to the range of
interaction, giving v � mφ{mχ, while close to the resonance the saturation occurs later.

In the intermediate regime, there is a strong v dependence. In the Coulomb case one
has

Spvq α"vÝÝÑ πα

v
, (4.11)

which on Fig. 4.2 is shown as ”1{v” enhancement. One can see that the off-resonance
regimes follow approximately this solution before the saturation takes place (which is also
apparent from the fact that Yukawa potential resembles the Coulomb one at distances
shorter than � 1{mφ). On the resonance, the velocity dependence is indeed stronger, as
advocated before.

Large Sommerfeld enhancements described above were studied by many authors,
mostly in the context of model building for explaining cosmic ray anomalies. Its in-
terplay with clumpiness of DM was proposed in [218] and later in [219, 220]. This may
lead to enhanced production of gamma rays in the substructures: e.g. [221] shows that
H.E.S.S. and MAGIC already constrain very large, resonant enhancements (and that the
CTA will improve those limits, while FERMI data will not be able to tell us much on this
issue).

The importance of the Sommerfeld effect for the thermal relic density was not appre-
ciated at the very beginning. Only several years later, in [222] possible strong impact of
the kinetic decoupling was observed in generic models with velocity-dependent interac-
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Figure 4.2: The Sommerfeld enhancement factor dependence on the velocity for several param-
eter choices. It grows rapidly for decreasing velocity, saturating roughly at v � mφ{mχ with
precise value depending on the parameters. For comparison Coulomb ”1{v” enhancement is
shown. The green line corresponds to parameters close to a resonance; in this case the depen-
dence on velocity is even stronger than 1{v and saturation happens for lower v.

tions: after kinetic decoupling takes place the DM cools more rapidly and annihilation is
enhanced stronger. This was confirmed and studied in detail in [223].

Such models with large enhancements are subject to many constraints coming from
astrophysical observations as well as the history of the Universe. Among those are:

• the µ-type distorsion to the CMB power spectrum (already ruling out the proximity
of the Yukawa resonance [224]),

• tension with obtaining correct thermal relic density [223],

• ellipticity of the halo, which puts constraints on the strength of DM self-interactions,
ruling out mφ À 100 MeV [24],

• similar bounds are obtained from dissipation of sub-halos, growth rate of super-
massive black holes and the Bullet cluster (conceptually clearest but numerically
the weakest one); this rules out mφ À 40 MeV [225],

• direct detection due to mixing of the (scalar) force carrier with the Higgs; [226] finds
strong constraints in this kind of models from the CDMS-II results [227], cutting
part of the parameter space explaining PAMELA,

• however, one of the strongest constraints come from gamma-ray observations of the
Galactic Center (GC) performed by H.E.S.S. [228].
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An extensive summary of the possible consistent scenarios of the large Sommerfeld
effect being able to take account for the PAMELA positron fraction data can be found in
[229].

However, one should stress that most of the above constraints are weakened if local
substructures exist [230]. The reason is that since SE is stronger in subhalos (because
they are colder), the main signal explaining PAMELA comes from the substructures. This
means that before they are formed one can accomodate for smaller Sommerfeld boost
factors, thus one needs smaller coupling. This is especially relevant for the constraints
coming from the GC, where one expects not to have any substructeres.

Other aspects of this topic were also studied, from which especially worth mention-
ing is the application of Sommerfeld corrections to leptogenesis [231] and studies of the
WIMPonium, i.e. loosely bound states at the threshold (resonance) and its phenomenol-
ogy [232, 233, 234].

4.3 Field theory derivation for general multi-state

case

In the computations of the Sommerfeld effect there are however a few issues one should
be careful about. First, the coefficient α in the potential depends on the nature of the
incoming state and the possible type(s) of interaction. In particular, when the effect
involves fermions, it is different if the interacting particles are Dirac or Majorana and
whether they are identical or not. This is especially important when co-annihilations
enter the computation of the relic density.

To stress other delicate points, it is useful to first recap on what are the conditions
for the enhancement to be significant. As discussed above the Sommerfeld enhancement
can be viewed as an consequence of forming a loosely bound state due to a long-range
interaction. In order to have such a bound state the characteristic Bohr energy of the
interaction need to be larger than the kinetic energy. In the limit mφ Ñ 0, this gives a
condition α2mχ Á mχv

2, i.e.:

v À α . (4.12)

For a typical WIMP the coupling is of order α � 0.03, so that there can be some sizeable
enhancement only long after freeze-out (which happens for v � 0.3). However, if there
exists a slightly heavier state, then it may happen that just after freeze-out DM particles
have enough energy to produce it nearly on-shell. At threshold these heavier states are
produced with, roughly speaking, zero velocity. As we will see later on, if the mass
splitting between the DM and the heavier state is small enough, this may give rise to
important changes in the relic density.

A second condition comes from the comparison of the range of the Yukawa potential
with the Bohr radius. In order for the interaction to distort the wave function significantly,
the range of the potential cannot be much smaller than the Bohr radius of the two-particle
state,

1

mφ

Á 1

αmχ

. (4.13)
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In case of very large enhancements, this condition needs to be even stronger, i.e. the
range of potential has to be much larger than the Bohr radius. However, even in case of
enhancements of order unity one should treat carefully the regime when mφ � αmχ.

When considering a system of two states with a small mass splitting δm interacting
off-diagonally there is another important constraint [216]. If δm is significantly larger
than the kinetic energy, it may seem that the heavier state cannot be produced, and
hence there is no enhancement. However, if the potential is strong enough, there still
may be an effect, coming from producing the heavier state at small distances, where the
potential energy is large. Thus the condition reads:

2δm À α2mχ � E , (4.14)

meaning that the characteristic Bohr energy of the potential plus the kinetic energy E
is large enough to produce the heavier state. Moreover, when dealing with multi-state
systems, the picture of the Sommerfeld enhancement as an effect of a static, long range
force is in general no longer applicable. The reason is that exchange of φ leads to a
momentum and energy transfer due to the mass splitting δm and one may need to take
into account terms of order Opδm{mq which modifies the interaction potential.

When dealing with a complex particle physics setup like, e.g., the MSSM, several such
complications may intervene at the same time. A simple parametric description is not
possible and for a proper estimate of the Sommerfeld effect and its impact on the relic
density, a computation within a fully general formalism is needed. The approach we follow
to address this problem is a generalization of the one developed in [235].2

4.3.1 Fermion initial state

We are interested in the general case with N two-particle fermionic states coupled to-
gether. They interact with “long-range forces” due to the exchange of some boson φ,
denoting generically a vector, an axial vector or a scalar boson (in the MSSM those cor-
respond to Z0, W�, γ, h, H0 and H�). The Sommerfeld enhancement corresponds to
computing in the non-relativistic limit the sum of ladder diagrams as presented on the
Fig. 4.3a.

The structure of those diagrams can be in general very complicated, since all states
can appear in one diagram, through different interactions.

We start from writing the recurrence relation for the annihilation amplitudes as illus-
trated on Fig. 4.3b. Let’s consider a process of the type

χaχb Ñ χiχj Ñ χ1iχ
1
j Ñ . . .Ñ SM final states , (4.15)

where the intermediate pairs χiχj can be the same or different as the initial pair χaχb.
The spin of the initial pair, which in the non-relativistic limit is a conserved quantity, can
be in general either in the singlet (S � 0) or triplet (S � 1) state. For every possible χiχj

2In the literature one can find also other derivations of the Sommerfeld effect, which one might use
[215, 236]
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Figure 4.3: Ladder diagrams for the Sommerfeld enhancement. aq incoming χiχj particles
interact with exchange of φ’s (in general different), which can be a scalar, vector or axial vector
bosons. In the ladder a virtual states χi1χj1 can be produced and the final annihilation proceed
in the channel which can be different than initial one. Filled blob represents full annihilation
process with any number of SM particles in final state, while the empty one its tree level
counterpart. bq the same but written in a recursive form; sum is over all possible intermediate
states and exchanged bosons.

pair we get a recurrence relation for its annihilation amplitude. Denoting this amplitude
by Aij and its tree level value by A0

ij, one obtains in the non-relativistic limit [235]:

Aijppq � A0
ijppq �

¸
i1j1φ

Nij,i1j1
gii1φgj1jφ
p2πq3

»
d3k

p~p� ~kq2 �m2
φ

Ai1j1pkq
~k2

2mi
1j1
r

� E � 2δmi1j1

, (4.16)

where the sum is over different χi1χj1 intermediate states and different interactions. Here,
E � ~p 2{2mab

r is the kinetic energy of incoming pair (at infinity), with mab
r the reduced

mass and ~p the CM three-momentum, 2δmij � mi �mj � pma �mbq the mass splitting,
gii1φ and gj1jφ are the coupling constants and Nij,i1j1 is the term containing normalization
and combinatorial factors.

To rewrite the expression above in the form of the Schrödinger equations we make
following redefinitions:

Aijp~pq �
�

~p2

2mij
r

� E � 2δmij



ψ̃ijp~pq, (4.17)

U0
ijp~rq �

»
d3~p ei~p�~rA0

ijp~p, P0q, (4.18)

ψijp~rq �
»
d~p ei~p�~rψ̃ijp~pq, (4.19)

which allows us to rewrite Eq. (4.16) as a differential equation:

� B2

2mij
r

ψijp~rq � U0
ijp~rq � pE � 2δmijqψijp~rq �

¸
i1j1φ

V φ
ij,i1j1ψi1j1p~rq, (4.20)

where φ refers to the type of the particle being exchanged (scalar, vector or axial vector
boson).
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The interaction potential

The form of the V φ
ij,i1j1prq for any two-particle states exchanging a boson φ is always of

Yukawa- or Coulomb-type, but due to different couplings and multiplicities we can have
different relative coefficients in front. Those numerical coefficients depend on the type of
fermions present in the diagram. i.e are they Dirac or Majorana and distinguishable or
not.

Therefore, we write in general:

V φ
ij,i1j1prq �

cij,i1j1pφq
4π

e�mφr

r
, (4.21)

with cij,i1j1pφq being coefficients depending on the couplings and states involved. An
efficient way of computing them was developed in [237] and is explained below. The results
in case of a system involving one spin 1{2 Dirac fermion and/or two different Majorana
spin 1{2 fermions are summarized in Table 4.1. Whether the potential is attractive or
repulsive is hidden in the sign of the coefficients c and depends on the interaction type.
The exchange of scalars is always attractive in the spin singlet (i.e. overall plus sign),
but can also be repulsive in the triplet. Vector and axial bosons can give attractive or
repulsive forces, depending on the charges.

In [235] it was shown that the integration on the time component of the loop mo-
mentum of the Feynman graph expression of the Bethe-Salpeter equation for a four-point
amplitude Ψ gives in non-relativistic limit:

Ψ � Vint � 1

H0 � EΨ . (4.22)

From this expression, by redefining Ψ � pH0 � EqΦ, we get the Schrödinger equation

H0Φ� Vint � Φ � EΦ . (4.23)

Here, Φ is in general a multicomponent state describing many possible pairs of particles
that interact with each other. Hence this equation is just a compact form for a system of
equations, and the symbol � states for an operator acting on spins as well. For each pair
ij:

H ij
0 � � ∇

2

2mij
r

� 2δmij , (4.24)

where mij
r � mimj{pmi �mjq is the reduced mass of the pair ij.

In order to make explicit the action of the interaction Vint on a state, we express both
the interaction and the state in terms of fields and then make the appropriate contractions.
The relativistic Feynman diagram in the non-relativistic limit gives explicitly the result,
but it is simpler to work directly with the form (4.23) by defining suitable non-relativistic
contractions. This way of doing the computation has a virtue of easy bookkeeping of
all multiplicative factors and signs appearing especially in the case involving Majorana
particles. This formalism allows also to include easily the fact that we have initial and
final state with defined total angular momentum and spin.
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In the non-relativistic approximation the time delay is neglected and we can work in
the time independent Schrödinger picture.

We introduce the state Φ describing a fermion-antifermion (Dirac or Majorana) pair
expressed as3

|Φij
γ y � Nij

»
d~zd~w ψ̄ipzqOγψjpwq|0yΦij

γ pz, wq. (4.25)

For a (Dirac) fermion-fermion pair one needs to take ψpwq Ñ ψcpwq. It is easy to see that
the spin singlet S � 0 and the spin triplet S � 1 are encoded in the formula:4

S � 0 : Oγ � γ5 , S � 1 : Oγ � ~γ � ~S , (4.26)

where ~S is the spin of initial pair. The normalization is

Nij � 1{
?

2 i �� j , (4.27)

Nij � 1{2 i � j .

Take an interaction of the form (as usual by Γ we denote the gamma matrices structure)

Vint � g2
Γ

»
d~xd~y ψ̄kpxqΓψipxqψ̄jpyqΓψlpyqW φ

kl,ijpx� yq, (4.28)

where W φ
kl,ij is the propagator of the boson exchanged between the two vertices. In the

non-relativistic limit only Γ � 1, γ0, γjγ5 can contribute. The transition ij Ñ kl can be
described in terms of operators acting on the initial state giving the final one:

g2
φ

2!

»
d~xd~y

�
ψ̄kpxqΓψipxq � ψ̄lpxqΓψjpxq � h.c.

� �
ψ̄kpyqΓψipyq � ψ̄lpyqΓψjpyq � h.c.

��
�W φ

kl,ijp|~x� ~y|q
»
d~zd~wNijψ̄ipzqOγψjpwq|0yΦij

γ pz, wq �

�
»
d~xd~y Nklψ̄kpxqOγψlpyq|0yV φ

kl,ijp|~x� ~y|qΦij
γ px, yq. (4.29)

The interaction potential between two two-particle states (ij Ñ kl) arising due to vector,
axial vector boson or scalar exchange with the mass mφ has the Yukawa form (4.21). We
are interested in computing the coefficients cΓ

kl,ijpγq for all possible cases. Note that in the
non-relativistic approximation spin-orbit interactions are suppressed. As a consequence,
a spin-singlet(triplet) initial state gives a spin-singlet(triplet) final state, and also the
parity of the wave function, that is whether Φp~rq � �Φp�~rq (e.g. � for the s-wave and �
for the p-wave) is the same in the initial and final state. As a result in general there are
four independent systems of equations: the spin-singlet even, spin-singlet odd, spin-triplet
even, spin-triplet odd. The coefficients cΓ

kl,ij and therefore the interaction potentials are
in general different in the four cases.

3In the following we write x, y, z, w for ~x, ~y, ~z, ~w, the time coordinate (not indicated) being everywhere
the same.

4Here we extend the idea presented in [238] to include also the spin triplet.
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To illustrate the method, consider first a (Dirac) fermion-antifermion pair. We make
the possible contractions:

Vint � |Φij
γ y � g2

»
xyzw

ψ̄kpxqΓxψipxqψ̄ipzqyOγxψjpwqψ̄jpyqyΓψlpyqW φpx� yqΦij
γ pz, wq.

By noting that only the creation operator part of both ψ̄apzq and ψbpwq appear in the
state ψ̄ipzqOγψjpwq|0y, we get for p ! m:

xψipxqψ̄ipzqy � x0|ψipxqψ̄ipzq|0y �
»

d~q

2ωp2πq3 e
i~pp~x�~zq¸

s

usūs Ñ δp~x� ~zqP� , (4.30)

xψlpwqψ̄lpyqy � �x0|ψ̄lpyqψlp~wq|0yT � �
»

d~q

2ωp2πq3 e
i~pp~w�~yq¸

s

vsv̄s Ñ δp~y � ~wqP� ,

where P� � 1�γ0

2
and ω �

a
~q2 �m2. Therefore

Vint � |Φij
γ y � g2

»
d~xd~y ψ̄kpxqΓP�OγP�Γψlpyq|0yW φ

kl,ijpx� yqΦij
γ px, yq.

Note that ψ̄kpxqP�|0y � ψ̄kpxq|0y and that P�ψlpyq|0y � ψlpyq|0y.
Keeping into account the sign difference between the vector and axial propagator with

respect to scalar one and defining W p~rq � e�mφr{4πr, one can write Wγ0 � �W, W1,γjγ5 �
�W . Then by Dirac algebra we finally get

Vint � |Φij
γ y � cΓ

γg
2

»
d~xd~y ψ̄kpxqOγψlpyq|0yW px� yqΦij

γ px, yq, (4.31)

with
c1
γ5
� cγ0

γ5
� c1

γi
� cγ0

γi
� 1, cγjγ5

γ5
� �3, cγjγ5

γi
� 1.

This result gives a term in the equation for Φkl
γ :

Hkl
0 Φkl

γ � cΓ
kl,ij

e�mΓr

4πr
Φij
γ � EΦkl

γ , (4.32)

where cΓ
kl,ij � N ij

Nkl c
Γ
γg

2.

The state may contain Majorana fermions χ � χc � Cχ̄T , like

ψ̄pzqOγχpwq|0yΦpz, wq, χ̄pzqOγψpwq|0yΦpz, wq, χ̄ipzqOγχjpwq|0yΦpz, wq.
Again Oγ � γ5 for the spin singlet and Oγ � γj for the spin triplet. Since χ̄pzq and
χpwq contain only the creation operator part, the possible contractions between Majorana
fermions are, in the non-relativistic limit,

xχpxqχ̄pzqy Ñ δp~x� ~zqP� , xχpwqχ̄pyqy Ñ δp~y � ~wqP� , (4.33)

xχpxqχpwqT y � xχpxqχ̄pwqyCT Ñ �δp~x� ~wqP�C ,
xχ̄pyqT χ̄pzqy � CT xχpyqχ̄pzqy Ñ �δp~y � ~zqCP� .
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The computations presented above are for the even orbital angular momentum, for in-
stance l � 0 (s-wave). This means that the two-body wave function is symmetric. The
results for these coefficients are summarized in Table 4.1. It is very easy to generalize it
to higher partial waves.

These results cover all the possibilities of types of two-body to two-body interactions
when we can have Dirac or Majorana states, i.e. every other case present in some model
will have one of those forms (so the coefficient in Schrödinger equation for computing
Sommerfeld enhancement will be the same) with possible different coupling constant.

Solving the Schrödinger equation

Notably in the approach outlined above we can split different interaction types (i.e. me-
diated by different bosons or with different couplings etc.) within a ladder diagram and
consider them separately. The trade-off is that every possible intermediate two-particle
state will lead to one equation, thus in such a general case we will need to consider a
set of coupled Schrödinger equations. Although these equations are inhomogeneous, one
can compute the Sommerfeld enhancement by solving the associated homogeneous ones,
using the partial waves decomposition as described in [235]. The reason is that the Som-
merfeld enhancement factorizes out from the annihilation matrix, as it does not depend
on the final states but enters only as a distortion of the incoming wave function. We
will be interested only in the s-wave, but it is straightforward (though not always easy
numerically) to extend the analysis to higher partial waves.

To reduce these equations in a form more suitable for numerical calculations, after the
partial wave decomposition we define the reduced radial wave function ϕpxq as

Rij
p,lprq � Np

ϕijl pxq
x

, x � pr , (4.34)

where N is some normalization constant and p is the value of the CM three-momentum
for one of the incoming particles (a or b). Since we restrict to the s-wave case l � 0, we
will drop the l index from now on. From (4.20) one get then set of equations5 for the
ϕijpxq:

d2ϕijpxq
dx2

� mij
r

mab
r

��
1� 2δmij

E



ϕijpxq � 1

E
¸
i1j1φ

V φ
ij,i1j1pxqϕi

1j1pxq
�
� 0 . (4.35)

To obtain the enhancement we need to solve this set of equations with appropriate bound-
ary conditions. In x � 0 they are set by the requirement that the solution is regular. In
x Ñ 8 the solution has to describe one incoming χaχb state and all the possible χiχj
states that can be produced in the ladder. For the latter there can be two cases:

1. 2δmij   E - there is enough energy to produce on-shell states χiχj,

2. 2δmij ¡ E - there is not enough energy; states χiχj are off-shell.

5This form is most suitable for numerical solutions, while often it is presented not in terms of the CM
momentum, but rather relative velocity of incoming particles, being equal to vr � p{mab

r .
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Spin singlet

φ : scalar (Γ � 1) vector (Γ � γ0) axial (Γ � γiγ5)

c��,�� g2 g2 �3g2

c��,�� g2 �g2 �3g2

cii,��
?

2|gi�|2
?

2|gi�|2 �3
?

2|gi�|2
cij,�� 2Re pgi�g�j�q 2Re pgi�g�j�q �6Re pgi�g�j�q
cii,jj 2|gij |2 � g2

ij � g�2
ij 2|gij |2 � g2

ij � g�2
ij �3p2|gij |2 � g2

ij � g�2
ij q

cij,ij 2|gij |2 � g2
ij � g�2

ij � 4giigjj �2|gij |2 � g2
ij � g�2

ij �3p2|gij |2 � g2
ij � g�2

ij q � 12giigjj

c�i,�i |gi�|2 � 2giig �|gi�|2 �3|gi�|2 � 6giig

c�i,�j gi�g
�
j� � 2gRe pgijq �gi�g�j� � 2giIm pgijq �3gi�g

�
j� � 6gRe pgijq

cii,ii 4g2
ii 0 �12g2

ii

cij,ii 4
?

2giiRe pgijq 0 �12
?

2giiRe pgijq
Spin triplet

c��,�� g2 g2 g2

c��,�� g2 �g2 g2

cii,�� 0 0 0

cij,�� 2iIm pg�i�gj�q 2iIm pg�i�gj�q 2iIm pg�i�gj�q
cii,jj 0 0 0

cij,ij �p2|gij |2 � g2
ij � g�2

ij q � 4giigjj 2|gij |2 � g2
ij � g�2

ij �p2|gij |2 � g2
ij � g�2

ij q � 4giigjj

c�i,�i �|gi�|2 � 2ggii |gi�|2 �|gi�|2 � 2ggii

c�i,�j �gi�g�j� � 2gRe pgijq gi�g
�
j� � 2giIm pgijq �gi�g�j� � 2gRe pgijq

cii,ii 0 0 0

cij,ii 0 0 0

Couplings: gΓ
ijχ̄jΓχiφ p�h.c. iff i � jq, gΓ

i�ψ̄Γχiφ � h.c., gΓψ̄Γψφ, where Γ � 1, γ0, γiγ5

Table 4.1: List of all possible coefficients in the potential V φ
ij,i1j1prq for the Sommerfeld effect

computation. The table includes any annihilation process involving one spin 1{2 Dirac fermion
(denoted by � or � depending on whether it is a particle or antiparticle) and/or two different
Majorana spin 1{2 fermions (denoted by i and j), for an even partial wave. Couplings are defined
in the last line for each Γ, where χ is a Majorana fermion, ψ a Dirac field, φ is the exchanged
boson. When applied to the MSSM, where one needs to consider a chargino and one or two
neutralinos, some of the coefficients vanish due to the CP conservation and couplings of type gii
are negligible. The overall ”�” sign refers to an attractive force while ”�” to a repulsive force.
Note also that cij,kl � c�kl,ij .
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The radial wave functions behave at infinity as:

Rabprq Ñ Cab
1

2i

eikabr

r
� 1

2i

e�ikabr

r
, (4.36)

for the incoming pair and

Rijprq Ñ
#

Cij2
2i

eikijr

r
if on� shell,

Dij2
2i

e�|kij |r

r
if off � shell,

(4.37)

for every other intermediate state χiχj. Our choice of normalization of the wave function
is that for the non-interacting case Rab � sinpkabrq{r. After changing the variable to
x � kab � r and defining qij � mij

r {mab
r p1� 2δmij{Eq we get set of boundary conditions for

the reduced wave functions at xÑ 8:

iϕab � Bxϕab � �e�ix, (4.38)

"
i
?
qijϕ

ij � Bxϕij � 0 if on� shell,?�qijϕij � Bxϕij � 0 if off � shell.
(4.39)

To check our numerics we can use the unitarity condition, saying that:

1 � |Cab
1 |2 �

¸
ij

?
qij|Cij

2 |2. (4.40)

Since the set of boundary conditions depends on the masses and energies of initial particles,
the solutions to the Schrödinger equations, i.e. the wave-functions, depend on the initial
conditions of the incoming pair χaχb: to be precise we should call them then ϕijpabqpxq.
After solving (4.35) the (co-)annihilation cross section of the pair χaχb is determined, up
to the kinematical factor, by

σpabq9
¸
ij

Sijpabq � |A0
ij|2, (4.41)

where the enhancement factors with our normalization are

Sijpabq � |Bxϕijpabq|2x�0 . (4.42)

It is important to note, that the computation of the enhancement depends on the
spin state of the initial two-body state (see Table 4.1). This means that one needs to
project each annihilation cross-section into two parts, one for the singlet and one for the
triplet initial spin state, and multiply each of them by a different enhancement factor.
The method we used to do so is described below.

Would one need to include higher partial waves, one has to compute cij,i1j1pφq coeffi-
cients for odd partial waves, add a centrifugal term to the equations (4.20) and (4.35),
and modify the expression for the enhancement, see [235].
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Oγ

Figure 4.4: Diagram with explicit contraction of the initial spinors by Oγ . The blob represents
every possible annihilation process with all possible two-body final states - fermionic or bosonic.

Projection of the (co-)annihilation amplitudes into spin singlet and spin triplet
initial states

We consider the annihilation of two fermionic dark matter particles into two bosonic
or fermionic standard model particles. In our approximation we take the initial state
to be at rest, and we neglect the dark matter mass differences and the masses of the
particles resulting from the annihilation. Hence the kinematics of the annihilation process
simplifies; by calling pµ, p

1
µ the momenta of the incoming dark matter particles and kµ, k

1
µ

the momenta of the annihilation products we get in the CM frame:6

pµ � pm,~0q , p1µ � pm,~0q , kµ � pm,m~nq , k1µ � pm,�m~nq , ~n2 � 1 .
(4.43)

The propagators of the virtual particles exchanged in the Feynman diagrams representing
the amplitude will have denominators of the kind:

t�m2 � �2m2 , u�m2 � �2m2 , s� µ2 � 4m2 , (4.44)

where t � pp � kq2 � �m2, u � pp � k1q2 � �m2, s � pp � p1q2 � 4m2, and m is the
appropriate mass of the particle mediating the annihilation.

With these simplifications one can decompose the rate to two factors, i.e. rate 9K�Φ,
where K is the amplitude squared summed over the final spin configurations and averaged
over the initial one, and Φ is the phase space.

The phase space factor, apart from common factors, reads

Φ �
��

1� m2
1

E2
cm

� m2
2

E2
cm


2

� 4
m2

1

E2
cm

�1{2

, (4.45)

where m1 and m2 are masses of final particles and E2
cm is the energy in the CM frame.

The relative weights for singlet (triplet) will be computed by the ratio

QpS � 0, 1q
QpS � 0q �QpS � 1q ,

where QpS � 0, 1q is the sum of the singlet (triplet) squared amplitudes for the various
annihilation channels:

QpS � 0, 1q �
¸
j

Qchannel jpS � 0, 1q.

6It can be done without this simplification but in the case of interest it does not play any role, especially
that we are interested only in the relative weights and so by doing this approximation we do not change
the value of perturbative annihilation cross-section.
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In conclusion, in our approximation the Sommerfeld enhanced total (i.e. summed over
every channel) annihilation cross section σenh is related to the non-enhanced total anni-
hilation cross section σ0 by the formula

σenh �
�

QpS � 0q
QpS � 0q �QpS � 1qSpS � 0q � QpS � 1q

QpS � 0q �QpS � 1qSpS � 1q
�
σ0 , (4.46)

where SpS � 0, 1q are the Sommerfeld enhancement factors for the spin singlet and triplet,
respectively.

The computation of the weights follows closely the method previously seen. We com-
pute the standard tree-level amplitude of annihilation to a given final state but with initial
spinors contracted by Oγ, as presented with a diagram on a Fig. 4.4. In a non-relativistic

limit this gives precisely amplitudes QpS � 0q for γ5 and QpS � 1q for ~γ � ~S. From that
point the computations proceed in a standard way.

4.3.2 Scalar and scalar-fermion initial state

We also extended the formalism presented above to the case of scalar-scalar and fermion-
scalar initial pairs [239].

Again we consider an annihilation process of two particles, ϕi and ϕj, which are coupled
to some light boson φ, leading to a long range interaction between them. In the case when
this interaction is diagonal (i.e. the exchange of φ does not change the particles), in the
non-relativistic limit the spin of initial particles does not matter - the static force is the
same for both scalars and fermions. This is however not true if interactions can be off-
diagonal and intermediate particles can have different masses. Then, due to the differences
in the couplings and propagators between scalars and fermions, the computations of the
Sommerfeld effect slightly differ.

Following the same steps as for the fermionic case, we write a recurrence relation for
the annihilation amplitudes. Assuming that δmij{mi ! 1, in the non-relativistic limit we
obtain the Schrödinger equation (4.20), obtaining automatically the coefficients cij,i1j1pφq
in the potential, Eq. (4.21).

Let’s denote by a superscript S the case with two scalars and by F with one scalar
and one fermion. In the second case let i and i1 be fermions and j and j1 scalars. Then
we find:

cij,i1j1 � gφii1g
φ
jj1N

S,F
ij,i1j1A

S,F
φ pmi,mj,mi1 ,mj1q , (4.47)

where gφii1 is a coupling present in the ii1φ vertex. Tthe normalization and combinatorics
gives

NS
ij,i1j1 �

#
1 i � j, i1 � j1 or i � j, i1 � j1,?

2 i � j, i1 � j1 or i � j, i1 � j1,

NF
ij,i1j1 � 1 ,

and factors AS,Fφ are, with φ � V,A, S indicating respectively a vector, an axial vector
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and a scalar:

ASV � ASA �
1

2

�
1� mi

2mi1
� mj

2mj1



, (4.48)

ASS � 1

4mi1mj1
, (4.49)

AFV � mj1 �mj

2mj1
, (4.50)

AFA � 0 , (4.51)

AFS � 1

2mj1
. (4.52)

In the limit when all the masses are equal coefficients ASV , A
S
A reduce to the ones which

were used in Refs. [207, 206, 208]. However, in general case when the masses of inter-
mediate scalars differ, Eqs. (4.48) and (4.49) have to be used. Neglecting this fact can
give rise to several per cent difference in the cij,i1j1pφq coefficients.7 We stress once again
that those results are valid in the non-relativistic limit and when mass splitting is much
smaller than all of the masses involved.

All the considerations above implicitly assumed that the interaction strength is suffi-
ciently weak, so that the higher loop corrections do not alter the potential significantly.
This is true for the weak and electromagnetic interactions, as well as for the Higgs ex-
change. However, in the case of strong interactions, corrections to the gluon exchange
coming from gluon self-interactions and fermion loops may become important. To take
this into account, following [207], instead of the potential (4.21) one should use one com-
puted in [240], which in the configuration space is:8

V p~rq � �CF αs
r
� CF

α2
s

4π

1

r

�
31

9
CA � 20

9
TFnf � β0

�
2γE � logpµ2r2q�

�
�Opα3

sq, (4.53)

where β0 � 11
3
CA � 4

3
TFnf , nf is the number of massless quarks9 and Euler gamma is

γE � 0.5772. For the case of SU(3) we have CF � 4{3, TF � 1{2, CA � 3. For the QCD
scale one can take µ2 � 2m2

t .

4.4 Applications to the MSSM

The MSSM has a huge parameter space. It is then conceivable that in some its regions
the Sommerfeld effect may be relevant and has to be included for the computations of
supersymmetric dark matter relic density and indirect detections signals. In fact, as we

7Some of these coefficients are divergent in the limit when one of the masses vanish. However, in this
case the non-relativistic approximation does not hold and hence these results are not valid.

8Note that here the interaction is diagonal and one does not need to use coefficients (4.48-4.52).
9In the numerical computations we will choose it to be 5, since the physically relevant application is

in the stop co-annihilation regime, which is most important in the O(100 GeV) region, where the top
mass mt is non-negligible
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discussed at the beginning of this Chapter, the pure Wino and Higgsino case [200] was
the point in which its importance was first appreciated.

Our goal is to identify all regions of the parameter space in the MSSM where the
Sommerfeld effect can be important and study those cases in detail. Here we will be
interested in the implications for the thermal relic density computations, while the indirect
detections signals will be discussed in Chapter 5.

For the numerical computations of the relic density we have developed a package for
DarkSUSY , which we called DarkSE . It is able to compute the Sommerfeld effect and
its impact on the neutralino relic density for a general MSSM setup. We provide it as
a publicly available tool to be used together with DarkSUSY for obtaining reliable relic
density predictions in all possible cases where this effect is relevant.10

4.4.1 Sommerfeld enhanced scenarios of the MSSM

To have an idea when the Sommerfeld effect can have a non-negligible impact on the relic
density it is useful to rephrase some approximate general conditions, which have to be
satisfied by the dark matter particle or the co-annihilating one: i) coupling to the boson
with much lower mass (“long range force”), ii) the coupling strength at least of the order
of the weak coupling and iii) if the effect comes from the co-annihilating particle, small
mass splitting between it and the DM.

Those conditions are not easy to satisfy without invoking some new interactions. The
reason is that since the DM has to be electromagnetically neutral, it can couple only to Z,
W� and Higgs bosons, all of which are heavy.11 This pushes up to large masses the region
where the Sommerfeld effect may be important. Hence, without additional interactions,
the only possibility is the impact of co-annihilating particles, which can have very different
quantum numbers, i.e. they can even have both electromagnetic and color charge. In this
case their annihilation cross-sections can be altered significantly by the Sommerfeld effect
coming from the exchange of photons and/or gluons. If such co-annihilating particle
is degenerate with the DM, the total effective annihilation cross-section can get large
corrections.

The co-annihilation regime is typically the only place where Sommerfeld effect can
be significant in any theory beyond the Standard Model without new interactions. In
the MSSM, as discussed in Section 2.4, particles which can efficiently annihilate with the
neutralino are: the lightest chargino χ�1 , stop t̃, stau τ̃ or the second lightest neutralino χ̃0

2.
The latter case is not very important from the point of view of studying the Sommerfeld
effect, since χ̃0

2 is electromagnetically neutral and typically is a little to heavy with respect
to the neutralino.

Therefore, we can identify three regimes with potential sizeable impact of the Sommer-
feld effect: i) chargino co-annihilation, i.e. the Wino dark matter, ii) stau co-annihilation
and iii) stop co-annihilation.12

10The package is available for download from the webpage: http://people.sissa.it/~hryczuk
11The last MSSM scalar, the CP-odd neutral Higgs A, does not give rise to any contribution for s-wave

annihilations in the non-relativistic regime.
12Another well motivated case could be the sneutrino DM scenario. Possibly some small effect could

http://people.sissa.it/~hryczuk
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Wino-Higgsino dark matter

In this case we will focus on cases in which the sfermion sector is not playing any rele-
vant role. To simplify the discussion and underline better which are the key parameters,
we thus choose actually to refer to the SUSY framework usually dubbed ”Split Super-
symmetry” [132, 133]. This indicates a generic realization of the SUSY extension to the
SM where fermionic superpartners feature a low mass spectrum (say at the TeV scale
or lower), while scalar superpartners are heavy, with a mass scale which can in principle
range from hundreds of TeV up to the GUT or the Planck scale [132]. This feature can
occur in wide class of theories, see e.g. [241, 242, 243]. In this case we will also leave out
of our discussion the gluino and the gravitino, supposing they are (moderately) heavy,
focussing the analysis on neutralinos and charginos.

Since the B̃ is not charged under SUp2qL, a large Bino component in the lightest
neutralino drastically reduces the relevance of the Sommerfeld effect; we will then consider
only the case of M1 " M2. Higgsinos and Winos have a pair annihilation cross-section
into W and Z bosons which is fairly large, much larger than the standard reference
value for thermal relics of 3 � 10�26 cm3 s�1 if their mass is at around 100 GeV. Going
however for more massive neutralinos, namely around 1.1 TeV for Higgsinos and 2.2 TeV
for Winos, the standard tree-level calculation of the thermal relic density gives a result
which is compatible with the measured value for the energy density in CDM. This heavy
mass regime is also the one in which the Sommerfeld enhancement condition of mass of
the particle much heavier than mass of the force carrier is realized for weak interactions;
hence relevant corrections to the tree-level estimate of the relic abundance may arise.13

Stau co-annihilation

The existence of the Sommerfeld effect in the stau case was first suggested by authors
of Ref. [203] (a one-loop manifestation of this effect was also discussed in [188]). They
pointed out that although τ̃�τ̃� annihilation exhibits a strong enhancement, the τ̃�τ̃� is
strongly suppressed, thus the net result should not be very large. We will explicitly show
below with full numerical calculations that this is indeed the case, and discuss its strong
dependence on the value of tan β in the mSUGRA framework.

Stop co-annihilation

In the stop co-annihilation region one expects a large effect, due to the strong interactions
for the co-annihilating scalars. This is indeed the case, as it was first discussed by Freitas
[207]. In this work the QCD corrections to the Bino-stop co-annihilations were considered,
among which the Sommerfeld one was dominant. Below we show our numerical results
which were obtained with the DarkSE code. Although the physical setup we consider is

be seen in the “well tempered” neutralino [53] if the Higgs was lighter. Note, that in less motivated
cases, e.g. when SUSY breaking scale is very high or when several states are degenerate with χ̃0

1, the
Sommerfeld effect gives very large corrections and is essential for reliable relic density calculation.

13The Sommerfeld effect for the Wino dark matter was studied also in [244] with the goal to reconcile
it with the PAMELA data, but this work assumed a oversimplified version of the SE leading to a different
phenomenology.
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slightly more general (we do not make any assumption on the neutralino composition),
the results we obtain are in good agreement with those of Ref. [207].14

4.4.2 Relic density with the Sommerfeld effect

The appropriate way of computing the thermal relic density in the setup in which co-
annihilations play an important role was described in Section 1.3.1. Including the Som-
merfeld effect introduces important modification to the computation of the thermally
averaged annihilation cross section Eq. (1.19). Usually this quantity is computed at the
lowest order in perturbation theory taking tree-level amplitudes. We will include the
Sommerfeld effect introducing the rescaling |Aab|2 �

°
ij S

ij
pabq |A0

ij|2, with Sijpabq computed
in the way described in Section 4.3. Actually, since the effect can be interpreted as a
rescaling in the wave function of the incoming pair, Sijpabq does not depend on the final
state X and can be factorizes out of the total annihilation rate Wij. Following the same
steps of Ref. [48] and adopting an analogous notation, one finds:

xσeffvy �
³8
0
dpeffp

2
effSWeffppeff , T qK1
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s
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m4

1T
�°

i
hi
h1

m2
i
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1
K2

�
mi
T

��2 , (4.54)

where we have defined:

SWeffppeff , T q �
¸
ab

¸
ij

pij
peff

hihj
h2

1

Sijpabqppeff , T qWijppeffq (4.55)

with:
Wij � 4pij

?
sσij � 4EiEjσijvij , (4.56)

and

pij � 1

2

c
rs� pmi �mjq2srs� pmi �mjq2s

s
(4.57)

and peff � p11 � 1{2
a
s� 4m2

1. The dependence on the relative velocity of the annihilating
pairs has been rewritten instead in term of the integration variable, i.e. the effective
momentum peff .

The explicit dependence of Sijpabq on T stems from the fact that there may be an explicit
dependence of the mass of the long-range force carriers on temperature, as already stressed
in the analysis of Ref. [206]. There are two thermal effects which we need to include: first,
we approximate the scaling of the VEV v with temperature as [245]:

vpT q � vRe

�
1� T 2

T 2
c


1{2
, (4.58)

with the critical temperature Tc depending on the Higgs mass (as in Ref. [206], we will
assume Tc � 200 GeV). Second, we consider the contribution to gauge boson masses, or

14The reason being that in the stop co-annihilation regime in mSUGRA the Wino and Higgsino com-
ponent in the lightest neutralino are very small.
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in more appropriate terms to their propagator poles, due to the screening by the thermal
plasma. This effect can be approximated by adding the so-called Debye mass [246, 247],
which in the SM and at T " mW,Z are:

∆m2
γ �

11

6
g2
Y T

2 , ∆m2
W,Z �

11

6
g2

2T
2 .

For the gluon the screening of the plasma introduces at a leading order a contribution
[248]:

∆m2
g � pNc{3�Nf{6qg2

sT
2 � 3

2
g2
sT

2. (4.59)

We will assume that these expressions are valid also for the MSSM and at lower tem-
peratures; the first assumption is justified by the fact that the contributions from the
additional states are small since these particles are heavy, the latter has a negligible im-
pact on the relic density calculation. These two effects introduce a correction to the
Sommerfeld factors which is non-negligible, but still quite small, since they are important
mostly for high temperatures at which the Sommerfeld effect is anyway negligible.

The thermal corrections affects the interaction potentials as well as the mass splitting,
which as we stressed in Section 4.3 is crucial in the analysis and therefore they cannot
be neglected. The reason is that when calculating the mass spectrum we include also the
radiative corrections to the neutralino and chargino masses due to gauge boson loops [249,
115] (tree-level neutralino and chargino masses are degenerate in the pure Higgsino or pure
Wino limits) which is affected by the thermal dependence of the Higgs VEVs.

4.4.3 Results for the relic density

Having computed with high accuracy the mass spectra, we implement the procedure for
the relic density, considering a system of coupled equations which includes all states with
small mass splitting compared to the LSP.

In the case of co-annihilations with the chargino this in practice reduced to including
two Majorana and one Dirac fermion when µ  M2 (i.e. two neutralinos and one chargino,
mainly Higgsino-like) and one Majorana and one Dirac fermion when µ ¡ M2 (i.e. one
neutralino and one chargino, mainly Wino-like). For sfermion co-annihilation regions we
needed to take into account neutralino and one scalar particle.

Additionally, since the Sommerfeld enhancements depend on the total spin of the
initial pair, we considered each case separately if needed. Again, in practice this is im-
portant only if the incoming particles are one neutralino and one chargino: two identical
Majoranas cannot form a s-wave spin triplet state, the triplet of two different Majoranas
has suppressed annihilations (it cannot annihilate to W�W�), and for two charginos the
effect comes dominantly via γ exchange, which is vector and both singlet and triplet
computations coincide.

All the pair annihilation processes we needed to consider are dominated by their
s-wave contribution (unlike e.g. the case of the pair annihilation of Binos into a fermion-
antifermion). Moreover, the enhancement for the higher partial waves is smaller, due to
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repulsive centrifugal term in the Schrödinger equation.15 We can then safely assume that
only the s-wave Sommerfeld effect is relevant.

Having introduced the method and particle physics framework, in this Section we
present results for the Sommerfeld factors and the impact of the effect on the relic density
of the neutralino in different scenarios.

As already explained, neutralino and co-annihilating particle masses are the critical
parameters in this problem; we will consider an approach with these parameters set at
the low energy scale (rather than at a GUT scale as often done) and let them vary freely.

Wino-Higgsino neutralino

For the chargino co-annihilation regime only two relevant parameters are M2 and µ.
Therefore, we can present results for the relic density scanning the two-dimensional plane.
The other MSSM parameters are kept fixed: besides the sfermion sector which is assumed
to be heavy, and the Bino which is also decoupled with the artifact of setting M1 � 100M2,
we assume tan β � 30 and an Higgs sector with a light SM-like Higgs and all other states
that are heavy, as expected in split SUSY. The value of tan β has a very modest impact
on results and considering other values does not bring other information. In the same
way, the other Higgs sector parameters have very little relevance.

For any given point in the MSSM parameter space leading to a lightest neutralino χ0
1

which is heavy and has a large Wino or Higgsino fraction there are several Sommerfeld
enhancement factors Sijpabqpv, T q needed for a relic density computation. The interplay
between the different contributions to the thermal averaged effective cross-section is in
most cases non-trivial. In Fig. 4.5 we give an example of Sijpabqpv, T q for the case when the

neutralino is nearly purely W̃ 0, just to give a intuition of what magnitude of enhancement
factors we deal with. In this case in set of coupled equations (4.35) we have N ¤ 2, i.e.
only neutralino and chargino coupled together. One can see that the enhancements are of
order Op1q and very quickly go to 1 or to 0 in higher momenta and that most channels are
attractive while two are repulsive, namely χ�χ0

1 in the singlet spin state and χ�χ�. Also,
as expected, one gets the highest enhancement factor for the χ�χ� channel, since there
is a long range nearly16 Coulomb interaction present. For the cases with two coupled
equations and lighter states incoming we see a resonance in the value of momentum
corresponding to the mass splitting. This is easy to understand, since for this energy
the heavier states are produced nearly at rest, so they feel large effect coming from, for
instance, γ exchange. This is perfectly consistent with what was found in similar cases
using analytical approximations [216].

We are now ready to compute σeff and solve the Boltzmann equation as discussed in
Section 4.4.2. Values for the effective annihilation cross-section including the Sommerfeld

15This statement is not true in the case of resonances. In the Coulomb case, when analytical expressions
can be derived, every partial wave is enhanced by the factor � pα{vq2l�1, so for higher l the resonant
enhancement is higher and narrower. However, since one has to integrate over the thermal distributions,
the resonances are smeared and net impact of the higher partial waves is very small.

16Due to the thermal corrections photon acquires small mass, which makes the potential to be Yukawa
type, and the enhancement factor saturates at small p.
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Figure 4.5: Example enhancement factors for M2 � 2.53 TeV, µ � 5 TeV and x � 20 (corre-
sponding to T � 126 GeV). Subscripts refer to the incoming state with 1 - χ0

1 and � - χ�,
while superscripts to the annihilating one. The left panel shows Sommerfeld factors when the
annihilating pair is the same as the incoming one, while right panel when they are different.
In the latter case these factors approach 0 because at high momenta there is no Sommerfeld
enhancement and the annihilation amplitude is suppressed because it can only be obtained at
one-loop level at least. All factors are computed for singlet spin state annihilation, except one
indicated as tS being for triplet.

effect and without it are shown in Fig. 4.6 for sample cases of Wino- and Higgsino-like
neutralino.

In the Higgsino-like case the effect is very mild. The Sommerfeld enhancement of
the effective cross-section becomes relevant only in the small velocities regime, when the
depletion term in the Boltzmann equation is marginally effective. This gives rise to a
change in the relic density at the level of at most few per cent. In the Wino-like case the
picture looks much more interesting. The net effect on the both yield and σeff is clearly
visible and can become even very large in the parameter range where large resonance
effects occur.

The reason for the difference in the behaviour of the Sommerfeld effect in the Wino-
and Higgsino-like case comes mainly from the mass splitting between the lightest neu-
tralino and chargino, which is typically much smaller in the Wino case. The Sommerfeld
effect for the neutralinos relies mostly on a production of nearly on-shell charginos in the
loop. Also the efficiency of co-annihilation, and subsequently the effect of the Sommerfeld
enhancement coming from its impact on co-annihilating particles, strongly depends on
the mass splitting. Hence, the larger the mass splitting the smaller the overall impact on
the thermally averaged cross-section.17

In Figs. 4.7 and 4.8 we show results for the neutralino relic density in the plane M2

versus µ, varying these parameters in the range 500 GeV to 5 TeV, a region in which the
thermal relic density varies from values much below the cosmologically preferred one to
much above it. In the left panel of Fig. 4.7, we are plotting results assuming the usual

17Note however, that in general Sommerfeld factors themselves are not monotonic functions of the mass
splitting, see e.g. Ref. [216].



4.4. APPLICATIONS TO THE MSSM 95

10−13

3 × 10−13

10−12

3 × 10−12

Y

100 1000 104 105

x = m/T

M2 = 1.5 TeV, µ = 5 TeV; with SE

M2 = 1.5 TeV, µ = 5 TeV; no SE

M2 = 2.53 TeV, µ = 5 TeV; with SE

M2 = 2.53 TeV, µ = 5 TeV; no SE

10−9

10−8

10−7

10−6

〈σ
e
ff
v
〉
[ G

e
V

−
2
]

10 100 1000 104 105

x = m/T

M2 = 1.5 TeV, µ = 5 TeV; with SE

M2 = 1.5 TeV, µ = 5 TeV; no SE

M2 = 2.53 TeV, µ = 5 TeV; with SE

M2 = 2.53 TeV, µ = 5 TeV; no SE

6 × 10−13

10−12

2 × 10−12

3 × 10−12

Y

100 1000 104 105

x = m/T

M2 = 5 TeV, µ = 1.5 TeV; with SE

M2 = 5 TeV, µ = 1.5 TeV; no SE

3 × 10−10

6 × 10−10

10−9

2 × 10−9

3 × 10−9

〈σ
e
ff
v
〉
[ G

e
V

−
2
]

10 100 1000 104 105

x = m/T

M2 = 5 TeV, µ = 1.5 TeV; with SE

M2 = 5 TeV, µ = 1.5 TeV; no SE

Figure 4.6: Number densities in units of entropy density Y and effective cross sections for the
Wino-like (top) and Higgsino-like neutralino (bottom). In the Wino case two set of parameters
are presented - generic one and close to the resonance.

tree-level approximation for the pair annihilation amplitude, while in the right panel
those including the full treatment of the Sommerfeld effect are shown. Most manifestly,
there is a sharp shift in the Wino-like region consistent with the 7-year WMAP data to
heavier masses; when including the Sommerfeld enhancement a pure Wino is found to
have Ωh2 � 0.11 for a mass of about 3.2 TeV.18 Much milder change takes place in the
Higgsino-like region; the relic density is practically unchanged when considering models
in the cosmologically interesting band. The relic density decrease is even larger in the
ultra-heavy regime, with the Sommerfeld effect becoming larger and larger as the gauge
boson masses are becoming less important. This regime would however be consistent with
cosmology only invoking some extra ingredient, such as, e.g., a dilution effect via late
entropy production or the decay of the neutralino into a lighter state, such as a gravitino
or an axino, which is the true LSP (although viable, both scenario require large fine-
tuning). The results found here for pure Winos and pure Higgsino are analogous to those
of earlier works in Ref. [203] and Ref. [206] in the same limiting cases. There are small
quantitative differences stemming from the fact that we have identified more annihilation
channels that need to be treated separately, with the Sommerfeld factor depending on the

18Note that the values given in the paper [237] differ, pointing to a mass of about 2.8 TeV. This comes
only as a result of using different value of the coupling constant, for which we then assumed the one at
the mχ scale. Only later we have studied the loop corrections and learnt that the proper choice is at the
EW scale, as discussed in Sec. 3.2.1.
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Figure 4.7: Relic density Ωh2 in the µ-M2 plane for perturbative case (left panel) and with
Sommerfeld effect included (right panel). The brighter the colour the higher Ωh2 and the colour
scale is linear. The solid line and dashed lines correspond to the central value and the 1σ error
bar for relic density consistent with the 7-year WMAP data, Ωh2 � 0.1123� 0.0035.

initial spin state of the annihilating particle pair. We have also found a different coefficient
in the axial vector exchange, i.e. that the axial vector has an additional �3 factor with
respect to the vector (in agreement with the result in Ref. [238]), and we have probably a
better control of the numerical solution of the Boltzmann equation having implemented
our full treatment in the DarkSUSY numerical package (the slight difference in numerical
results between [203] and [206] are instead probably mainly due to the thermal corrections
implemented here following [206]).

Another region showing interesting results is the band connecting the pure Higgsino to
the pure Wino limit, towards M2 � µ but still with a predominant Wino component. Fea-
tures in this region are more clearly seen in Fig. 4.8 where we show the ratio between the
relic density computed with tree-level amplitudes to the one with the full non-perturbative
treatment. A thin “resonance” slice appears in the plane, starting for pure Winos with
mass mχ � 2.3–2.4 TeV and extending to heavier masses into the region with a sizable
Higgsino fraction, where the thermal relic density becomes consistent with observations.
The value of the mass we find for a pure Wino is precisely the one saturating Eq. (4.13),
i.e.:

1

mW

� 1

αmχ

, (4.60)

with α as computed in the vertex for pure Winos W̃ 0 W̃�W�. This means that the ob-
served resonance is related to the possibility of creating the loosely bound state, occurring
when the Bohr radius coincides with the interaction range. It also explains why, when
we increase the Higgsino fraction, the resonance deviates to higher masses. A larger Hig-
gsino fraction implies an increase in the mass splitting between lightest neutralino and
chargino (since one goes from a mass splitting dominated by the radiative corrections,
about 170 MeV, to the one induced by the mixing of interaction eigenstates), as well as a
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Figure 4.8: Left panel : ratio of relic densities without and with Sommerfeld effect,
pΩh2q0{pΩh

2qSE. Right panel : the same ratio but focussing on the inner part of the resonant
region. The colour scale is linear.

drop in the couplings (since the vertex H̃0 H̃�W� as a coupling which is a factor of
?

2
smaller than for Winos) and hence a drop in α; this has to be compensated by a larger
mχ.

Stau co-annihilation

In this case the impact of the Sommerfeld effect is relatively mild. The reason is that,
although at the freeze-out temperature the thermally averaged annihilation cross section
xσeffvy is dominated by the contribution coming from τ̃ τ̃ annihilation, the net enhance-
ment is rather small, since as can be seen in Fig. 4.9 there are both attractive and repulsive
modes present.

Furthermore, if one enlarges the mass splitting, the co-annihilations become less ef-
fective and the total effect on the relic density gets even smaller. This has been shown
in Fig. 4.10, from which one can see that the Sommerfeld effect introduces a several per
cent correction to the relic density, but only in the region of a very degenerate τ̃ . This
region in most of the parameter space does not give the relic density compatible with the
WMAP data. However, the impact of the Sommerfeld enhancement become more im-
portant when mχ grows, because then the WMAP contour approaches the region where
mχ � mτ̃ : the χ̃0

1χ̃
0
1 annihilation cross section scales as � m�2

χ and to get the same xσeffvy
(and the same relic density) one has to compensate it with larger co-annihilation effects.
This means, in particular, that the maximal χ̃0

1 mass that can give correct relic density
gets shifted by a Sommerfeld effect by a sizeable amount. In mSUGRA the value of this
shift depends strongly on tan β. In Fig. 4.11 we show the dependence of Ωh2 vs. the
neutralino mass in the case where it is equal to the stau mass for its three different values.
The maximal effect is seen for large tan β and drops down quite considerably when it
is decreased. The reason for this is that for higher tan β the τ̃�τ̃� Ñ h0h0 annihilation
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Figure 4.9: An example of the thermally averaged effective annihilation cross-section for the stau
co-annihilation region. Contributions coming from different annihilation processes are indicated.
The solid lines correspond to the case with Sommerfeld correction included, while dashed ones
without it. In the χ̃0

1χ̃
0
1 case the effect is too small to be visible. Parameters are: mχ � 182.7

GeV, mτ̃ � 183.2 GeV, tanβ � 50, A0 � 0 and µ ¡ 0.

becomes very efficient. On the other hand the annihilation cross sections of τ̃�τ̃� to two
leptons or quarks also grow with tan β but much slower. Hence, enlarging its value makes
attractive channels dominant over repulsive ones (as in the case in Fig. 4.9).

Stop co-annihilation

In mSUGRA, in the region of parameter space where the large negative value of A0 drives
the lighter stop to be degenerate with the neutralino, the results of the relic density
computations are significantly affected by the Sommerfeld effect.

Fig. 4.12 shows the change of the thermal averaged effective annihilation cross section
due to the Sommerfeld effect for different mass splittings between χ̃0

1 and t̃. The correc-
tion is significantly larger than in the τ̃ case, because of the strong force coming from
the gluon exchange. When the mass splitting becomes larger two effects can be seen.
Firstly, the t̃t̃ threshold occurs for higher temperature, which lowers the overall impact
of the co-annihilating particle. Secondly, also the magnitude of the correction to xσeffvy
becomes smaller, since at higher T the typical velocities are higher and moreover, thermal
corrections to the gluon mass are larger.

This change in xσeffvy can affect considerably the relic density of the neutralino. The
results for Ωh2 with and without the Sommerfeld effect are presented in Fig. 4.13 for five
different mχ. One can see that the largest effect is obtained for parameters giving typically
too small relic density. Nevertheless, in the region compatible with WMAP results, the
correction can still be larger than the current observational uncertainty.

The importance of the Sommerfeld effect itself is more clearly seen in the Fig. 4.14,



4.4. APPLICATIONS TO THE MSSM 99

10−4 10−3 0.01

δm/mχ

0

0.02

0.04

0.06
∆
Ω
/Ω

mχ =185 GeV, tanβ = 50

mχ =518 GeV, tanβ = 50

mχ =185 GeV, tanβ = 40

Figure 4.10: The correction to the relic density ∆Ω � Ω0 � ΩSE coming from the Sommerfeld
effect. Results for three different parameter points are given to show that the result is much
more sensitive to tanβ than mχ. Note, that the accuracy of the relic density computation in
DarkSUSY itself is about 1%.
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Figure 4.11: Effect of the Sommerfeld enhancement on the relic density for mχ � mτ̃ . Maximal
neutralino mass giving relic density compatible with data, and its shift due to the Sommerfeld
effect are highlighted.
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Figure 4.12: An example of the thermally averaged effective annihilation cross section for the
stop co-annihilation region. Parameters are mχ � 140.7 GeV, tanβ � 10, A0 � �2750 GeV
and µ ¡ 0. Two thresholds are visible, smeared by the thermal average, χ̃0
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the second one gets significant Sommerfeld correction.
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Figure 4.13: Effect of the Sommerfeld enhancement on the relic density for the stop co-
annihilation region. For given mχ there is a lower bound on mt̃ due to the constraint on
the lightest Higgs mass.
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Figure 4.14: Sommerfeld effect on the relic density for t̃ very degenerate with χ̃0
1. As before,

due to the bound on the lightest Higgs mass the degeneracy is limited; the more the larger mχ.

where the ratio of relic densities without and with SE is presented. For very degenerate
stops Ωh2 can be suppressed by a factor of few.

The results we presented in this subsection are in qualitative agreement with those in
[207]. However, there are slight quantitative differences, for several reasons. First of all,
in this work we were interested in the Sommerfeld effect and we did not compute other
QCD corrections. On the other hand, our treatment of the Sommerfeld enhancement is
more accurate, since we include not only gluon exchange, but all possible interactions,
and for all annihilation processes, not only for t̃t̃ one. We include also thermal corrections
which modify the masses of exchanged bosons.

Finally, we would like to point out that the results in the stop co-annihilation region
are subject to sizeable theoretical uncertainties. The reason is that since the coupling
is relatively strong, Sommerfeld enhancement factors differ considerably from 1 even at
high velocities. This cannot be however the true result, since the full quantum field theory
initial state corrections in this case are not expected to be large. This discrepancy comes
from the fact that the formalism used to compute the Sommerfeld enhancement is not
valid in this regime. In our numerical calculations we used an approach to approximate the
true corrections by the non-relativistic ones normalized in such a way that they vanish
for v Ñ 1 (a better approximation would be to compute the NLO vertex correction,
which is however beyond the scope of this work).19 To obtain more reliable predictions
for the intermediate regime of velocities Op10�1q, which are very important for precise
relic density computation, one should refine the theoretical calculations beyond the non-
relativistic techniques used to derive the Sommerfeld enhancement.

19The normalization was done additively, i.e. the enhancement factors were shifted by a small constant
value (always less than 1). Since for small velocities the enhancement is much larger than 1, in the non-
relativistic regime this procedure does not introduce any significant change. This approach gives the relic
density larger by at most 10% with respect to the case with the Sommerfeld factors simply extrapolated
to the high velocities regime.
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Figure 4.15: Influence of the kinetic decoupling on the relic density suppression by the Som-
merfeld effect for Wino-like neutralinos. In all cases µ � 5 TeV and other parameters are as for
the mixed Wino-Higgsino scenario. There is a clear enhancement in the net effect within the
resonance region, but no effect away from it.

4.5 Kinetic decouping and the SE

The results presented in previous subsections assume that the temperature of the neu-
tralinos traces the thermal bath temperature. This is true as long as neutralinos are in
kinetic equilibrium. After kinetic decoupling, at the temperature Tkd, their temperature
decreases with the scaling as appropriate for non-relativistic particles, i.e. Tχ � 1{a2,
where a is the Universe scale factor, cooling much faster than thermal bath states for
which T � 1{a. This does not have any influence on the relic density computation if
interactions do not depend on velocity, as in the standard case of s-wave annihilations.
When the Sommerfeld effect plays a major role, however, there is indeed a strong de-
pendence on velocity and colder neutralino may have larger annihilation cross section.
Hence, if the kinetic decoupling happened early enough, i.e. when the depletion term in
the Boltzmann equation is still active, this might have given rise to stronger relic density
suppression by the Sommerfeld enhancement.

We have just shown that, within the MSSM, the largest impact of the Sommerfeld
effect occurs for Wino-like neutralino or the stop co-annihilation regime. In both these
cases, since elastic scatterings are very strongly suppressed, the processes enforcing kinetic
equilibrium are inelastic scatterings. For example, for the Wino-like neutralino there are
of the type χ0

1e
� Ø χ�νe; they are efficient up to the time when the temperature drops

down below the mass splitting between neutralino and chargino. Hence, more accurately,
we can estimate the kinetic decoupling temperature as Tkd � p2{3qδm � 133 MeV [244].

The exact value of Tkd and shape of the distribution function after decoupling (since
it is unlikely for the decoupling to be instantaneous) depend on the parameters in the
model; it is in general rather involved to determine them (see e.g. [250, 251]) and this
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goes beyond the purpose of this analysis. Here, to illustrate the possible effect of the
kinetic decoupling on the relic density when the Sommerfeld enhancement is relevant, in
Fig. 4.15 we plot the ratio between the value of the relic density as computed at the lowest
order in perturbation theory pΩh2q0 and the full computation pΩh2qSE, for a few points
in the parameter space with Wino-like neutralinos, as a function of the value assumed for
Tkd and assuming the neutralino distribution function as if decoupling is instantaneous.
One can see that in general, the relic density is not sensitive to the kinetic decoupling
temperature. The exception is the resonance case, when the Sommerfeld enhancement
can be much larger and we find a sizable corrections depending on Tkd. It follows that
accurate predictions of the relic abundance in the resonance regime are possible only after
determining the kinetic decoupling temperature with a certain accuracy. On the other
hand the resonance region is rather tiny and the overall MSSM picture discussed in this
work is not much affected.

This situation is qualitatively different then in the models with a ”dark force”. In those
models, on contrary, large effects due to kinetic decoupling effect are expected [222, 223].
More recently a detailed study of the interplay of the solution of the Boltzmann equation
with the proper treatment of the kinetic decoupling was performed in [252]. The authors
developed a formalism appropriate for large Sommerfeld enhancement cases (or in general
whenever the annihilation cross-section considerably increases for low DM velocities).
Applying it to a toy model they observed, that on-resonance the DM annihilation can
continue until well after matter-radiation equality. This can deplete the present-day DM
abundance by more than two orders of magnitude due to annihilations that happen after
the kinetic decoupling.

The natural question to ask is whether this more proper treatment is also needed to
be applied in the MSSM. The answer is negative, for the reason that there is no ”1{v”
enhancement in this case: the Sommerfeld effect always comes from the interplay with
the co-annihilating particle, which makes it ineffective when the neutralino energy is too
small to produce on-shell heavier state. Therefore, the enhancement drops down and
saturates below v �a

2δm{mχ (see e.g. Fig. 4.5).

As an illustration we show the effect of the kinetic decoupling for the on-resonance
case for the Wino-like neutralino and its dependence on the Tkd on Fig. 4.16. On the left
plot the ratio of the annihilation to the Hubble rates are shown, while on the right the
evolution of the yield and the final effect on the relic density. The blue dashed line shows
the result without the Sommerfeld effect included (obviously independent on the kinetic
decoupling). Including the SE and assuming Tkd � 30 MeV gives the red solid line, which
differs from the one without the kinetic decoupling effect (green chain line) only at large
x and gives the same relic density. If the kinetic decoupling could be much larger, which
is not the case in reality, then some effect could be seen. This is shown by black solid line,
where Tkd � 4 GeV was assumed. Much bigger effect is visible for an ”1{v” enhancement,
given by dotted lines for those two kinetic decoupling temperatures.

The qualitative difference between our results and the ”1{v” enhancement is clearly
visible on the plot of Γ{H. While the full computation of the Sommerfeld effect in the
MSSM shows that the expansion of the Universe is completely dominant for late times
and the annihilations stop early, for the ”1{v” enhancement they continue to be effective
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Figure 4.16: Effect of the kinetic decoupling for the relic density for the on-resonance pure
Wino model with mχ � 2.4 TeV. Left plot: annihilation rate over the Hubble rate, right plot:
comoving neutralino number density. For discussion see the text.

even for very large x. This is what was found in [252].
In summary, what we observe is that the lack of true ”1{v” enhancement prevents the

kinetic decoupling to be of very large impact on the relic density in the supersymmetric
scenarios. In fact, the only dependence comes from the enhanced annihilations soon after
the freeze-out (compare black and red solid lines on Fig. 4.16). Moreover, this is relevant
only at the resonance and the effect is in reality much smaller than illustrated on the plot,
since the true Tkd should be lower than the mass splitting.



Chapter 5

Indirect detection of Wino dark
matter

The higher order effects discussed in the previous chapters are relevant not only for the
relic density computations, but also for the indirect detection signals. In the latter case
they are in fact of even greater importance, since especially the Sommerfeld effect is more
pronounced for particles with lower velocities in the present-day halos, than at around
the freeze-out. In this Chapter we will explore this observation in detail. In order to
study the significance and consequences of the electroweak and Sommerfeld corrections
for the dark matter searches one is forced to pick up a model first, as both these effects
are (strongly) model-dependent. In our work [253] we have chosen to analyse the Wino
dark matter model, for several reasons.

First of all, the Wino is a viable, well-motivated supersymmetric candidate. It is the
LSP in most realizations of the anomaly mediated SUSY breaking (AMSB) models and its
relic density can be naturally of the observed value in the thermal [203] and non-thermal
scenarios, see e.g. [254, 255]. From our point of view the thermal case is especially
interesting. If Wino has a mass larger than mW , annihilation to W�W� is open and
very efficient. Thus the thermal relic density is too low, unless one goes up to the TeV
scale. As already mentioned, this regime was often considered less attractive, since it is
a bit high for a low scale supersymmetry. However, in light of the lack of any hints for
SUSY particles at the LHC by now, this scenario starts to get more attention. Secondly,
as we discussed in detail in Chapter 3, at this energy scale the electroweak corrections
are typically important. In fact, Wino DM is also the model for which we have under
control the full one-loop computation and therefore can cross correlate various indirect
detection channels. Thirdly, a pure Wino is always very degenerated in mass with the
lighter chargino. This opens up an electroweak Sommerfeld enhancement, as described
in detail in the previous Chapter, and the perturbative computations are not sufficient.
Therefore, it is precisely the case in which both of these higher order effects intervene at
the same time. Another virtue of this model is its relative simplicity and the fact that at
least some of the results obtained here should be rather generic for a Majorana fermion
in a adjoint of SUp2qL, e.g. in the minimal dark matter model.

Finally, in this setup the higher order corrections are crucial for making robust predic-
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tions for the indirect detection. It is especially important, because this is the only feasible
way of excluding (or detecting) Wino DM, at least in the near future. The reason is that
a TeV scale Wino evades all the direct detection and collider bounds put so far.1 On the
other hand, heavy Wino annihilations in the halo may give rise to observable cosmic ray
signals, as we will show below.

Wino dark matter was studied from this point of view already in the past, see e.g.
[258, 259, 257, 260]. Most of these works were interested in the low mass region, at
most a few hundreds of GeV. The reason is that at a tree level such Wino can have
large cross-sections possibly giving interesting signals. On the other hand, when one goes
beyond tree level approximation, and in particular includes the Sommerfeld effect, also
TeV scale Wino starts to have an interesting phenomenology. This was already noticed
in [261], where positron and antiproton signals were discussed, especially inspired by the
HEAT cosmic ray results. After PAMELA reported the positron fraction rise people were
suggesting heavy DM as a possible explanation and this model was also advocated as
one of the possibilities [262, 263]. However, none of these works considered electroweak
corrections and all concentrated on only one or two detection channels. Below we will
show that simultaneous study of all possible channels is essential for making robust claims
on the exclusion or detection.

In the next section we discuss how to include the Sommerfeld effect and EW corrections
simultaneously and give the results for the total and differential annihilation cross-sections
of a non-relativistic Wino. Then in Sec. 5.1.2 we present the spectra of final stable SM
sates per annihilation. These states are the γs and νs, which travel directly from the
source and charged CRs like e�{e�, p{p̄ and d{d̄, which propagate in the interstellar
magnetic fields. We review the propagation model used in this work in Sec. 5.2 and then
discuss its uncertainties. Finally, in Sec. 5.3 we give the multi-channel indirect detections
signals from the Wino DM model and discuss what are the prospects for each of them.

5.1 The EW and Sommerfeld corrections

In most of the literature the Sommerfeld effect is taken into account as an multiplicative
factor to the tree level cross-section σtree. However, if one wants to incorporate loop
corrections, the cross-section can be also computed at higher order in perturbation theory.2

In our work we computed the cross-section up the order Opg6q. Whereas we considered
the annihilation process at rest, we still keep into account the velocity in the Sommerfeld
enhancement, since in this process the momentum transfer can depend on it substantially.

1At such high mass scale the direct detection lose sensitivity for a purely kinematical reasons: the
nuclei mass, which sets the characteristic scale for sensitivity, is for all working DD experiments maximally
of Op100 GeVq. A substantial upgrade of the technology is needed, which might be provided by the new
DARWIN project [256], or some of the other proposed ton-scale dark matter DD experiments. Note also
that for a pure Wino the elastic scattering on a nucleus vanishes, because the coupling of nautralino to Z
or Higgs bosons scales with gaugino-higgsino mixing. As far as collider searches are concerned, the reach
of LHC even at 14 TeV is not enough for a discovery of 2–3 TeV weakly interacting particle like Wino,
see e.g. [257].

2This can be done as long as the annihilation process is short distance one, when the long distance
Sommerfeld effect is decoupled and can be treated separately with the full non-perturbative method.
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The Sommerfeld enhancement factors are computed using a formalism explained in
Sec. 4.3. In the case at hand, there are two possible channels through which the annihi-
lation can take place: pχ0, χ0q and pχ�, χ�q.

There are two important observations one needs to make in order to use this method
to the one-loop computation. The first is that since SE comes from re-summation of
ladder diagrams, the first in the series contributes also to the one-loop level cross-section.
To avoid double counting one has to subtract its non-relativistic part from the loop
computation. This is what was done in Sec. 3.2. Secondly, to be consistent in the order
of the perturbation theory one needs to compute both the χ0χ0 and χ�χ� annihilation
amplitudes at the same order. This stems from the fact that the Sommerfeld effect is
treated non-pertubatively and does not change the perturbation theory order.

Furthermore, one should note that the origin of the Sommerfeld effect is really on
the level of amplitudes, not the cross-sections. This does not make any difference for the
one channel version of the SE, but introduces a slight modification in more general cases.
Indeed, let us call the amplitude Sommerfeld factors:

s0 � Bxϕ0pxq|x�0, s� � Bxϕ�pxq|x�0, (5.1)

then the (Sommerfeld enhanced) amplitudes of the annihilation processes for any standard
model final state are:

Aχ0χ0ÑSM � s0A
0
χ0χ0ÑSM � s�A0

χ�χ�ÑSM. (5.2)

Note that by taking the modulus square of Eq. (5.2) there is also a cross term, which was
first noticed in [191].

The result for these factors depends strongly on the mass-splitting between χ0 and
χ�; in fact, also the computation is somewhat different if the total energy of the χ0 pair is
greater or smaller than twice the χ� mass. However, taking the mass splitting to be about
0.17 GeV, and the velocity of the order of present day dark matter velocity v � 10�3,
even for mχ being a few TeV, the production of real χ� from the χ0 pair is not allowed.
As we have seen, in this case (i.e. far below the χ�χ� threshold) s0,� nearly does not
depend on the velocity (see Fig. 4.5).

It is worth noting, that for small velocities the Sommerfeld effect at one-loop level (i.e.
not summed over all orders), gives:

s0 � 1, s� �
?

2
g2

4π

mχ

mW

. (5.3)

This result is recovered from the full solution of the Schrödinger equations when one takes
the limit of small v mχ

mW
and small g2

4π

mχ
mW

. However, since for large enough mχ this does
not hold, the full numerical computation is needed.

Finally, let us make a comment about the perturbation theory orders are included in
our computation. The resulting cross-section σ2 can be written as (see Eq. (3.16)):

σ2v � 1
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d
1� m2

g

m2
χ

¸
pol

"
|s0|2

�|A0
2|2 � 2 ReA0�

2 A
0
4

�� |s�|2
�|A�

2 |2 � 2 ReA��
2 A�

4

�

� 2 Re
�
s�0s�

�
A0�

2 A
�
2 � A0�

4 A
�
2 � A0�

2 A
�
4

��*
, (5.4)



108 CHAPTER 5. INDIRECT DETECTION OF WINO DARK MATTER

Figure 5.1: Left plot : the total cross-section for the annihilation of χ0χ0 to W�W� (including
the three body production). Our final results including both the one-loop corrections and the
Sommerfeld effect are given by the solid black line. For comparison we plot the tree result
(solid blue), tree level with the full SE (chain red), full one-loop level results but without non-
perturbative SE (twin green) and the tree level with (dotted brown) and without SE (sparse
blue) but with runned couplings at the scale m. Right plot : the cross section for the annihilation
to ZZ,Zγ, γγ. The full one-loop results with the SE included are given and for comparison the
leading order ones.

where A0
p2,4q and A�

p2,4q are the amplitudes of annihilation into two gauge bosons for initial

χ0χ0 and χ�χ�, respectively. The subscript refers to the order of perturbation theory,
i.e. A2 is the Opg2q part and A4 the Opg4q one.

One can see that we do not include any terms of the order Opg8q, say |A0
4|2, or higher.

They are subdominant at the TeV scale, but may play a role in the low mass region
(especially for the annihilation to ZZ, γγ and Zγ, where the tree level is not present).
In order to incorporate them consistently with the Sommerfeld effect one would need to
include also additional corrections, e.g. two-loop contribution to the χ�χ� annihilation,
which is beyond the scope of this work.

5.1.1 The results for the cross-sections

The results are presented on Fig. 5.1. Let us first concentrate on the plot in the left panel
showing the χ0χ0 Ñ W�W� (including the three body production) annihilation process.
Our full results including the one-loop corrections and the Sommerfeld effect are given by
the solid black line. There is a clear resonance visible3, which is due to the creation of a
loosely bound state of the incoming neutralino pair. As expected, the resonance occurs

3Note, that in contrast to what one typically calls a resonance, this is not a resonance in energy, but
rather in the Wino mass.
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approximately when the Bohr radius of the χ0χ0 pair matches the interaction range, i.e.:
1{pmχαq � 1{mW . For this reason, the position of the resonance depends strongly of the
value of the coupling and this is why it is so important to use it at an appropriate scale.
In Sec. 3.2.1 we have discussed that the proper value is the one at the electroweak scale.
If one uses instead its value at the scale mχ (and do not include the radiative corrections)
then one get the result plotted by the brown dotted line. That is, if one used the running
of the couplings instead of doing full one-loop computation, one would get the resonance
peak displaced in mχ from about 2.38 TeV to about 2.5 TeV.

In fact, the precise value of the g2 affects also the result for the relic density. As
we already discussed, see footnote 18 in Sec. 4.4.3, the Wino mass giving observed relic
abundance shifts by about 400 GeV, if one uses its value at the scale mχ and not the
electroweak one.

On the same plot we show that including only the one-loop approximation of the
Sommerfeld effect is a good approximation only up to about 200 GeV, beyond which it
breaks down, mainly due to the presence of the resonance. However, it is of course still
more accurate than just using the tree level value. What might seem surprising is that
using the tree level formula but with a running coupling constant at a scale mχ (blue
sparse line) is even a worse approximation than simply taking the standard tree level
cross-section. This comes from the fact that running of the couplings captures only the
UV effects of re-summation of large log’s (which gives a negative contribution), while in
our setup the dominant correction to the annihilation amplitude is the Sommerfeld one,
which is positive and (at a one-loop approximation) proportional to mχ{mW .

We also do a comparison with the results using the full Sommerfeld corrections, but
this time applied only to the tree level annihilation amplitudes (red chained line). The
largest difference occurs before the resonance, for the masses of about 1 TeV, where the
inclusion of one-loop contributions makes the full cross-section smaller by as much as
about 30%. In the resonance, although due to the logarithmic scale from the plot it
seems that including the loop corrections do not change the result significantly, actually
the radiative corrections make the value of σv in the peak is smaller by about 22%.

On the right panel of Fig. 5.1 we present the results of the annihilation cross section
to ZZ, Zγ and γγ. Again a clear resonance is visible, for the same reason as before (in
fact, by construction Sommerfeld effect is independent on the final states). However, the
absolute value of the cross-section into γγ is about two orders of magnitude smaller than
into W�W�. Since the annihilation of χ0χ0 into neutral gauge bosons cannot occur at
the tree level, the Leading Order (LO) for those processes is computed by including only
the one-loop contributions (from which the one-loop Sommerfeld is dominant for large
masses, which makes the LO proportional to m�2

W , rather than m�2
χ , what explains the

shape of the LO results).

Looking at the low mass region, one can see that the full cross-sections are smaller
than the LO ones. There are two reasons for that, both relaying on the fact, that, as
we discussed, the one-loop corrections are negative. This means that both annihilation
amplitudes, to be combined with the Sommerfeld enhancement factors, are decreased
with respect to their tree level values and, since the annihilation χ0χ0 to neutral gauge
bosons do not occur at tree level, the two terms from which the Sommerfeld enhanced
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amplitude is constructed (see Eq. (5.2)), have opposite signs. Thus, not only the one-loop
contribution decrease the χ�χ� annihilation, but also the Sommerfeld effect is suppressing
the cross-section when s0 " s�, i.e. precisely in the low mχ region. However, we want to
emphasize once again, that in this regime one should extend our computation and include
also order Opg8q contributions.

Annihilation spectra

In the indirect detection the spectral shape of photons and cosmic rays is crucial, therefore
not only the total cross-section, but also the differential one is needed. It can be obtained
without any difficulty from what we have discussed so far. Indeed, the two-body W�W�

annihilation give obviously a monochromatic line, while for the three-body processes it is
enough to integrate only in one of the final energies in Eq. (3.17).

The total annihilation cross-section, as presented on Fig. 5.1, can be decomposed into:

σtot � σtree2 � σloop2 � σWWγ
3 � σWWZ

3 , (5.5)

where, for clarity, we will always keep track of the perturbation order of various contri-
butions: the tree level contribution is Opg4q, while loop and three-body are Opg6q. The
differential cross-section with respect to the variable x � Ek{mχ reads:

dσtot
dx

� σtreeδp1� xqloooooomoooooon
Opg4q

�σloopδp1� xq � dσWWγ

dx
� dσWWZ

dxlooooooooooooooooooooomooooooooooooooooooooon
Opg6q

. (5.6)

Including the Sommerfeld effect has three implications:

• most importantly, the value of the cross-section gets enhanced; in the spectrum it
is simply seen as a overall normalization shift,

• the annihilation channels ZZ, Zγ and γγ open up; without the SE they are of
higher order,

• and finally modifies the spectra, since the χ0 annihilates differently than the χ� and
the Sommerled factors s0, s� are also different.

The differential cross-section including the SE is thus given by:

dσSE
dx

� σtot2 δp1� xq � |s0|2
dσ00

WWγ,Z

dx
� |s�|2

dσ��WWγ,Z

dx
� 2Re s0s

�
�
dσmixWWγ,Z

dx
, (5.7)

where we used a short notation dσ00
WWγ,Z{dx � dσ00

WWγ{dx� dσ00
WWZ{dx. The appearance

of the last term is the result of computing the SE on an amplitude level and σmix denotes
the ”cross-section” obtained from integrating over phase space the mixed term with both
Aχ0χ0 and Aχ�χ� .
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The two-body enhanced cross-section is equal to:

σtot2 � |s0|2σ00ÑWW
tree � |s�|2σ��ÑWW

tree � 2Re s0s
�
�σ

mix
tree

� |s�|2
�
σ��ÑZZ
tree � σ��ÑZγ

tree � σ��Ñγγ
tree

	
� |s0|2σ00ÑWW

loop � |s�|2σ��ÑWW
loop � 2Re s0s

�
�σ

mix
loop

� |s�|2
�
σ��ÑZZ
loop � σ��ÑZγ

loop � σ��Ñγγ
loop

	
� 2Re s0s

�
�
�
σmixÑZZ
loop � σmixÑZγ

loop � σmixÑγγ
loop

	
. (5.8)

First two lines of the above expression give a contribution of the order Opg4q, while the
rest Opg6q. Note, that the are no terms like |s0|2σ00Ñγγ

loop , since this is of higher order.
Here, by writing only one delta function for all kind of final states we make an as-

sumption that in the annihilation to Zγ we can treat the resulting particles as having the
same mass. It is a good approximation for the DM mass of several TeV. However, even
for lower masses this approximation affects only the slight shift of the Zγ line component.

On Fig. 5.2 we show the primary annihilation spectra for an example case of mχ � 2.4
TeV. It is chosen such to be near the resonance, where the impact of the Sommerfeld
effect is most clearly visible. First of all note, that the perturbative result, given just by
the standard three-body annihilation process (dotted lines), is normalized differently than
the full Sommerfeld one (solid lines). The ploted spectra are per annihilation, i.e. nor-
malized such that integrated over x give the total number of produced primary particles.
Therefore,

dNtot

dx
� 1

σtot

dσtot
dx

,
dNSE

dx
� 1

σSE

dσSE
dx

. (5.9)

This is why these lines are close to each other, even though for this mass the SE enhances
the cross-section by nearly four orders of magnitude.

For massive gauge bosons the spectrum posses a visible threshold at x � mW,Z{mχ.
Photons on the other hand are regulated by introducing an effective photon mass mγ,
which physically is en effect of the energy resolution below which one cannot distinguish
the W�W�γ state from W�W� one. In fact, this is a delicate point. In collider exper-
iments the IR regulator is set by the known energy resolution of the detector. In our
case however, it is not that simple, because of the effects of propagation before the signal
actually reaches the detector. Having this in mind, we choose the energy resolution to
be of 1%. To take it into account in the spectrum, we have followed the philosophy of
[176]: one subtracts the part of the γ spectrum below Eres and adds it to the W one.
This is done in such a way, that including the virtual corrections one obtains correct total
cross-section after integrating over whole range of x. However, instead of flat distribution
as in [176] we have chosen, a more physical Gaussian one. Moreover, we applied this
procedure consistently to whole spectrum, by introducing a smearing, i.e. for every x we
convolute the initial spectra with a Gaussian distribution

Gpxobs, xq � 1?
2πxres

exp

�pxobs � xq2
2x2

res



, (5.10)
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Figure 5.2: Initial annihilation spectra of W�, Z and γ for the case near the resonance, with
mχ � 2.4 TeV. The solid lines correspond to full Sommerfeld enhanced result, while dotted to
the Opg6q one. Notice the difference in normalization for dN{dx in these two cases, see Eq. (5.9).

where xres � Eres{mχ and xobs is the observed value. This effectively makes the change:

Dpxq Ñ Dpxobsq �
» 1

0

dxDpxqGpxobs, xq, (5.11)

where Dpxq is the initial annihilation spectrum and Dpxobsq the corrected one. Indeed,
such a smearing simulates the physical process that makes the spectrum and cross-section
finite in the IR. In our computations we used a small regulator, with mγ ! Eres, and so
after the smearing it is Eres who plays the role of a regulator, as if mγ � 0. This smearing
allows also to show on the plots the line component, which otherwise would be a Dirac
delta function.

The impact of the Sommerfeld enhancement is most visible for large x, where in
fact it starts to dominate and produces a strong signal. This comes mainly from the
large enhancement of the two-body processes giving line components, but also from the
amplification of the bump just below the upper threshold for γ and Z. This bump
appears, because not only soft, but also the collinear (even hard) gauge boson emission is
logarithmically enhanced.

5.1.2 Fluxes at production

The W and Z bosons produced in the annihilation process will subsequently decay into
quarks and leptons. Quarks then undergo hadronization producing mesons and even
baryons, which can be stable, like protons and antiprotons, or fragmentate into leptons
and photons. We can see that a plethora of various final particles will be produced in even
a single dark matter annihilation event. However, this is not the end of the story. The
particles produced in these process can have very high invariant masses, i.e. the primary
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particle can be off-shell with large vitruality. The resulting process is then not a decay,
but a splitting and the whole process produces a shower of final particles. In particular,
the primary gauge bosons produced in the annihilation are very energetic: their invariant
mass is of the order of the mass of the neutralino, which in our case of interest is at the
TeV scale.

All this processes can be described by the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi
(DGLAP) evolution [264, 265, 266], which relies on the fact that the branching probabili-
ties in the soft/collinear approximation are universal. They depend only on the virtuality
µ2 and the so-called splitting functions, which one can derive given field content and
interactions.

This approach is very well know and exploited a lot in collider physics, especially in the
simulations of jets. Because of this, since many years robust numerical codes taking care
of all the splitting/hadronization/fragemantation processes exist. Two most widely used
are PYTHIA [267] and HERWIG [268], from which in our work we used the former one,
as it is already implemented inside DarkSUSY . Unfortunately, they are optimized for the
high energy collisions and not non-relativistic annihilations. Moreover, they concentrate
mostly on the QCD jets and not EW processes. They have also some peculiarities, e.g.
PYTHIA does include the photon Bremsstrahlung from fermion states, but not from W�.
One thus has to be careful when using them for the DM annihilation. Nevertheless, this
can be done, which we will describe below. We follow the approach of [179] to include
the additional electroweak splitting functions, which are missing in PYTHIA . However,
in contrary to what was done there and then used in the PPPC 4 DM ID code, for the
photon and W {Z Bremsstrahlung we use our full Opg6q computation. In this way we take
the advantage of our model specific treatment, for which we have computed the whole
loop corrections, with the Sommerfeld effect included.

The first step is to compute the spectra of f � γ, ν, e�, p̄, d̄ at production per annihi-
lation, i.e. the quantity:

dN f
tot

dx
� 1

σtot

dσχχÑXÑf
tot

dx
, (5.12)

where x � Ef{m, Ef is the kinetic energy of particle f , σtot is the total annihilation

cross-section (summed over all possible annihilation channels), and σχχÑXÑf
tot denotes the

sum of cross-sections for all processes giving rise to particle f (with all multiplicities etc.
included). This implicitly assumes, that:

σtot �
» 1

0

dσχχÑXÑf
tot

dx
dx, (5.13)

i.e. that the subsequent production of particle f from decay/fragmentation of primary
annihilation products does not change the total cross-section. This is clearly justified,
since all those additional contributions are of a higher order.

We start from the final spectra of f � γ, ν, e�, p̄ (for antideuterons we will need a
separate discussion). In the total spectrum, including the order Opg6q terms, we have
possible initial states I � W,Z, γ. To get final spectra one has to convolute the initial
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ones with the fragmentation tables [179]:4

dN f
tot

dx
pM,xq �

¸
I�W,Z,γ

» 1

x

dz SI DIpzq
dNMC

IÑf

dx

�
zM,

x

z

	
, (5.14)

where

DIpzq � BRI
dNI

dz
(5.15)

is the spectrum of I (splitting function) and the symmetry factors are SW � 1, SZ �
Sγ � 1{2. The splitting functions for gauge boson emission we obtain from our three-
body initial spectra and the total annihilation cross-section, via:

Dγpzq � σWWγ

σtot

dNγ
WWγ

dx
, (5.16)

DZpzq � σWWZ

σtot

dNZ
WWZ

dx
, (5.17)

Dtree
W pzq � σWW

tree

σtot
δp1� xq, (5.18)

Dloop�rp
W pzq � σWW

loop

σtot
δp1� xq � σWWγ

σtot

dNW
WWγ

dx
� σWWZ

σtot

dNW
WWZ

dx
. (5.19)

The final spectra we obtain then from:

dN f
tot

dx
pM,xq � δfγDγpxq

�
» 1

x

dz SW

�
Dtree
W pzq �Dloop�rp

W pzq
	 dNDS

WÑf

dx

�
zM,

x

z

	

�
» 1

x

dz SZ DZpzq
dNDS

ZÑf

dx

�
zM,

x

z

	
.

In this way we include properly annihilation to gauge bosons with the radiative correc-
tions. However, PYTHIA also does not include electroweak splitting of gauge bosons into
fermions (it includes only the decay). We incorporate them by adding all the additional
splitting functions, taken from [179], computed at the leading double log level.

The complete Sommerfeld corrected Dpzq functions, separated with respect to the
perturbation theory order, are then:

σSED
p4q
γ pxq � |s�|2

�
2σ��Ñγγ

tree � σ��ÑZγ
tree

	
δp1� xq (5.20)

σSED
p6q
γ pxq � |s0|2σ00

WWγ

dNγ
WWγ

dx
� |s�|2σ��WWγ

dNγ
WWγ

dx
� 2Re s0s

�
�σ

mix
WWγ

dNγ
WWγ

dx
(5.21)

� |s�|2
�

2σ��Ñγγ
loop � σ��ÑZγ

loop

	
δp1� xq � 2Re s0s

�
�
�

2σmixÑγγ
loop � σmixÑZγ

loop

	
δp1� xq

4Note that the final f spectra are vs. the kinetic energy x � Ek{m, while in the formula z is the total
energy fraction carried by a given primary channel particle (e.g. W ); that is why x ¤ z ¤ 1. The same
applies to the splitting functions, where z � E{m.
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σSED
p4q
Z pxq � |s�|2

�
2σ��ÑZZ

tree � σ��ÑZγ
tree

	
δp1� xq (5.22)

σSED
p6q
Z pxq � |s0|2σ00

WWZ

dNZ
WWZ

dx
� |s�|2σ��WWZ

dNZ
WWZ

dx
� 2Re s0s

�
�σ

mix
WWZ

dNZ
WWZ

dx
(5.23)

� |s�|2
�

2σ��ÑZZ
loop � σ��ÑZγ

loop

	
δp1� xq � 2Re s0s

�
�
�

2σmixÑZZ
loop � σmixÑZγ

loop

	
δp1� xq

σSED
p4q
W pxq � �|s0|2σ00ÑWW

tree � |s�|2σ��ÑWW
tree � 2Re s0s

�
�σ

mixÑWW
tree

�
δp1� xq (5.24)

σSED
p6q
W pxq � �|s0|2σ00ÑWW

loop � |s�|2σ��ÑWW
loop � 2Re s0s

�
�σ

mixÑWW
loop

�
δp1� xq (5.25)

� |s0|2σ00
WWZ

dNW
WWZ

dx
� |s�|2σ��WWZ

dNW
WWZ

dx
� 2Re s0s

�
�σ

mix
WWZ

dNW
WWZ

dx

� |s0|2σ00
WWγ

dNW
WWγ

dx
� |s�|2σ��WWγ

dNW
WWγ

dx
� 2Re s0s

�
�σ

mix
WWγ

dNW
WWγ

dx

Note the multiplicity factor of 2 in front of the terms with production of two identical
gauge bosons.

In the same way as before, the final spectra we obtain then from:

dN f
SE

dx
pM,xq � δfγD

p4q
γ pxq � δfγD

p6q
γ pxq

�
» 1

x

dz SW

�
D

p4q
W pzq �D

p4q
W pzq

	 dNDS
WÑf

dx

�
zM,

x

z

	

�
» 1

x

dz SZ

�
D

p4q
Z pzq �D

p4q
Z pzq

	 dNDS
ZÑf

dx

�
zM,

x

z

	
.

The results are given on Fig. 5.3 for several representative masses. In the left column
we show the e�, p̄ and γ spectra, where on the right the neutrino ones.

Let us start the discussion from the charged CRs and photons. The chained line
represents the result one would obtain for the tree level annihilation process. At the
TeV scale it nearly does not change with the Wino mass, because we consider only one
W�W� annihilation channel and thus mχ affects only the total cross-section and not the
spectrum. The dominant final state are soft photons, coming mainly from production
and then decay of π0s. Electrons are produced in direct W decay or splitting and also
by charged pions. Finally, antiprotons are obviously much harder to produce and they
are much less abundant, but nevertheless prove to be very useful in constraining many
models (including this one).

The results do change considerably with the inclusion of electroweak and Sommerfeld
corrections plotted as solid lines. For the soft part, when the Wino mass is relatively
low the Sommerfeld effect is rather mild and nearly entire modification of the spectrum
comes from radiative corrections. As advocated before, a clear enhancement of the very
low energetic final states is visible. On the other hand in the higher end of the spectrum
additional hard γ component arises, to which both radiative and Sommerfeld corrections
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Figure 5.3: Number of final stable particles per annihilation for there representative Wino
masses: typical m � 1 TeV (top), near resonance m � 2.4 TeV (middle) and giving correct
thermal relic abundance m � 3.2 TeV (bottom). The chained lines show the tree-level result,
dotted the EW corrected, while the solid the full Sommerfeld enhanced one.
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contribute. The former mainly due to logarithmic enhancement of the collinear photon
FSR, while the latter also amplifies a monochromatic gamma line.

When we look on higher masses, these effects are becoming slightly stronger. Notice
however, that the near resonance case of mχ � 2.4 TeV does not introduce much stronger
deformations of the spectra than the generic case of large mχ. The reason is that the main
effect of the Sommerfeld resonance is anyway the enhancement of the total cross-section,
while the spectrum change is rather mild.

In total, the amplification of the signal is visible in both the very soft part (electroweak
corrections) and the hard gamma component (Sommerfeld), while the total cross-sections
is also strongly enhanced (Sommerfeld).

In the case of neutrinos the overall behaviour is similar. The tree level result gives
weaker signals and is nearly mass independent. The ντ has a completely different spectrum
than νe and νµ, because of difference in their production mechanisms. Neutrinos arise
mostly due to pions’ decays, through:

π� Ñ µ�νµ Ñ e�νeν̄µνµ and π� Ñ µ�ν̄µ Ñ e�ν̄eνµν̄µ . (5.26)

This is due to the helicity suppression of a pion decay, favoring muons as the heaviest
kinematically allowed final states: the τ is heavier than π�. Our full result again shows
some enhancement, here mainly in the soft part. What is however most important phe-
nomenologically in this case, is the effect on the total cross-section amplifying the dark
matter component vs. background in very the high energetic neutrinos (see Sec. 5.3.5).
Note also, that these are results at production, so no oscillation effects were included.

Antideuteron fluxes at production

Antideuterons are very interesting objects. Quite rare in Nature, their abundance in cos-
mic rays is also expected to be extremely low. They are produced in the high energy
collision of a p, p̄ or He impinging onto the interstellar gas (mainly H and He). The pro-
duction cross-section is very low and has a relatively high threshold. For the anitdeuteron
to be formed, an impinging particle needs to have an energy (in the rest frame of the gas)
E ¥ 17mp. For the possible dark matter detection what is even more important is its
low binding energy, Bd � 2.2 MeV. It means that they are easily destroyed and do not
propagate long enough to loose most of their energy. This leads to very low background
of astrophysical antideuterons with Ek{n   1 GeV.

The downside of its rareness is that its cross-sections for production, elastic and in-
elastic scattering are not well known. It is an important source of uncertainty in the
predictions of its signals coming from dark matter annihilation. In our work we adopted
all these cross-sections from the work [269], based on fitting the experimental data under
some reasonable assumptions.5 We then implemented them into DRAGON code [271] for
the production of secondary and tertiary antideuterons, as well as their propagation in
the Galaxy.

5For all the details see the original work and also [270]. We would also like to thank David Maurin
for sharing these cross-sections.
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The standard treatment of how d̄ is produced, the one which is also implemented in
DarkSUSY , follows the ”coalescence model”, see e.g. [272, 270, 273]. This approach is
based on an assumption that p̄ and n̄ will combine (coalesce) to an d̄, if and only if:

|~kp̄ � ~kn̄| ¤ p0, (5.27)

where p0 is called coalescence momentum. As a rough estimate which gives some intuition,
one can obtain this value from p0 �

?
mdBd � 60 MeV, where the mass of deuteron is

md � 1.8756 GeV.
The more precise values are derived from experimental data (e.g. formation of d̄ from

e�e� collisions or hadronic Z decays). Different works used a bit different values: in [272]
p0 � 58 MeV, which is also the default value DarkSUSY , then with the new data it was
updated to a value p0 � 79 MeV [270], while independently [274, 275] have found value
p0 � 80 MeV from their own fit to the ALEPH data.6

In the spherical approximation, in which the final p̄ and n̄ are distributed uniformly
over all 4π, the dependence of the final result on p0 is through an overall normalization
factor, being the volume of 3-dim sphere in momentum space with radius p0. The d̄ yield
is given by

γd
dNd

d3kd
� 4πp3

0

3
γn
dNn

d3kn
γp
dNp

d3kp
, (5.28)

where the Lorenz factors are approximately equal γd � γn � γp. We have also

d3kX � 4πk2
XdkX � 4πk2

X

EXa
E2
X �m2

X

dEX , (5.29)

where kX �a
E2
X �m2

X . In order for d̄ to form, the difference in momentum of p̄ and n̄
has to be less then p0 ! kn, kp. Thus, the momenta approximately satisfy relation:

kd
2
� kp � kn � k , (5.30)

and thus also Ep � En � E. Finally, the antideuteron spectrum can be computed from
the proton one via:

dNd

dEd
� 4p3

0

3

γp

E
a
E2 �m2

p

�
dNp

dE


2

. (5.31)

Apart from the update in value of p0 there is another, much more important difference
in the newer works [274, 275] from the older ones: although they rely on the coalescence
model they do not make the spherical approximation, but run a dedicated Monte Carlo
codes to compute the d̄ yields. The authors argue, that this is correct way to proceed,
in contrary to previous works of [270, 272, 273], which they claim to be oversimplified.
The important phenomenological difference is the behaviour of the flux for higher dark
matter masses, where the spherical approximation gives m�2

χ dependence, while Monte
Carlo gives more flat distribution.

6In fact value used in the two latter works is 160 MeV, but they use a different definition of the
normalization of the antideuteron yield by a factor of 23 coming from the change in p0 by factor 2.
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Figure 5.4: Antideuteron spectra from Wino annihilation for masses mχ � 1, 2.4, 3.2 TeV.
Dotted lines show the tree level results, while solid the Sommerfeld enhanced ones.

The physical reason why the spherical coalescence model is not sufficient is that after
dark matter annihilates, final states are very energetic and go in back-to-back jets, rather
than distributed over all 4π. Therefore, the p̄ and n̄ are typically produced with much
smaller separation angle. This is especially pronounced for high mχ and explains why the
in this regime the difference is the largest.

In our work we adopted the results from the Monte Carlo approach of Ref. [274], which
is publicly available via the PPPC 4 DM ID code. However, as before, for the electroweak
corrections we used our computation and also incorporated the Sommerfeld effect.

We show the antideuterons fluxes at production on Fig. 5.4 for the same set of masses
as before. It is clearly visible that the spectra are very similar to each other. As discussed
above, this is indeed on contrary to m�2

χ scaling as found in pioneering works on this
topic. The main effect of electroweak and Sommerfeld corrections is to increase the soft
part of the spectrum, which seems promising for the detection prospects (see Sec. 5.3.6).
Note also, that including the Sommerfeld effect makes the fluxes even larger for larger
mχ.

Before ending this section, let us comment on the normalization. In the literature
the spectra are often given as dN

dx
� 1

σtree
dσtot
dx

. However, this does not give number of

final states per annihilation, which should be rather dN
dx
� 1

σtot
dσtot
dx

, which is what we use.
This difference has two implications. The first is obvious: when comparing the spectra
among different works what matter is the shape, while the overall normalization can
differ substantially. The second implication is that one has to be careful when combining
the splitting functions of Ref. [179] with our full computation and use ones rescaled by
DEW
IÑJ Ñ σtree

σtot
DEW
IÑJ .
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5.2 Cosmic ray propagation

Since the discovery of the cosmic rays (CRs) precisely 100 years ago by Victor Hess, we
still don not fully understand their origin.7 Nevertheless, we have been able to learn a lot
about their composition, spectra and properties. The main basic observation is that CRs
coming from various astrophysical sources (called primaries) are distinct from the ones
produced by spallation of primary cosmic rays on interstellar gas (called secondaries).
The latter are far less abundant and have different, more soft spectra.

This is indeed the key point for our understanding of how do CRs propagate in our
Galaxy. The reason is that by measuring the primary nuclei we can make predictions for
the production of secondary leptons and nuclei, based on cross-sections and the interstellar
gas distribution. Obtained in this way secondary spectra can be propagated and compared
with observations. This allows to test propagation models and fit their free parameters.

The propagation theory which is most widely accepted is the diffusion model with
possible inclusion of convection [277]. It was tested to provide the most adequate descrip-
tion of CR transport in our Galaxy. Within this framework the general CR propagation
equation can be written as:

BN i

Bt � ~∇ �
�
Dxx

~∇� ~vc

	
N i � B

Bp
�

9p� p

3
~∇ � ~vc

	
N i � B

Bpp
2Dpp

B
Bp
N i

p2
� (5.32)

Qipp, r, zq �
¸
j¡i

cβngaspr, zqσijN j � cβngasσinpEkqN i �
¸
j i

N i

τ iÑj
�
¸
j¡i

N j

τ jÑi
,

where N ipp, r, zq is the number density of the i-th particle species with momentum p and
velocity v � cβ. Below we describe in some more detail the physical meaning of various
terms:

• Spatial diffusion: �~∇ �Dxx
~∇N i

The observed high isotropy of low energy CRs and the relatively large number of
secondary nuclei, suggest that cosmic rays travel long time in the Galaxy. This can
be explained by the concept of spatial diffusion, caused by the galactic magnetic
field that changes the trajectories of particles. On the microscopic level, the dif-
fusion of CRs comes from scatterings on magnetic irregularities. Locally it is thus
strongly anisotropic, but the particle density gets isotropised by the fluctuations of
the magnetic field at scales of Op100 pcq.
The typical values of the diffusion coefficient (found from fitting to CR data) are
Dxx � p3–5q�1028 cm2s�1 at energy of about 1 GeV/n, and increase with energy (or
more precisely magnetic rigidity R, defined as R � pc{Ze). Expressing the diffusion
coefficient in rigidity, one finds a power-law scaling Dxx9βRδ, where δ is called the
diffusion spectral index and its typical values are in the range δ � 0.2–0.7.

7For a review of CR physics in general see e.g. [276] and references therein.
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• Convection: ~∇ � ~vcN i and � B
Bp
p
3
~∇ � ~vcN i

In order for the convection processes to give an important contribution to the CR
transport, some difference of pressure in the interstellar space is needed. In other
words, one needs galactic winds. These have been found in many galaxies (see e.g.
[278] and references therein), which suggests that in principle convection could play
a role even in the Milky Way. In fact, apart from influencing the propagation (the
first term), it can additionally produce adiabatic energy losses (the second term).
Physically this is connected with the stretching out by the outgoing wind the volume
into which CRs propagate.

The convection rate is decreasing with energy, therefore it is important only for low
energies. Typically it is considered to be linearly increasing with distance from the
galactic disk, i.e. ~vc9~ezpdvc{dzqz, with the typical magnitude of vc � Op10 km{sq.
• Continuous energy losses: B

Bp 9pN i

During the propagation CRs loose part of their energy. This happens in various
ways. All types of CRs loose energy due to ionisation and Coulomb interactions.
These are however important only at lower energies, roughly below a few GeV.

For positrons and electrons other mechanisms are also efficient. Those are the
Bremsstrahlung photon emission and, more importantly, synchrotron radiation and
inverse Compton scattering (ICS) on interstellar radiation fields. Note that the
synchrotron energy losses are proportional not to energy but rather to the Lorentz
factor. Thus for a 100 GeV electron, they are much more efficient than for a proton
with the same energy.

Energy losses inflicted by these two processes are rather efficient. In the Thomson
approximation8 valid at lower energies they are proportional to E2, while for higher
energies they enter the Klein-Nishina regime. This leads to a suppression, with the
energy losses in the extreme Klein-Nishina limit depending only logarithmically on
E. Moreover, the physical picture of these processes is slightly different: while in
every Thompson scattering an electron looses small fraction of its energy and the
resulting losses are continuous, in the Klein-Nishina case the electron looses energy
rather in discrete amounts, which are a sizeable fraction of its energy [279].

• Reacceleration: � B
Bpp

2Dpp
B
Bp
N i

p2

Reacceleration is a diffusive stochastic process in the turbulent galactic magnetic
field. It is sometimes refereed to as a diffusion in momentum space, with a coefficient
Dpp, related to the spatial diffusion via DppDxx � p2v2

A{9, where the Alfvén velocity
vA is introduced as a characteristic velocity of magnetohydrodynamic wave. Its
typical value is around vA � 30 km{s.

8The Thomson regime in electron-photon Compton scattering is defined by the condition Ee.r.f.
γ   me,

where the Ee.r.f.
γ is the energy of the photon in the electron rest-frame and me the electron mass. For

the ICS on CMB photons this regime is valid even for electron energies up to about a few TeV, but for
scatterings on starlight, which is significantly more energetic, the condition is satisfied only up to a few
GeV.
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• Source term: Qipp, r, zq
This term includes primary astrophysical sources (with spectrum described by power
law in energy with spectral index close to �2), as well as a possible dark matter
component. The time dependence of Q is neglected in most of the cases.

• Spallation:
°
j¡1 cβngaspr, zqσijN j � cβngasσinpEkqN i

Primary CRs are impinging on the ISM gas (with density ngas) and scatter both
elastically and inelastically. Elastic processes do not change the number of CRs,
but re-distribute their energies. On the other hand, inelastic scatterings lead addi-
tionally to depletion of primary CRs and production of secondaries. In the formula
above σin is the total inelastic cross-section, while σij is the production cross-section
of a nuclear species j by the fragmentation of the i-th one. The spallation occurs
predominantly on interstellar H and He (both atomic and molecular), since the
remaining components of the gas have much lower densities.

• Decays: �°
j i

N i

τ iÑj
�°

j¡i
Nj

τ jÑi

An i-th particle species can also decay into j (if is unstable, with a lifetime of τ iÑj)
and/or be produced in the decays of other, heavier particles j.

The boundary conditions for solving the propagation Eq. (5.32) depend on the model.
However, if one assumes that at the boundary of the diffusive zone particles escape into
the intergalactic space (and never return, nor there are any extragalactic sources), then at

this boundary N i � 0. This is what us usually done together with putting also BN i

Bt � 0,
i.e. solving only for the steady-state solution.9

There are two possible approaches to solving the Eq. (5.32): semi-analitycal and fully
numerical. The first one was used much in the literature in the past years mainly because
of its relative simplicity and was much easier to implement into numerical computations
(and also considerably faster). In this case one typically considers the so-called two-zone
diffusion model [280], where the Galaxy is decomposed on a thin disk and a thick diffusive
halo. The interstellar gas is confined to the disk. The free parameters of the model are the
halo thickness L, the diffusion coefficient D0 and spectral index δ, the convection velocity
vc and Alfvén velocity vA, where the reacceleration is typically assumed to take place in
the thin disk only.

Nowadays, with much better computational power, fully numerical approaches seem
to be more appropriate. They are far more accurate and can take into account much more
realistic conditions of the gas and magnetic fields.

The most widely used numerical code for CR propagation is GALPROP [281, 282]. It
is very well established c++ code, included by default e.g. in DarkSUSY . In our work we
used instead the new code called DRAGON [283]. Although in many parts it is based on
its predecessor, it has several advantages. From the physics point of view the main one
is that DRAGON was especially designed to take into account spatially inhomogeneous

9In fact, many codes instead of neglecting this term, follow the time dependence until a steady-state
is reached, which is found to be much faster numerically.
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diffusion coefficient also in the direction perpendicular to the galactic plane, which is a
much more realistic approach.

The set-up in which DRAGON solves the propagation equation is the following. It
assumes cylindrical symmetry and looks for the solution in 2 � 1 dimensions, with the
galactocentric radius r, the height from the Galactic disk z and rigidity R. The diffusion
coefficient is expressed by:

DpR, r, zq � D0β
η

�
R

R0


δ

ep|z|{zdqeppr�r@q{rdq, (5.33)

where the free parameters are the diffusion coefficient normalization D0, spectral in-
dices η and δ, parameters setting the thickness zd and radial scale rd of diffusion zone.
The R0 is the point in rigidity to which we fix the normalization. The diffusion coefficient
grows with r, because it is proportional to the diffusion length which gets larger, since
the magnetic fields are getting weaker the further we go from the galactic center.

The form of the source term is:

QpR, r, zq � fpr, zq
�
R

Ri


�γi
, (5.34)

where fpr, zq is a function reflecting the spatial distribution of supernova remnants (SNRs)
and γi is the injection spectral index for species i. For electrons and positrons one adds
also an exponential cut-off with energy, e�E{Ec , with Ec being set to a few TeV. The
physical reason is that leptons loose energy very efficiently and thus very energetic ones
need also to be very local. On the other hand we do not see nor expect many local sources
of TeV scale leptons.

The gas distribution we used in our work is the one recently derived in [284]. It is
a new, and arguably most accurate available model for three dimensional distribution of
atomic hydrogen gas in our Galaxy, reproducing the global features of the gas distribution
such as spiral arms. It was derived using the 21cm Leiden-Argentine-Bonn survey data
[285], which is the most sensitive 21cm line survey up to date with the most extensive
spatial and kinematic coverage.

5.2.1 The solar modulation

At energies below roughly 5 GeV, the new measurements of the positron fraction deviate
significantly from the ones obtained in older experiments. There are two reasons for that.
Firstly, for such low energies the systematics of the experiments are most likely not that
well under control. The second reason is strictly physical: the fluxes of CR particles are
modulated due to interactions with the solar wind when they arrive at the outskirts of
the solar system. The modulation comes from the cyclic changes in the solar activity,
which is known to change with a period of 11 years, after which the solar magnetic poles
reverse. The effect on CRs is important only for low energies, because the solar magnetic
fields on which CRs scatter are too weak to alter the trajectory of very energetic particles.

A standard way to describe the effect of solar modulation is by using the force field ap-
proximation [286], which is valid in the limit B " 4π2ρ (i.e. where the plasma in the solar



124 CHAPTER 5. INDIRECT DETECTION OF WINO DARK MATTER

wind is completely dominated by the magnetic effects). This essentially means that the
cosmic rays feel only the magnetic field: they are deflected by the continuous component
and scattered on the irregularities of the solar magnetosphere. In this approximation for
a given CR with mass m, atomic number Z and mass number A the modulated spectrum
ΦmodpEkq is related to the unmodulated one ΦpEkq by a formula:

ΦmodpEkq � pEk �mq2 �m2�
Ek �m� Z|e|

A
φ
	2

�m2

Φ

�
Ek � Z|e|

A
φ



, (5.35)

where φ is the modulation potential. For electrons and positrons the same formula holds
but with Z{A � 1. It captures effectively the effect of the scattering on the solar magnetic
fields. The value of φ is typically determined by fitting the CR spectra at very low energies
for a given propagation model. Note, that although theoretically the same value of this
potential should be used for different CR species, in practise this is not the case. One
always confront the model with the observational data, and these were taken by different
experiments in different years. In particular, since now we are in the vicinity of the solar
maximum, in the recent years the time dependence of the modulation was expected to
be rather strong. This suggests, that what one should in fact do, is to not include the
modulation as an effect on the propagation, but rather use it to ”demodulate” the data.
Effectively, however, this also boils down to using different values of φ in order to make
the low energy CR data consistent, see e.g. [287].

Therefore, in the results discussed below we adopt a different values for the modulation
potential, which we fix by fitting to the B/C, proton, electron and total e� � e� data.

5.3 Indirect detection signals

In the following we will discuss what are the indirect detection signals for the Wino dark
matter simultaneously in several channels. The questions we are going to answer are: i)
for what range of masses Wino is already excluded as a dark matter candidate, ii) what
is the impact of various uncertainties and how can they affect the exclusion limits, and
finally iii) does a configuration in which this model can explain the positron fraction rise
and in the same time be consistent with the data from all other channels exist. In fact,
in this way we not only give the electroweak and Sommerfeld corrected results for this
particular model, but we also are able to quantify in a more systematic manner what are
the impact of various astrophysical uncertainties. As a consequence, one can make more
robust statements about exclusion or detection in this type of searches.

The strategy is the following. For the signals of annihilation to gauge bosons one
expects the antiproton constraint to be one of the strongest. The biggest uncertainty
in this channel is the diffusion of the DM originated antiprotons. The astrophysical
background is fixed by the requirement of fitting the proton data and the data on a
secondary to primary ratio in CRs such as boron over carbon (B/C), because essentially
all observed antiprotons are secondaries generated by interaction of primary CR protons.
The significance of the diffusion effect can be parametrized by the scale of the diffusion
zone zd, see Eq. (5.33). Therefore, we start from determining the propagation parameters
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for a given value of zd by fitting the obtained CR spectra to the data: the B/C, protons
and afterwards electrons. For this set of models we compute the DM signal in antiprotons
and confront with the observations, putting limits on the Wino model.

Having settled the propagation properties, we use them to determine the signals in
leptons, due to experimental results chosen to be the total e� � e� flux and positron
fraction defined as e�{pe� � e�q. In this case, diffusion is somewhat less relevant, since
leptons loose energy much faster and the locally measured flux stems from much more
local sources than for protons. What is then most uncertain is the production mechanism
of secondary leptons and their exact energy losses during the propagation. However, as we
will see, in our case the precise distinguishing between astrophysical and DM components
in this channel is rather impossible. Nevertheless, determining the total fluxes is important
for the determination of the total diffuse gamma ray spectrum, which partially comes from
the inverse Compton scattering of leptons on the radiation fields and the Bremsstrahlung
processes.

Therefore, after obtaining lepton spectra for all our propagation models and different
Wino masses, we compute the gamma ray sky-map and compare with FERMI data.
From this we a posteriori deduce which of our initial propagation models are the best
ones, that is giving best fit to the data, and what are the uncertainties there. Having
all this information we can already put some more robust bounds on the Wino model.
Finally, we close the whole picture by discussing the signals coming from dwarf spheroidal
galaxies (dSph), neutrinos and antideuterons.

To finish this introduction, let us comment about other assumptions that we make.
In our work we have adopted the standard NFW profile Eq. (1.32), i.e. the generalized
one with the parameters being fixed to α � γ � 1 and β � 3, unless explicitly stated
otherwise. As already mentioned, it is especially important for the GC, where the different
profiles give very different predictions and has also some impact on the neutrino signals.
For the leptons, antiprotons and antideuterons the precise shape of density distributions
is only mildly affecting the final result, because it introduces much smaller uncertainty
than the propagation itself.

We also did not include any effect coming from substructures. The reason is that
although simulations tend to favor rather non-negligible amount of substructures in the
Galaxy halo, they are still rather far from being conclusive [67]. On the other hand,
overdensities would amplify the DM signal.10 Therefore, in order to give conservative
limits or prospects for DM searches, we decided not to include substructures.

The overall normalization of the density profile is obtained via the determination of
the local dark matter density. This quantity is again not known exactly. We adopt a value
from the recent work [289] giving for the NFW profile ρDMpr0q � p0.389�0.025qGeV{cm3,
which is much more accurate than the standard value of about 0.3 GeV{cm3 with an
uncertainty of a factor of 2 to 3.

Furthermore, in the results below we always assume that the Wino accounts for the

10Additionally, substructures are colder, with much lower velocity dispersions, see e.g. [288]. Note
however, that in contrast to the ”dark force” Sommerfeld models, in our case this does not introduce any
effect: recall that in the two channel version of the SE, below the threshold the effect is independent of
the velocity.
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whole dark matter. This in most of the choices of mχ requires it to be of non-thermal
origin, except for the masses of around 3.2 TeV, see Sec. 4.4.3. It is worth to emphasize
that this is not at all an ad hoc scenario, as non-thermal Wino arises naturally in many
well motivated theories, see e.g. [254, 255].

5.3.1 Propagation models and uncertainties

We identified 12 benchmark models with varying diffusion zone thickness, from zd � 0.5
kpc to zd � 20 kpc. The lower limiting value comes from the fact, that the galactic disk
itself is extending to few hundreds of parsecs. The latter is chosen such, to be sure to
enclose all the region with non-vanishing magnetic field, which is known to extend at
least to few kpc. We also chose to fix spectral index δ � 0.5 motivated by fit to the CR
data and the radial scale of rd � 20 kpc. The precise value of the latter do not introduce
relevant effect and again comes from the radial scale of Milky Way. The convection was
neglected, essentially because it is never a dominant effect in kpc scales and precisely for
this reason it is not yet well understood on a quantitative level.

All the other parameters are fitted to the data. They are given in Table 5.1 together
with the reduced χ2 values of the fits to B/C, protons, antiprotons and electrons. In the
latter one we chose to take into account only the data with E ¡ 5 GeV, due to the lack of
full understanding of the solar modulation and also the precise values of parameters for
secondary production mechanisms at such low energies. Moreover, what seem to be more
robust choice is to insist on good agreement with the FERMI diffuse gamma ray data
and not the low energy electrons, since the backgrounds are much better understood in
this case. Therefore, our prediction at energies below 5 GeV do not fit well the electron
data, but gives much better agreement with the diffusive gamma rays. The modulation
potential was treated as a free parameter of the fit, as advocated before.

All considered propagation models give a very good fit to the CR data and basing
only on this it is impossible to single out the best models. This will be achieved later on,
after calculating the gamma rays sky-maps. Note also, that our probing of the diffusive
zone thickness is dense enough to be able to make an interpolation of the result for any
0.5 kpc ¤ zd ¤ 20 kpc.

As an example of how our models match the observational data, on the Fig. 5.5 we
show the fit of the thin zd � 1 kpc, medium zd � 4 kpc and thick zd � 10 kpc cases. In
the B/C and protons one can see the strong solar modulation effect at low energies (with
doted lines everywhere corresponding to unmodulated result), even for rather moderate
values of the potential φ.

In the case of electrons, the simple force field approximation is seen to be insufficient
in predicting the correct spectra at energies below few GeV. The observed cut-off at
large energies is due to already mentioned exponential suppression put in the injection
spectrum, with energy Ec � 5 TeV. The dashed lines give the total spectrum including
the background, dark matter (for a specific case of mχ � 2.5 TeV) and pulsar components.
They are shown in order to convey that they are not very sensitive to variation of the
propagation model and that they also improve the agreement with the electron data. For
more discussion of these contributions see Sec. 5.3.3.
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Figure 5.5: Comparison of propagation models. The solar modulated results are given by the
solid, while for comparison also unmodulated spectrum is shown with dotted lines. Top left: B/C
data, top right : protons, bottom left : antiprotons and bottom right : electrons. All the benchmark
models give very good fit. In the case of electrons also dark matter for mχ � 2.5 TeV and pulsar
component was included in the dashed lines, where the DM contribution is subdominant.
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Benchmark Fitted Fitted Goodness
zd δ rd D0 � 1028 vA η γp1{γp2 Rp0,1 χ2

B{C χ2
p χ2

p̄ χ2
e χ2

tot

[kpc] [kpc] [cm2s�1] [km s�1] GV Ek ¡ 5 GeV

0.5 0.5 20 0.191 11.0 -0.60 2.11{2.36{2.18 16.9 0.69 0.67 0.37 0.68 0.65
1 0.5 20 0.53 16.3 -0.521 2.04{2.34{2.18 16.0 0.96 0.46 0.38 0.69 0.58

1.4 0.5 20 0.738 15.5 -0.499 2.11{2.36{2.18 16.1 0.51 0.62 0.36 0.71 0.60
1.7 0.5 20 0.932 16.2 -0.476 2.11{2.35{2.18 14.6 0.47 0.65 0.35 0.72 0.60
2 0.5 20 1.13 16.7 -0.458 2.11{2.35{2.18 14.6 0.48 0.59 0.35 0.72 0.58
3 0.5 20 1.75 18.5 -0.40 2.05{2.35{2.18 16.0 0.34 0.39 0.35 0.75 0.46
4 0.5 20 2.45 19.5 -0.363 2.05{2.35{2.18 16.0 0.79 0.33 0.36 0.75 0.49
6 0.5 20 3.17 19.2 -0.40 2.05{2.35{2.18 16.0 0.38 0.44 0.35 0.77 0.49
8 0.5 20 3.83 19.2 -0.370 2.05{2.35{2.18 15.2 0.39 0.53 0.35 0.77 0.54
10 0.5 20 4.36 19.1 -0.373 2.05{2.35{2.18 15.2 0.38 0.47 0.35 0.77 0.51
15 0.5 20 4.86 17.5 -0.448 2.11{2.36{2.18 14.8 0.46 0.89 0.34 0.77 0.74
20 0.5 20 5.19 17.1 -0.448 2.10{2.36{2.18 14.2 0.45 0.95 0.34 0.77 0.77

Table 5.1: Benchmark propagation models. Everywhere the convection is neglected vc � 0. The second
break in the proton injection spectra is always 300 GV. For primary electrons we use a broken power-law
with spectral indices 1.6{2.62 and a break at 7 GV. For He and heavier nuclei we assumed one power-
law with index 2.3 and 2.25, respectively. The parameters were obtained by fitting to B/C, proton and
electron data. The antiproton χ2

p̄ is then a predicted one. The total χ2
tot has been obtained by combining

all the channels. See the text for more details.

Anticipating the discussion of the dark matter originated fluxes, on Fig. 5.6 we show
how they are affected by varying the propagation model. The dotted lines correspond to
our benchmark models, while solid ones single out the thin, medium and thick cases. As
expected, the uncertainty associated with the propagation model is less important when
going to higher energies, but even then it remains substantial.

Indeed, in the Wino model the phenomenologically most important effect of this un-
certainty is the variation of high energy p̄ fluxes originating from the dark matter, as we
discuss below.

5.3.2 Antiprotons

In the cosmic rays antiprotons are far less abundant then the protons. They are believed
not to be produced in astrophysical sources and hence the observed flux is secondary
coming from interactions of protons (and to a certain extent also heavier nuclei) with the
interstellar gas composing mostly of hydrogen (atomic and molecular) and helium. These
produced antiprotons then propagate and interact with the gas by themselves, sometimes
annihilating and sometimes scattering inelastically and loosing energy. The latter process
introduces softening of the spectrum and is commonly taken into account by treating
all the inelastic collisions as annihilating p̄s and replacing them by the so-called tertiary
source.

Note, that for all these processes, the gas distribution plays an important role. As
discussed above, in all our computations we implemented the gas model derived in [284],
based on the most precise observational surveys available up to date.
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Figure 5.6: Effect of different propagation models onto indirect detection signal from Wino
with mχ � 2.5 TeV. Left: antiproton (blue) and positron (violet) fluxes. Right: antideuteron
flux. The dotted lines correspond to our benchmark models, while solid ones single out the
zd � 10, 4, 1 kpc cases (from top to bottom).

The propagation of antiprotons is governed mostly by diffusion. Energy losses, be-
ing proportional to the Loretnz gamma, are very small even for a kinetic energy of few
hundreds GeV. On the other hand, diffusive reacceleration processes (and possibly convec-
tion) can have a strong impact on the low energy tail of the spectrum. For our purposes,
however, only the energies larger than roughly 10 GeV matter, since at the TeV scale the
Wino DM contribution affects mostly this part of the spectrum.

Indeed, on Fig. 5.7 we plot the predicted antiproton fluxes at Earth coming from the
Wino with masses mχ � 0.5, 2.4, 2.5, 3.2 TeV. They were chosen in such a way, that
the lowest is the generic ”lighter” Wino case still in good agreement with the data. For
lower masses the annihilation cross-section grows and generically (depending however on
the propagation model) overshoots the data. The highest one mχ � 3.2 TeV gives correct
thermal relic density and as can be seen does not produce any noticeable excess over
the background. The two middle cases are close to the Sommerfeld resonance, where
the total annihilation cross-section grows by several orders of magnitude. This can be
seen by comparing the violet and green dashed lines on the plots, giving the dark matter
contribution with and without Sommerfeld enhancement, respectively. Needless to say, it
introduces a huge change in the predicted signal and therefore cannot be ignored.

The violet shaded region corresponds to the total DM plus background flux for all the
range of zd. It clearly shows the importance of the uncertainty of the propagation model
in this search channel. The close to resonance case of mχ � 2.4 TeV is already excluded
(in fact overshooting the data even without background) for thicker diffusion zones, but
may be marginally consistent for very thin ones. Moving a bit away from the resonance
eases the tension, but still the thickest cases give too much antiprotons.

Although, as we advocated at the beginning, the antiproton channel is expected to
give one of the most stringent constraint for models with annihilations predominantly to
weak gauge bosons, one can see that the obtained limits are not that severe. Indeed,
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Figure 5.7: Antiproton fluxes for all the propagation models andmχ � 0.5, 2.4, 2.5, 3.2 TeV. The
blue shaded region shows the expected background after solar modulation with φ � 0.46 GV. The
dashed lines represent the dark matter contribution without (green) and with Sommerfeld effect
(violet) for the example case of zd � 4 kpc model. The total spectrum including background
and DM signal is given by the violet shaded regions where the dotted lines correspond to our
benchmark models (the zd � 0.5 kpc being the closest to the background and growing with the
thickness). The strong boost of the signal for mχ � 2.4 and 2.5 TeV comes from the resonance
in the Sommerfeld effect.
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at this stage, when all the benchmark propagation models are allowed, the Wino dark
matter can be excluded by the p̄ channel only at low masses, i.e. mW À mχ À 300 GeV11

and in the very proximity of the resonance, i.e. in the range 2.35 TeV À mχ À 2.4 TeV.
We will come back to this point in the summary in Sec. 5.3.7, after discussing all the
remaining channels.

5.3.3 Positrons

In the same way as antiprotons, positrons are typically produced as secondaries. They
come mostly from the decay of charged mesons (π� and K�) produced in the interactions
of the nuclei with the gas. However, unlike antiprotons they can also be produced and
accelerated in astrophysical objects, especially pulsars [290, 291, 292].

Pulsars are fast rotating magnetized neutron stars surrounded by a comoving plasma
configuration called magnetosphere (see e.g. [293]). Electrons in the magnetosphere loose
energy and emit photons, which are energetic enough to produce electron-positron pairs in
the intense pulsar magnetic field. This leads to an potentially effective source of primary
electrons and positrons, especially coming from the middle aged pulsars (about 105 years
old) [294].

The contribution of pulsars can be effectively described by an injection spectrum with
E�n together with a high energy break related to the cooling time of the electrons and
positrons during their propagation. We chose to fit the impact of the pulsars following
the parametrization of [295]:

Qpulpr, z, Eq � N0

�
E

E0


�n
e�E{Ecfpulpr, zq, (5.36)

where we will effectively assume that the e� reaching our location are isotropic and we
can omit the spatial dependence. The injection index n, critical energy Ec introducing
the cut-off and the normalisation N0 will be treated as free parameters of the fit, while
the normalization of the energy is fixed to E0 � 5 GeV. It is important to bear in mind,
that this is only an effective description, aiming in taking into account contribution of
many nearby pulsars. However, as we will show below, the component of this kind added
on top of the background (and of course dark matter contribution) can give a very good
fit to the data.

In the propagation of leptons, the major role is played by the energy losses. Electrons
and positrons loose energy by ICS on CMB photons and on infrared or optical galactic
starlight. These mechanisms are very effective and growing with the kinetic energy and
therefore the very energetic electrons and positrons measured locally by CR detectors
have to come to us from nearby. Diffusion is the dominant process only at low energies,
since only then leptons have time to diffuse before loosing most of their energy. It follows,
that the main uncertainty in the signals coming from positrons is not attributed to the
propagation, but rather the precise knowledge about the energy losses, the interstellar
radiation field and the exact values of the primary injection spectra.

11The lower limit comes from the fact, that at the Wino masses below mW , the W�W� annihilation
channel is not allowed and the cross-section is considerably smaller.
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Figure 5.8: Total e� � e� fluxes (left column) and positron fraction (right column) for the
zd � 4 kpc propagation model and mχ � 0.5, 2.4, 2.5 TeV. The blue shaded region represents
the expected background with solar modulation. The DM component (violet dashed line) is
typically not strong enough to fit the data and hence additional source of positrons from pulsars
(yellow dotted) is needed. The solid yellow line gives total signal including all sources. The
cases with larger masses outside of the presented range do not introduce nearly any significant
lepton component.
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mχ [GeV] n Ec [GeV] χ2
e��e�

500 1.4 1200 0.37
2400 1.2 1000 2.11
2500 1.4 1200 0.33

Table 5.2: The pulsar injection parameters used to fit the lepton data for zd � 4 kpc propagation
model, with the corresponding value of the reduced χ2. The resonance case give a worse fit by
overshooting the data at energies of few tens of GeV, due to large dark matter contribution.

As already mentioned several times in this thesis, in recent years a lot of effort was
triggered by the measurements of the positron fraction rise ranging from about 10 GeV
to nearly 200 GeV, where the last FERMI data point was obtained. Simultaneously,
various experiments found an unexpectedly hard spectrum of total e� � e� flux. It is
worth to note, that this particular way of presenting the experimental results, instead of
just using separately electrons and positrons, comes form the difficulties of distinguishing
one from another experimentally and also because ratios are subject to somewhat smaller
measurement uncertainties.

Here we would like to first address the question, whether the Wino DM model by
itself can solve this CR lepton puzzle. The starting observation is that to fit the positron
fraction one needs large annihilation cross-section, of the order of Op10�22–10�23 cm3{sq.
It is rather difficult to achieve for most models, especially if one insists on the thermal
production mechanism, pointing to the cross-section of 3� 10�26 cm3{s. This is true also
for the Wino case. However, the virtue of this particular model is that it posses and
efficient mechanism of boosting the present-day cross-section to the needed values, i.e.
the Sommerfeld effect coming from weak bosons exchange.12 Is this sufficient to fit the
lepton data?

The answer is negative, for the reason that can be already guessed from the Fig. 5.8.
Whenever one is far from resonance, like in the top panel for mχ � 500 GeV, the dark
matter contribution (given by violet dashed line) added to the expected background (blue
region) gives total result (violet shaded region) much below the data. One needs a dom-
inant pulsar contribution (the yellow dotted line) to add to the total flux and positron
fraction (background+DM+pulsar, yellow region). The injection parameters used for the
pulsar fit are given in the Tab. 5.2.

In fact, if one is only moderately off the resonance, like in the bottom panel, the dark
matter contribution is too small. Therefore, only the proximity of the resonance could
potentially fit the data with dark matter only, but also here one runs into troubles. The
middle panel of Fig. 5.8 shows why. The mχ � 2.4 TeV case, close to the resonance (but
not sitting precisely on it), produces typically to few total leptons and, more importantly,
to much positrons with energies of around 10 GeV. Even if the former could be adjusted
by varying the background, in particular the value of the exponential cut-off in primary
electrons, the latter is very hard to evade.

Additionally, the full answer shows the importance of multi-channel studies. The

12We would like to stress once again that it is conceptually on a different footing than the Sommerfeld
effect due to dark force, since the weak gauge bosons are known to exist!
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mχ � 2.4 TeV (and clearly all the masses even closer to the resonance) was in fact
already excluded by antiprotons constraints, unless very low value of zd is adopted. But
a very thin diffusion zone means also less electrons and positrons and higher positron
fraction at very low energies, overshooting the data.

Before ending this subsection, let us just make a comment on the disagreement of
the low energy positron fraction data with the predictions for the background, sometimes
raised as a major issue, but much more often ignored. The reasons for the latter attitude is
that, first of all, as already mentioned in Sec. 5.2.1, the systematic errors of the PAMELA
experiment are quite likely to be underestimated for the energies of a few GeV, especially
given the results of previous measurements. Moreover, the solar modulation is certainly
not understood well enough. In particular, the widely adopted force field approximation
is charge independent, which clearly should not be the case in reality. The more accurate
approach distinguishing electrons from positrons may introduce a significant effect for this
energy range.13 And last but not least, the point we are making in our study concerns the
high energy behaviour and is completely unaffected by the variation of the background
predictions at GeV range.

To summarize, our detailed study show that the Wino model cannot explain the CR
lepton puzzle. In fact, the lepton data can even rule out the very proximity of the
resonance, independently of other channels, and not relying much on the propagation
model. To fit the data one thus needs to have sources of positrons additional than the
DM, at least in this model.

Finally, let us comment on the importance of the above results for the gamma-ray
studies below. The low energy positron flux is comparable to the electron one and thus
introduces a non-negligible contribution of the background positrons to the diffuse gamma
ray emission in the MeV range. Moreover, the high energy leptons also may introduce
some (smaller) contribution and for a robust prediction one should take them into account.
This means that one needs also the dark matter and pulsar components to enter the
calculation for the gamma-rays.

5.3.4 Gamma-rays

The search in γ-rays is a topic by its own. Although there is no propagation involved,
the much more complex backgrounds are making this channel also rather demanding to
study. On the other hand, it can give very good prospects and limits, in many cases even
dominant of all the ID searches.

In the gamma-ray searches one can distinguish several approaches, depending on the
target:

• diffusive galactic emission,

• extragalactic sources (in particular dwarf spheriodal galaxies),

• extragalactic diffusive emission,

• γ-ray lines.

13For more details on charged dependent solar modulation see e.g. [296].
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Additionally, one typically looks on different regions of the sky and decides what regions
maximize the signal to background ratio, which is by itself a non-trivial task.

In our work we concentrated on the first two approaches. The extragalactic diffuse
emission comes dominantly from large scale objects and depends very strongly on the the
concentration and scale of the dark matter substructures, whose inclusion is beyond the
scope of this work. Additionally, this channel is typically more prospective for lighter
DM masses, since the more energetic the photons coming from dark matter annihilation,
the more effective is the attenuation process due to γγ Ñ e�e�, acting effectively like an
absorption (for details see e.g. [297] and references therein).

With the gamma line searches the situation is different. In principle, this is a very
clean channel, especially if the line is rather strong. In fact, this is what is expected for
Sommerfeld enhanced Wino at the TeV scale. However, the most pronounced effect, and
indeed the one which would lead to a clear signal, happens on the resonance. But we have
already seen that the proximity of the resonance is ruled out by both CR antiprotons
and leptons, and shortly below we will see that also by gamma-ray searches. Away from
the resonance, the total cross-section is much smaller and the line is not that easily
distinguished from the background. Moreover, the energy resolution of a level of tens of
per cent may not be enough to single out the line signal at a TeV scale. On Fig. 5.9
we show the total differential cross-section of Wino annihilation into photons for four
benchmark masses. The line component was included assuming Gaussian distribution
with a rather optimistic 1% energy resolution. Even with this assumption the line is
often not distinguishable from the hard component coming from internal Bremsstrahlung.
Whether such an effect could be observable in ongoing (MAGIC [298] and VERITAS [299])
or future (especially CTA [300]) experiments is unclear and needs a dedicated study.

Diffuse galactic gamma-rays

The FERMI gamma-ray background is mainly composed of the galactic diffuse back-
ground, the isotropic diffuse background (dominated by unresolved extragalactic sources)
and the resolved galactic and extragalactic point sources. Also extended sources con-
tribute mainly at lower latitudes. The galactic diffuse background arises from various
astrophysical processes. These are, the inelastic pp collisions producing mainly π0s which
subsequently decay to 2 photons, Bremsstrahlung radiation from interactions of CR elec-
trons with the ISM gas and also up-scattering of CMB and starlight photons. From the
point of view of the dark matter searches in the diffuse gamma-rays channel, all these
processes give rise to a very strong background. The DM contribution comes from two
types of processes: direct emission (prompt γ-rays) during annihilation or decay process
which includes the hadronization and decay processes that lead to stable SM particles
and the secondary contribution coming from ICS and Bremsstrahlung from the produced
stable electrons and positrons.

The dark matter prompt gamma-ray flux is given by:

dΦγ

dE
� 1

4π

»
xσvyρ

2
DMpl,Ωq

2m2
χ

dNγ

dE
dldΩ , (5.37)

where dΩ is the solid angle within which the observation is made, and l the length along
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Figure 5.9: Differential cross-section into photons for several Wino masses. The full electroweak
and SE corrected result is given by the solid lines, while the tree level with dotted ones. The
difference in the total cross-section comes mostly from the Sommerfeld effect.

the line of sight. In the annihilation spectrum at production dNγ{dE all the processes
of prompt production of decay and radiative emission are taken into account. If the
annihilation cross-section is homogeneous14, then it simplifies to

dΦγ

dE
� 1

4π
xσvy 1

2m2
χ

dNγ

dE
J, (5.38)

where all the factors depend on the particle physics properties of the dark matter, except
the so-called J-factor:

J �
»
ρ2
DMpl,Ωq dldΩ , (5.39)

depending on the dark matter distribution in the halo. The ICS and Bremsstrahlung con-
tributions form DM are evaluated from our codes in the same manner that the equivalent
backgrounds are being calculated.

In order to obtain constraints on the DM component one needs to understand the
astrophysical backgrounds first. We follow the approach of [301] and use DRAGON to
compute the diffuse gamma-ray spectra coming from the CRs produced and accelerated in
the astrophysical objects, for all our reference propagation models. For the low latitudes,
the background coming from the sources in the galactic plane has to be modeled. This is
done using DRAGON propagation code (see [301] for more details). Next we confront the
results with the FERMI data to see how well the computed background fit the obtained

14A counterexample would be if xσvy does significantly depend on the velocity dispersion and one
includes substructures.
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Figure 5.10: The values of reduced χ2 of the computed gamma sky-maps confronted with the
FERMI data for three propagation models zd � 1 kpc (top left), zd � 4 kpc (top right) and
zd � 10 kpc (bottom left), vs. the latitude b and longitude l. The predicted background fluxes
typically underestimate the FERMI data, for thicker models giving however an overall good
agreement. Additionally, the bottom right panel shows the zd � 10 kpc model with included
component of the Wino DM with mχ � 2.5 TeV.

gamma-ray fluxes in all regions of the sky. The obtained gamma ray sky-maps for three
benchmark models zd � 1, 4, 10 kpc are illustrated on Fig. 5.10.

At very high latitudes, an overall good agreement with the data is seen for all the
propagation models, since there only very local regions are probed. When decreasing
the latitude, one sees that the thicker the propagation model, the better fit. This is a
consequence of the fact, that the observed disagreement with the data comes from un-
derestimating the fluxes of diffuse γ-rays. Note that we do not include in our fits the
contribution from the Fermi Bubbles/Haze [302, 303, 304]. Their contribution is con-
strained within about |l|   20�, |b|   50�. We thus allow for the dark matter annihilation
in the main halo to contribute to that region of the sky. Similarly being more conservative
in constraining the Wino DM annihilation contribution to gamma-rays we do not include
the ”dark gas” component which is most important at the |b|   10� [305].

The thicker diffusion zones give higher ICS contribution up to about |b| ¡ 10�, because
it allows for electrons to actually propagate far from the galactic disk. As a consequence,
models with larger zd are giving better agreement with the data. On the other hand,
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towards the inner few degrees in |b| thicker zones give smaller ICS contribution, since the
larger diffusion coefficient D0 (see Tab. 5.1) means that the electrons diffuse faster away
from the disk and they contribute less to the gamma-ray flux. This also explains why
at low latitudes, |b|   5�, the zd � 1 kpc model gives the best fit. In the intermediate
regime, the interplay of these both effects is difficult to resolve, but still on average the
thicker zones are with better agreement with the data. In conclusion, the thin propagation
models are disfavored, by under-predicting the diffuse flux especially at higher latitudes,
while the thicker ones give a good agreement.

On the bottom right plot of Fig. 5.10 we additionally show how the fit changes when
adding the dark matter contribution, chosen to be themχ � 2.5 TeV case, with the zd � 10
kpc model. Comparing it to the bottom left plot with background only, we observe that
in most of the regions adding the DM does not alter the fit much. The biggest change is
in lower latitudes, which stems from the fact that the main DM contribution comes from
prompt gammas, while the ICS of DM origin is subdominant.15 On average, including
this particular dark matter model, makes the fits slightly worse. This can be however
easily compensated by taking slightly thinner diffusion zone.

In order to check more systematically this effect, we concentrate on three windows:
0�   |l|   30� and 5�   |b|   10�, 30�   |l|   60� and 10�   |b|   60�, 0�   |l|   180�

and 60�   |b|   90�. They are chosen in such a way to cover low, intermediate and high
latitudes. For these windows we compute diffusive gamma-ray fluxes for all the benchmark
propagation models, including both the background and the dark matter contributions.
The latter does not depend significantly on the propagation model, since as discussed
above, the prompt gammas are the dominant ones. The total fluxes for zd � 1 kpc model
with highlighted all the contributions are presented on Fig. 5.11. Indeed, we see that
predicted photon fluxes for this particular model are typically slightly below the data.
For thicker diffusion zones these fluxes are getting larger and we observe a very good
agreement with the data for zd Á 2 kpc. This can be seen from the values of χ2 for all
the benchmark propagation models given in the Table 5.3.

These results have an important implication for the combined limits on the Wino DM
model. The most straightforward one is that the Wino of mχ � 2.5 TeV gives a prediction
consistent with all the search channels, if only the diffusion zone is in the range of about
2 kpc À zd À 4 kpc, where the upper bound comes from the antiproton constraints.
Moreover, the thin propagation models, up to about zd � 2 kpc, are disfavored by the
FERMI data. It can be seen from both Fig. 5.10 and Tab. 5.3. This conclusion is true
irrespectively of the Wino mass. Indeed, the thin propagation models under-predict the
diffuse gamma-ray flux rather systematically at all energies (see Fig. 5.11). On the other
hand, DM contribution has a spectrum peaked at E � Op100 GeVq. As a consequence,
compensating the low energy part of the spectrum by larger DM component would lead
to overshooting the data at higher energies.

This general result helps to put more stringent and robust limits on the Wino dark
matter model. Recall, that in the resonance case it was marginally consistent with an-
tiproton measurements, if and only if the diffusion zone was very thin. Including the

15This is because much less energy from the DM annihilations go to high energy electrons than to
photons. The effect is seen mostly in lower latitudes, since there the J-factor is larger.
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Figure 5.11: The γ-ray fluxes with highlighted all the included contributions, for three chosen windows
0�   |l|   30� and 5�   |b|   10� (top left), 30�   |l|   60� and 10�   |b|   60� (top right),
0�   |l|   180� and 60�   |b|   90� (bottom left). The astrophysical background is typically slightly
below the data, an effect which is more pronounced for thin diffusion zones. The Wino DM of mχ �
2.5 TeV contribution is given by a dashed green (prompt) and blue (ICS) lines. Everything, except the
point/extended sources and extragalactic background (EGB), is computed with the DRAGON code.
The sum of these contributions gives the solid black line (total model). The full γ-ray flux, dark matter
plus all the background, is given by the black dashed region. Bottom right: results for the GC for
mχ � 2.4 TeV (blue) and 2.5 TeV (green) with varying γ parameter of the generalized NFW profile.
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zd 0�   |l|   30� 30�   |l|   60� 0�   |l|   180�

rkpcs 5�   |b|   10� 10�   |b|   60� 60�   |b|   90�

0.5 3.07 2.46 1.29

1 1.43 1.46 0.93

1.4 1.11 1.09 0.78

1.7 1.04 0.95 0.76

2 1.00 0.86 0.69

3 1.00 0.73 0.63

4 1.04 0.68 0.60

6 1.08 0.64 0.58

8 1.02 0.572 0.55

10 1.05 0.575 0.55

15 1.05 0.555 0.54

20 1.08 0.561 0.53

Table 5.3: The values of the reduced χ2 for three selected windows. In all propagation models
the Wino DM contribution of mχ � 2.5 TeV was included.

gamma-ray constraints this possibility is completely ruled out. Also the lower bound on
the Wino DM mass becomes more stringent, as the thin diffusion models were giving less
antiprotons and could ease the tension with observations.

On the bottom right plot of Fig. 5.11 we show also the results for the GC for the two
Wino masses mχ � 2.4 TeV (blue) and 2.5 TeV (green) for several different choices of
the DM distribution. We have used the generalized NFW profile and varied the value
of γ parameter from 1 to 1.8. The resulting difference in the γ-ray fluxes reaches about
50%. This result suggest that predicted fluxes can be suppressed even more, if a cored
profile, e.g. the Burkert one, is used instead. In such a case, the mχ � 2.4 TeV Wino
would be still within the bounds from the GC, but then also the predicted fluxes at higher
latitudes would inevitably change, leading possibly to tension with the data. Therefore,
in order to make robust claims about the exclusion potential of the GC searches for the
Wino model, one would need a dedicated study carefully taking into account different DM
profiles [253]. Moreover, since the predicted γ-ray fluxes contain an ICS component of
the order Op0.1q, different assumptions on the interstellar radiation fields would lead to
small uncertainties in the derived limits for the 2.4 and the 2.5 TeV Winos. However, we
note again that the Wino masses for which such an analysis could be potentially useful,
i.e. close to the resonance, are already ruled out by other channels.

Signals from dSphs

Dwarf spheroidal galaxies are small dark matter dominated galaxies with typical lumi-
nosities Op107q Ld (see e.g. [306] for a review). They have suppressed star formation rates
and low gas densities and due to their smaller sizes the escape timescales of CRs produced
in them are also significantly smaller than in the Milky Way. Therefore, the production
of gamma-rays from point sources and interactions between CRs and the local medium
is expected to be suppressed. Thanks to these properties, the dSphs provide some of the
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Ursa Minor Sextans
Mass [GeV] 68% CL 95% CL 99.9% CL 68% CL 95% CL 99.9% CL

500 1.65 2.58 3.76 3.77 5.33 7.38
2400 0.070 0.120 0.185 0.202 0.297 0.419
2500 1.15 1.97 3.02 3.28 4.81 6.78
3200 29.28 50.89 78.45 88.86 131.26 186.2

Table 5.4: The constraints on the boost factors coming from two dSphs: Ursa Minor and Sextans.
The results come from confronting the gamma ray flux with the 3 years FERMI data for energies
between 1 and 100 GeV. Values of BFs smaller than one suggest the model is excluded.

best targets to look for signals from DM annihilation [307]. Recent results from FERMI
collaboration suggest that there is no clear excess of gamma-rays between 200 MeV and
100 GeV above the expected background towards all known dwarf spheroidal galaxies
[308, 309]. Therefore, we can ask if from the data we can obtain limits on our DM model.

Here we will closely follow the approach of Ref. [310] and provide a limits coming from
the two of the most background�foreground emission clean targets: the Ursa Minor and
Sextans. The reason is that we adopt a conservative approach and for these two dwarf
galaxies we have relatively large amount of kinematical data to extract the J-factor, which
together with properly accounting for galactic foreground and extragalactic background
γ-rays, is the main source of uncertainty in this channel.

The method for obtaining the limits is the same as in [310], from where we adopted also
the values for the J-factors, definitions of regions of interest which are used for estimating
the signal and the treatment of subtracting the galactic foreground and extragalactic
background. Referring for all the details to this paper, here we will just give the results
for the Wino model.

After computing the gamma ray flux for a given mass of the Wino, we confront it
with the 3 years FERMI data for energies between 1 and 100 GeV. From this we compute
what is the additional boost factor (BF) i.e. the multiplication factor on the cross-section
for each model, that is allowed by the observed residual γ-ray spectrum at the given
confidence levels (CL). Our results are summarized in Tab. 5.4, where three different
confidence levels are presented. Again the results show that the close to resonance case,
mχ � 2.4 TeV, is strongly ruled out. When moving a bit further from the resonance
the allowed boost factors are getting close to 1, and effectively all other masses are not
constrained in any way by this search channel.

Note, that the biggest uncertainty here comes from the evaluation of the J-factor. The
FERMI collaboration itself following different assumptions on the uncertainties of the J-
factors and the modeling of the background�foreground emission has provided limits on
several ”standard” channels of annihilation by doing a stacked and a source by source
analysis [309]. For such an analysis our limits would be for the individual Ursa Minor
dSph a factor of 3 weaker than those of Tab. 5.4. With a joint likelihood analysis though
the limits are a factor of 3 stronger, thus confining also the cases of 0.5 and 2.5 TeV mass.
Also authors of [311] using a different joint analysis strategy of Milky Way dSphs, have
shown the significance in the uncertainties of the J-factors with their weaker limits still
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being a factor of 5 stronger that those of Tab. 5.4.

5.3.5 Neutrinos

An alternative probe to search for indirect signals of DM annihilation without the un-
certainties related to the propagation model is high energy neutrinos towards the GC. A
signal to look for is a hardening or a ”bump” in the spectrum of upward moving neutrino
events in km3 telescopes. Only muon (anti)neutrinos are considered here, because they are
the ones giving the best signals in the existing types of experiments.16 The background
for such events is dominated by the isotropically distributed (over long observation time
periods) atmospheric νµ, ν̄µ flux. Its spectrum is known to be described by an almost
featureless power-law with index of dNνµ,ν̄µ{dE9E�3.7.
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Figure 5.12: The KM3NeT simulated νµ upwards going/moving fluxes, from our benchmark
Wino models. We consider 3 yrs of data taking and show the fluxes within the window of
|l|   5�, 5�   |b|   15�. Continuous power-law line: atmospheric background. Dashed lines:
NFW DM profile, dotted lines: Einasto DM profile. The violet solid and chained lines show the
total signal of background+DM for the resonance case mχ � 2.4 TeV, for the NFW and Einasto
profiles, respectively.

We study only the upwards νµ, ν̄µ from DM and backgrounds and use for the atmo-
spheric one the parametrization of [312]. Additionally TeV neutrino point sources and

16The detection principle in high-energy neutrino telescopes relies on the measurement of the Čerenkov
light coming from neutrino produced very energetic charged lepton travelling in a medium, typically
water or ice. Electron neutrinos produce electrons, which normally scatter several times in the detector
before loosing enough energy to fall below the Čerenkov threshold, making the signal more complicated
to resolve. Tau leptons on the other hand are very short-lived and thus decay very fast also not leaving
a clear signal.
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diffuse neutrino flux from collisions of CR protons with the ISM contribute. These com-
ponents peak on the disk, therefore to avoid having our results depending on predictions
towards the inner few degrees in latitude, we choose to search for a signal in the region
of |l|   5�, 5�   |b|   15�, following [313].17

Situated at the south pole, the IceCube DeepCore experiment does not have the
sensitivity towards the GC to look for a signal from DM annihilation. However, a km3

telescope in the northern hemisphere, as the planned KM3NeT, will be able to probe such
signals. Using the HOURS simulation [314], for the reconstruction of upward going νµ, ν̄µ
we show in Fig. 5.12 the expected fluxes from DM annihilation in the selected window.
The error-bars refer to 3 years of collecting data. Given the uncertainties on the DM halo
distribution we show results for both the NFW and the Einasto profiles.

These results show that among our four reference Wino models only the 2.4 TeV case
where the cross-section is close to its resonance can be observed. After 3 years of data
taking the calculated number of atmospheric background events18 is 1025 between 600
GeV and 2.8 TeV, while the ones coming from dark matter are 926 for the Einasto profile
and 627 for the NFW profile. This would mean a statistical significance for exclusion at
the level of (17-25)σ. Nevertheless, given that all the other indirect detection channels
strongly disfavor Wino being close to the Sommerfeld resonance, and that the expected
number of neutrino events for the rest of the masses is strongly suppressed, we conclude
that the neutrino channel does not give good prospects for testing the Wino DM model.

5.3.6 Antideuterons

Antideutrons have been proposed as a prospective, clean channel for DM searches already
many years ago in [272]. In Sec. 5.1.2 we discussed how they can be produced in the
dark matter annihilation. Although this mechanism is rather well understood, the precise
computations are not that well under control. Indeed, very recently authors of [315]
showed, that the result is very sensitive to the fragmentation model used in the Monte
Carlo codes for the computation of the fluxes at production. In particular, PYTHIA which
uses string fragmentation model gives results generically different by a factor of 2-3 than
HERWIG, based on cluster hadronization model. Furthermore, close to the kinematical
thresholds this discrepancy grows rapidly. Therefore, one still needs better understanding
of the particle physics underlying the antideuteron production to make very robust claims.

Having all that said, it is nevertheless interesting to check what could be the potential
signatures of our Wino model in this channel. The results for our four benchmark masses
are plotted on Fig. 5.13. First of all note, that the overall values of the flux are very low,
and that indeed the dark matter component can be dominant in some cases. This happens
especially in low mass and resonance regions, i.e. whenever the annihilation cross-section
is large enough. Secondly, the expected antidetueron flux can be of reach of not only the
future planned experiment GAPS [316], but possibly also AMS-02 [317], which is already
collecting data at the International Space Station. The bound set by BESS [318] and the

17For more on searches of DM signals from the GC with km3 telescopes and the expected distribution
of the νµ, ν̄µ events on the sky see [313].

18Typically there is a 20-30 % uncertainty in the normalization of the atmospheric background [312].
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Experiment Energy/nucleon [GeV/n] Upper bound/sensitivity [m�2s�1sr�1GeV�1]
BESS 0.17 ¤ Ek{n ¤ 1.15 0.95� 10�4

AMS-02
0.2 ¤ Ek{n ¤ 0.8 2.25� 10�7

2.2 ¤ Ek{n ¤ 4.2 2.25� 10�7

GAPS (LDB) 0.1 ¤ Ek{n ¤ 0.2 1.5� 10�7

GAPS (ULDB) 0.05 ¤ Ek{n ¤ 0.25 3.0� 10�8

GAPS (SAT) 0.1 ¤ Ek{n ¤ 0.4 � 2.6� 10�9

Table 5.5: Limits on antideuteron flux. The BESS limit is an only actual upper bound. The
AMS-02 predicted sensitivity is given following [319] and refers to 3 years of data taking. For
GAPS the three proposals are the Long Duration Balloon (LDB), the Ultra-Long Duration
Balloon (ULDB), and a Satellite (SAT) mission. Limits taken from [275].

predicted sensitivities of AMS-02 and GAPS, plotted as a shaded regions, are summarized
in Tab. 5.5. Unfortunately, the most clear signatures are expected in a models with cross-
sections too large to be allowed by previous, more robust channels. For the still viable
case mχ � 2.5 TeV the signal to background ratio at low energies is only about 2, which
is way too small to be giving a clear signature, given the large uncertainties.

Indeed, in this case uncertainties are very large. Note, that on the plot the scale has
ticks every two orders of magnitude, so that the propagation uncertainty introduces more
than order of magnitude effect, especially in the experimentally interesting low energy
window. Additionally, as we mentioned in the beginning it is hard to quantify our lack
of full understanding of the production mechanisms. In fact, we also do not know very
well the background, which comes from impinging of the cosmic ray protons and He on
the interstellar gas. The reason is that not only there are no measurements of the CR
antideuterons, but also the cross-sections of their secondary (and tertiary) production
mechanisms are based on fitting to small sample of data and rely on some (reasonable)
theoretical assumptions.19 Nevertheless, at low energies the background is expected to
be suppressed much more than in the case of antiprotons, what gives hope for exploiting
this channel for dark matter detection.

In conclusion, the antidueteron channel may be very promising in the future, when
some progress will be made on both experiential and theoretical sides. Then, it is con-
ceivable that the Wino dark matter can be strongly constrained or maybe detected, by
finding some d̄s in the cosmic rays.

5.3.7 Summary

In this subsection we summarize all the constraints obtained for the Wino DM model from
multi-channel searches. First of all note, that without electroweak corrections and even
more importantly the Sommerfeld effect, the obtained results would be very different.
The total cross-section would be significantly lower and no resonance would occur, but
rather the cross-section would decrease monotonically with the Wino mass. Therefore,
only low mass region could give potentially testable signals. In fact, in the range of mχ

19For more details on the uncertainties and cross-sections see [270].
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Figure 5.13: Antideutron fluxes for mχ � 0.5, 2.4, 2.5, 3.2 TeV. The blue shaded region shows
the expected background after solar modulation with the modulation potentail assumed to be the
same as for the antiprotons. Violet dashed line gives the DM component for zd � 4 kpc model,
while the solid line gives the total flux. The shaded violet region spans different propagation
models, for the minimal and maximal denoted with dotted lines. For comparison, the dashed
green line shows the DM contribution without the Sommerfeld effect. The shaded regions in
the upper left give the exclusion by BESS experiment and projected sensitivity of GAPS and
AMS-02.
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of at most a few hundreds GeV the higher order effects are rather mild. What is more
important, is the cross correlation between different channels. Indeed, by examining
the antiproton constraints only, one cannot claim very strong exclusion limits: the DM
contribution can be significantly suppressed if the diffusion zone is thin enough. Also other
channels studied separately, total leptons, positron fraction or γ-rays from various targets
do not put strong constraints. However, when one takes into account the correlation
of diffuse galactic gamma-rays and antiprotons, then limits become more severe. This
is a consequence of the fact that both indirect channels probe a significant part of the
Galaxy and that the upper bound on the DM originated antiproton component favors thin
diffusion zones, while the diffuse γ-rays favor thick ones. In the end, our analysis gives
the combined lower bound on the mass of Wino dark matter annihilating into W�W�

being mχ À 450 GeV.
When the cross-section is corrected by the higher order effects, the phenomenology

at the TeV scale changes. The Sommerfeld effect can enlarge the annihilation cross-
section by nearly four orders of magnitude in the narrow resonance with a peak at about
mχ � 2.35 TeV. As a consequence, the cross-section in the proximity of the resonance
is large enough to give a clear signatures much above the background, for the neutrino
searches in KM3NeT and in the antideuteron channel in AMS-02 and GAPS experiments.
This region is however strongly excluded by several other indirect channels: antiprotons,
positron fraction, galactic gamma-rays and the ones from dSphs. The most stringent
bounds come again from combined antiproton and diffuse gamma-ray channels, excluding
the proximity of the resonance 2.2 TeV À mχ À 2.5 TeV.

The value giving the correct thermal relic density evades all the indirect detection
searches. The prospects for future observations using neutrino telescopes and satellite
antideuteron searches are also unfavorable in this case, because the predicted signals lay
far below the relevant astrophysical backgrounds.
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Conclusions

The nature of the dark matter is one of the most fascinating and challenging open issues
in the modern particle and astroparticle physics. Its existence is considered to be well-
established, with many evidences coming from observations on various scales ranging from
galaxy and cluster up to cosmological ones. Up to the writing of this work most of its
properties remain however unknown, as a consequence of the fact that all we could learn
about it comes via gravitational effects.

From a particle physics perspective, a complete and fundamental theory should in-
corporate a dark matter candidate. Indeed, many promising extensions of the Standard
Model do predict existence of stable, massive particles, which seem to have properties
needed to accommodate for all the observations. The problem is therefore not only in
finding a model that potentially can give a viable dark matter candidate, but also to be
able to check robustly that it is really the case. In order to do that, one is forced to go
beyond tree level computations, from the particle physics side, and carefully take into
account various astrophysical effects and uncertainties, from the astroparticle side.

In this thesis, we examined how including electroweak corrections and non-perturbative
Sommerfeld effect changes the phenomenology of large class of dark matter candidates,
i.e. electroweak interacting WIMPs. In particular, we concentrated on the neutralino DM
in the MSSM, being one of the best motivated candidates from the particle physics per-
spective. In order to study the importance of the electroweak corrections, we computed
full Opg6q corrections to the present-day annihilation processes for a particular model of
a Wino-like neutralino. We chose this model for its interesting properties on one hand,
and relative simplicity on the other. The former leads to an important phenomenological
implications of EW corrections and the latter allowed to get better insight on the physics
behind them. Indeed, we observed rather large electroweak one-loop effects, especially
whenever the mass is at the TeV scale, diminishing the total annihilation cross-section by
as much as 30%. The detailed computation shows, that using running coupling constant
at the scale mχ without threshold corrections can be a very inaccurate approximation and
in fact, we found that at least in case at hand the IR-type logarithms are more important
than UV-type ones.

Moreover, we explicitly observed a contribution to the one-loop corrections growing as
mχ{mW , starting to give non-perturbative correction already at the TeV scale. It arises
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due to non-relativistic part of the diagram with gauge boson exchange between incoming
Winos and can be re-summed, by solving a set of appropriate Schrödinger equations. This
re-summation leads to the Sommerfeld effect, which can strongly alter the cross-section,
even by few orders of magnitude. This contribution and the existence of the Sommerfeld
enhancement was already known in the literature. However, the existing formalism was
not efficient for calculating its effect taking into account all contributing (off-)diagonal
interactions. In order to change that, we have developed a general formalism for a multi-
state system of fermions, in all possible spin configurations and with generic long-range
interactions. This allowed us not only to compute the correct annihilation cross-section of
the Wino, but also to study the general impact of the Sommerfeld effect on the neutralino
dark matter phenomenology in a such complex scenario as generic MSSM setup.

In order to cover also other phenomenologically interesting regions, where it is the
sfermion co-annihilations what drives the neutralino relic density to the observed value,
we extended this formalism to the cases containing scalar particles. We derived and
presented formulas for a general scenario with a set of particles with arbitrary masses
and (off-)diagonal interactions, appropriate in this case. Using this general framework we
extensively studied the impact of the electroweak Sommerfeld effect on the relic density
of the neutralino for all well motivated cases of the MSSM. Firstly, we have shown how to
include such effects in an accurate calculation of the thermal relic density for WIMP dark
matter candidates and then applied the method to perform numerical computations.

We found non-negligible corrections in the whole sfermion co-annihilation regimes and
a very strong effect for the heavy Wino-like neutralino. In particular, the Wino mass
giving the correct thermal relic density was found to be shifted from about 2.3 TeV to
roughly 3.2 TeV. Additionally, we explored a thin resonance region and especially its
change with respect to the amount of the Higgsino fraction. In deriving these results
the precise value of the coupling constant used has an important impact. Thanks to our
previous computations of one-loop corrections, we were in position to argue that the value
we should use in computing the Sommerfeld effect should be the one at the weak scale.
This has an observable impact on the magnitude of the whole effect and the position of
the resonance.

In order to perform all the numerical computations, we developed a numerical pack-
age for the DarkSUSY code, which we provide as a publicly available tool. It is able to
calculate the Sommerfeld enhancement factors for all possible spectra in the MSSM and
includes them into the accurate determination of the thermal relic density. In most of the
parameter choices the observed corrections are at a % level, or even smaller. However, in
broad class of scenarios, especially for relatively heavy neutralino, the Sommerfeld effect
introduces a change of a factor of few. We conclude that to obtain accurate results for
the relic density, the Sommerfeld effect needs to be included.

Next, we again turn to a specific scenario, where the dark matter is made of Wino-like
particles. We study the indirect detection signals including both our full computation of
one-loop level radiative electroweak corrections and the Sommerfeld effect. We discuss
how to incorporate them simultaneously and present the results for the full present-day
annihilation cross-section.

Having well under control the particle physics properties of the model, we concentrate
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on what exclusion limits and detection prospects we can obtain for this model taking into
account various astrophysical uncertainties. We have found that the most effective in
constraining the Wino DM model are the combined data from antiprotons and diffuse γ-
rays, allowing to exclude the whole resonance region and put lower limit on the allowedmχ.
In the positron channel we observed that the Wino DM model is not able to solve the CR
lepton puzzle. In the low mass scenarios because of the antiproton constraints, while in the
resonance case also due to problems in fitting both positron fraction and the total e��e�
data. We also studied indirect detection signals in neutrinos and antideuterons, which
were found to be overwhelmed by the backgrounds everywhere, except already excluded
resonance case. The Wino with a mass giving thermal relic abundance as observed by
WMAP, mχ � 3.2 TeV, was shown to evade all the indirect detection searches and still
remains a very hard to test, but viable possibility.
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