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DRAKE2
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MOTIVATION & OBJECTIVES

A (step in a) program of describing 
Dark Matter production 

in systems 
departing from local thermal equilibrium

Implementation of 
freeze-in production 
& two-component 
systems in

Study of a two concrete 
theories with detectable 

DM  & non-trivial 
departures from LTE
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FREEZE-IN VS. FREEZE-OUT

Freeze-in is in a sense the ’opposite’ of freeze-out

freeze-out

freeze-in



4time

Visible Sector Dark Sector

FREEZE-OUT

equilibrium

Thermal bath at
 T ≳ mDM

end of inflation

reheating

Thermal 
bath at
 T′￼≈ T

Thermal bath at
 T ≲ mDM

Decoupled, free 
streaming DM

I. Natural

II. Predictive

III. It is not optional

Fixes coupling(s)     signal in DD, ID & LHC

No dependence on initial conditions

To avoid it one needs quite significant 
deviations from standard cosmology

Overabundance constraint

Comes out automatically from the 
expansion of the Universe

)

Naturally leads to cold DM
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production

FREEZE-IN

Dark Sector:
 , …DM

Freeze-in defined like this
is a (very) old idea:

time

~empty

Visible Sector Dark Sector

T ⋙ mX

T ∼ mX

UV freeze-in

IR freeze-in

this is a standard production 
mechanism for e.g. sterile 

neutrino, gravitino, axino,…

however, old works 
focused on what now 

people call UV freeze-in

i.e. dominated by non-renormalizable 
operators and dependent on TRH

Freeze-in = the above mechanism 
through renormalizable operators

(IR freeze-in)

X

Dark Sector:
 , …DM

Thermal bath at
 T ≲ mDM

Fr
ee

 e
xp

an
si

on

Thermal bath at
 T ≳ mDM

end of inflation

reheating



*assumptions for using Boltzmann eq: 
classical limit, molecular chaos,...

…for derivation from thermal QFT 
see e.g., 1409.3049

dn�

dt
+ 3Hn� = �h���̄!ij�relieq

�
n�n�̄ � n

eq
� n

eq
�̄

�

Critical assumption: 
kinetic equilibrium at chemical decoupling

E (@t �H~p ·r~p) f� = C[f�])

Boltzmann equation for        :

integrate over p 
(i.e. take 0th moment)

f�(p)

)

fχ ∼ a(T ) f eq
χ

for a process of DM DM  SM SM↔

THERMAL RELIC DENSITY  
STANDARD APPROACH



1 DM particle

elastic scattering

DM

SM’

DM

SM

self scattering

DM DM

DM DM

2 DM particles

# changing processes  number density⇒

# conserving processes  energy density⇒

3 DM particles 4+ DM particles

…

DM

DM

SM

SM’

annihilation

DM

DM

DM

SM

semi-annihilation

DM

DM

DM

DM

DM

DM

DM

DM

DM

SM

cannibalization

…

For now assume a minimal theory of SM + one DM field

stability

DM
SM

SM’

DM

SMSM’

SM’’

WHAT GOES INTO C IN GENERAL?
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often assumed to be ” ”∞

often the only one 
being considered



DM

DM

SM

SM

annihilation (elastic) scattering

DM

SM

DM

SM

where t = q̃2 = (k − k′)2, and after summing over all the spins we get

∑

spins

∣

∣Mscatt
∣

∣

2
=

e4

t2
× tr

(

(̸k′ +me)γ
ν (̸k +me)γ

λ
)

× tr
(

(̸p′ +Mµ)γν (̸p +Mµ)γλ
)

. (6)

The right hand sides of eqs. (4) and (6) are exactly the same analytic functions of the

momenta, provided we identify the momenta in the two processes according to the table (2),

k ↔ +p1 , k′ ↔ −p2 , p ↔ −p′2 , p′ ↔ +p′1 . (7)

Indeed, under this mapping,

tscatt = (k − k′)2 ↔ spair = (p1 + p2)
2,

tr
(

(̸k′ +me)γ
ν (̸k +me)γ

λ
)scatt

↔ − tr
(

(̸p2 −me)γ
ν (̸p1 +me)γ

λ
)pair

,

tr
(

(̸p′ +Mµ)γν (̸p+Mµ)γλ
)scatt

↔ − tr
(

(̸p′1 +Mµ)γν (̸p
′

2 −Mµ)γλ
)pair

,

(8)

and hence
∑

spins

∣

∣Mscatt
∣

∣

2
↔

∑

spins

∣

∣Mpair
∣

∣

2
. (9)

To be precise, the correspondence in eq. (9) involves analytic continuation rather than

outright equality because positive particle energies in scattering map onto negative energies

in pair production and vice verse. Thus,

∑

spins

∣

∣Mpair
∣

∣

2
= F (p1, p2, p

′

1, p
′

2) and
∑

spins

∣

∣Mscatt
∣

∣

2
= F (k,−k′, p′,−p) (10)

for the same analytic function F of the momenta, but for the pair production this function

is evaluated for p02 > 0 and p′02 > 0, while for the scattering we use it for p02 = −k′0 < 0 and

p′02 = −p0 < 0.

Relations such as (9) between processes described by similar Feynman diagrams (but

with different identifications of the external legs as incoming or outgoing) are called crossing

symmetries. And such crossing symmetries apply to amplitudes themselves and not just
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crossing sym.

~

dark matter frozen-out but typically 
still kinetically coupled to the plasma

Torsten Bringmann, University of Hamburg ‒Thermal decoupling of WIMPs

Freeze-out = decoupling !
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WIMP interactions with heat bath of SM particles:
� SM

SM SM SM�

� �

(annihilation) (scattering)

n�Boltzmann suppression of 
scattering processes much more frequent
continue even after chemical decoupling (“freeze-out”) at Tcd � m�/25

Kinetic decoupling much later:
Random walk in 
momentum space
� Ncoll � m�/T

Schmid, Schwarz, & Widerin,  PRD ’99; Green, Hofmann & Schwarz, JCAP ’05, ...

�r(Tkd) � Ncoll/�el ⇥ H�1(Tkd)

Boltzmann suppression of DM vs. SM scatterings typically more frequent)

Schmid, Schwarz, Widern ’99; Green, Hofmann, Schwarz ’05

f� ⇠ a(µ)f eq
�

Two consequences:

1. During freeze-out (chemical decoupling) typically:
2. If kinetic decoupling much, much later: possible impact on the matter power spectrum

i.e. kinetic decoupling can have observable consequences and affect e.g. missing satellites problem
see e.g., Bringmann, Ihle, Karsten, Walia ’16

FREEZE-OUT VS. DECOUPLING



A necessary and sufficient condition: scatterings weaker than annihilation

DM

DM

SM

SM

DM

SM

DM

SM
>>A)

B)    Boltzmann suppression of SM as strong as for DM

Vector bosons:

vrel�VV =
�
2
ss

8⇡
�V vV |Dh(s)|2(1� 4x+ 12x

2
) , (13)

where x ⌘ M
2
V /s, vV =

p
1� 4x and �W = 1, �Z =

1
2 and |Dh(s)|2 is defined in eq. (9).

Fermion final states:

vrel�f f̄ =
�
2
sm

2
f

4⇡
Xfv

3
f |Dh(s)|2 , (14)

where vf =
p

1� 4m
2
f /s and Xf = 1 for leptons, while for quarks it incorporates a colour factor of 3 and an

important one-loop QCD correction [?]:

Xq = 3

"
1 +

 
3

2
log

m
2
q

s
+

9

4

!
4↵s

3⇡

#
, (15)

where ↵s is the strong coupling for which we take the value ↵s = 0.1172.

0.1 Scattering cross-section

Below we give the formula for the scattering amplitude needed for the KD computation (this is our computation,

not based on [?]). In Eq.(3) we use:

Mel(t) =

X

f={q0s,e,µ,⌧}

m
2
f�

2
s

2

4m
2
f � t

(t�m
2
h)

2
(16)

A) We assume all quarks afre free and present in the plasma down to temperatures of T = 154 MeV (largest

scattering scenario)

B) We assume only light quarks (u, d, s) are present in the plasma and moreover even these dissapear around

4Tc ⇠ 600 MeV (smallest scattering scenario)

�ann �el �self H & . ⇠ (17)

�el & H & �ann (18)

H & �ann & �el (19)

H & �el & �ann (20)

�el � H ⇠ �ann (21)

H ⇠ �ann & �el (22)

2

i.e. rates around freeze-out:

C)    Scatterings and annihilation have different structure

e.g., below threshold annihilation (forbidden-like DM)

Possibilities:

e.g., semi-annihilation, 3 to 2 models,…

e.g., resonant annihilation

D)    Multi-component dark sectors
e.g., additional sources of DM from late decays, …

DEPARTURE FROM KINETIC EQUILIBRIUM?



E (@t �H~p ·r~p) f� = C[f�]
contains both scatterings and 

annihilations

both about chemical (”normalization”) and 
kinetic (”shape”) equilibrium/decoupling

All information is in the full BE:

Two possible approaches:

solve numerically 
for full  f�(p)

have insight on the distribution
no constraining assumptions

numerically challenging
often an overkill

consider system of equations 
for moments of f�(p)

partially analytic/much easier numerically
manifestly captures all of the relevant physics

finite range of validity
no insight on the distribution

0-th moment:
2-nd moment:

dn�

dt
+ 3Hn� = C

Vector bosons:
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�
2
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where ↵s is the strong coupling for which we take the value ↵s = 0.1172.

0.1 Scattering cross-section

Below we give the formula for the scattering amplitude needed for the KD computation (this is our computation,

not based on [?]). In Eq.(3) we use:
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X
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A) We assume all quarks afre free and present in the plasma down to temperatures of T = 154 MeV (largest

scattering scenario)

B) We assume only light quarks (u, d, s) are present in the plasma and moreover even these dissapear around

4Tc ⇠ 600 MeV (smallest scattering scenario)

y ⌘ m�T�

s2/3
(17)

�ann �el �self H & . ⇠ (18)

�el & H & �ann (19)

H & �ann & �el (20)

H & �el & �ann (21)

�el � H ⇠ �ann (22)

H ⇠ �ann & �el (23)

T� ⌘ g�

3m�n�

Z
d
3
p

(2⇡)3
p
2
f�(p) (24)

2

…fB
E cBE

HOW TO GO BEYOND KINETIC EQUILIBRIUM?



https://drake.hepforge.org

Prediction for the DM 
phase space distribution

Late kinetic decoupling 
and impact on cosmology

see e.g., 1202.5456

Interplay between chemical and 
kinetic decoupling

Applications:

DM relic density for 
any (user defined) model

*

*

at the moment for a single DM species and w/o 
co-annihlations… but stay tuned for extensions! 11

…

(only) prerequisite:  
 Wolfram Language (or Mathematica)

PUBLIC TOOL! 
GOING BEYOND THE STANDARD APPROACH

Binder, Bringmann, Gustafsson, AH 2103.01944

https://drake.hepforge.org


Two-component dark sectors 
(also with potentially unstable states)

New features:

* 12

13

DRAKE2
coming this winter*…

 hopefully… but already essentially available for sharing, just talk or DM me

Freeze-out & Freeze-in

Automatic model generation
[linking to FeynRules etc.]

Increased efficiency 
[e.g. more extended use of 

compiled functions, parallelisation, 
matrix formulation]

Updated user interface

Improvements:



AUTOMATIC MODEL GENERATION
When you have a .mod file, e.g. from FeynRules, then you need only…

.mod file output

User translated to 
DRAKE2 input format

}
}



EXAMPLE:
RUN EXAMPLE NOTEBOOK

(Toy model of 2 real scalars coupled to the Higgs)

s1

s1 s2

s2h s1

s1h

h

h

s2

s2



EXAMPLE:
RUN EXAMPLE NOTEBOOK



UNDER THE HOOD
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DRAKE2
In its essence:                 DRAKE         ⇔

Compiled into C (as much as possible)

Vectorisation

Parallelisation of rate computations

After discretization over q, the integrations over p2 in the above equation can be rewritten
as a sum over discretized momenta:

∫
dp2 →

∑

k

(
ωp

ωq

)ωi

k

!q

2
Wk =

∑

k

!q

2
dPdQωi

k Wk,

where !q is the width of the uniform grid in q, and W = {1, 2, 2, . . . , 2, 2, 1} is an array of
length N with the weights for trapezoidal integration. The remaining integration, which in
general must be carried out numerically, is contained in the angular averaged quantity ↑εvmøl↓ε.
The distribution functions can also be seen to be vectors in this discretized momentum space:

f
ωi(Eωi) ↔ f

ωi( ϑEωi) → ϑf
ωi ,

f
eq(Eωi) ↔ f

eq( ϑEωi) → ϑf
eq,i

.

(12)

The annihilation collision term can then be written as a matrix equation:

ϑC
ann.,ωi = ϑf

eq,ωi(AMi ·
ϑf
eq,ωi)↗ϑf

ωi(AMi ·
ϑf
ωi), (13)

where we define a matrix in the discretized space:

(AMi)i,k →
gωi

(2ϖ2)xH̃
dPdQωi

k dqWk (p
ωi

k )2↑εvmøl↓ε(p
ωi

i , p
ωi

k ), (14)

making explicit the dependence of ↑εvmøl↓ε on the relevant momenta and i, k ↘ {1, 2, 3, . . . , N}

spans over the momentum grid. We define here notation that matrix multiplications are
signified by “·” while the remaining products are to be understood as element-wise products,
so ϑfωi(AMi ·

ϑfωi) → f
ωi

i (AMi · f
ωi)i, i ↘ {1, . . . , N} is a vector and there’s no sum over i.

Given that we solve for the Boltzmann equations coupled in ϱ1 and ϱ2, we find the full
collision term for annihilations written in the basis of collated discretized distribution functions
ϑf → {ϑf

ω1
,ϑf

ω2
} and f

eq
→ {ϑf

eq,ω1 , ϑf
eq,ω2} as

ϑC
ann. = ϑf

eq(AM · ϑf
eq)↗ϑf (AM ·ϑf), (15)

where,

AM →

(
1 0
0 0

)
≃AM1 +

(
0 0
0 1

)
≃AM2. (16)

Note that this matrix is independent of the unknown fωi and contains the only remaining (an-
gular) integration which is carried out numerically, making it the slowest part of the calculation
of the annihilation collision term. Hence, we can pretabulate AM in x, for each x-interval of
the evolution, and use interpolated values for a given x to get a significant speed-up.

4.2 Discretized collision term for elastic scatterings

In contrast to the annihilation collision terms, the collision terms for elastic scatterings and
conversions contain distribution functions of the DS particles (that we solve for) in the final
states, so that a reduction of the multidimensional integration similar to that in eq. (11) is not
possible [7, 40]. A possible strategy to proceed with the computation of the collision terms

8

written more explicitly as,

Â =

{(
0 (Âω1)1

0 0

)
,

(
0 (Âω1)2

0 0

)
, . . . ,

(
0 0

(Âω2)1 0

)
,

(
0 0

(Âω2)2 0

)
, . . .

}
,

(39)
using Âωi as defined in eq. (35). The full conversion collision matrix Â is of size (2N)3, making
it much larger than its counterparts in annihilations and elastic scatterings, and more CPU
intensive. It gets this form because we need to convert all the integrations in the collision
terms to sums owing to the presence of the unknown distribution functions in the integrands.
But this also means that there are no remnant numerical integrations to be evaluated. It is
therefore not e!cient to pre-tabulate the matrices over x, as we have done for annihilations
and elastic scatterings, and we evaluate it at each step of the solver in x.

We might add here that there also exist self-scattering processes for ω1 and ω2 mediated
by s, which we have not included in eq. (40) since the self-scattering rates turn out to have a
smaller impact than the remaining processes for most of the parameter space we study, though
they may add some sub-leading corrections [38]. Although in principle the self-scattering
collision terms can be included with a structure analogous to the conversion collision terms,
each such process requires the computation of large 3-dimensional matrices (of the kind in
eq.(39) of size (2N)3) making the solution more CPU intensive. We leave this to future work.

4.4 Discretized full Boltzmann equation

Finally substituting from eqs. (15), (27) and (37) into the discretized Boltzmann equation
eq. (7), we get the full Boltzmann equation discretized over q in the form:

dεf

dx
= FM ·εf + EM ·εf + εf

eq(AM · εf
eq)→εf (AM ·εf)

+ ϑ

[ ((
Â f̂

)
·

(
εV εf

))
· εV →

((
Âεf

)
· εV

)
·

(
εV εf

) ]
,

(40)

where FM is the discretized form of the first term in eq. (7) from the change of variables
(p, t) ↑ (q, x). The derivatives in momentum space are implemented by finite di”erentiation
method with fourth order of accuracy as described in section 4.2. Adopted numerical approach
relies on as much matrix formulation as allowed by the non-linear structure of the equation. For
finding a solution we use implicit Adams-Moulton method of order two for time discretization
with an intermediate time step for error control. The number of momentum grid points N

varies between 40 and 100 and was adjusted automatically at every integration step in x.

5 Results

We carry out a phase space level study of a multicomponent DS by way of example by splaying
out this parameter space of the two-component coy DM with 6 free parameters. The extension
of the Coy DM model by an additional particle is an enlargement of the parameter space, so
that the initial raison d’être of the model, to explain the GCE while being commensurate with
other DM observables, is still addressed. However, the primary goal of our work is to study
conversions at the phase space level, so we divide the full 6-parameter space into segments
of interest where the observed relic abundance is reproduced by the sum of the abundances
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and the discretized conversion collision term for ω1 evolution has the form:

(Cω1ω1→ω2ω2)i =
N∑

k,j=1

C
conv.,ω1
ikj , (32)

with,

C
ω1 conv.
ikj →

ε

E
ω1
i |ϑpω1 |i

(
!q

2

)2(
|ϑpω1 |k

E
ω1
k

dPdQω1
k Wk

)(
”̂ikj#̂ikj f̂

ω2

ikj)
)(

|ϑpω2 |j

E
ω2
j

dPdQω2
j Wjf

ω2
j

)

↑
ε

E
ω1
i |ϑpω1 |i

(
!q

2

)2(
|ϑpω1 |k

E
ω1
k

dPdQω1
k Wkf

ω1
k

)(
”̂ikj#̂ikjf

ω1
i

)(
|ϑpω2 |j

E
ω2
j

dPdQω2
j Wj

)
,

(33)

with,

#̂ω1
ikj → #(Eω1

i , E
ω1
k , E

ω2
j ),

”̂ω1
ikj → ”(Eω1

k ↑Max(Mω1 , E
ω2
j ↑ E

ω1
i +Mω2)),

f̂
ω2

ikj → fω2(E
ω1
i + E

ω1
k ↑ E

ω2
j ),

(34)

where we linearly interpolate over f when the combination E
ω1
i + E

ω1
k ↑ E

ω2
j has values o$

of the grid of discretized E. Note that C
conv.,ω1
ikj is an N ↓ N ↓ N matrix capturing the

conversions in the evolution equation of ω1. We can define vectors ϑVω1 with components

(ϑVωi)i = (|ϑpωi |/E
ωi)idPdQωi

i Wi and define three-dimensional matrices

(Âω1)ikj → ”̂ω1
ikj#̂

ω1
ikj/ (Eω1 |ϑpω1 |)i , (35)

to rewrite eq. (33) as a matrix equation:

C
conv.,ω1
i = ε

[ ((
Âω1 f̂

ω2
)
·

(
ϑVω1

ϑf
ω2
))

· ϑVω1 ↑

((
Âω1

ϑf
ω1
)
· ϑVω2

)
·

(
ϑVω1

ϑf
ω1
) ]

i
. (36)

We can find an analogous expression for the collision term for conversions for ω2 evolution,
with a corresponding N ↓ N ↓ N matrix for C

conv.,ω2
ikj . The conversions for the two particles

can be collected in the basis of the collated discretized distribution functions ϑf → {ϑf
ω1
,ϑf

ω2
}.

This single collision term for conversions written succinctly for ω1 and ω2 together is given as:

(Cω1ω1↑ω2ω2)i = ε

[ ((
Â f̂

)
·

(
ϑV ϑf

))
· ϑV ↑

((
Âϑf

)
· ϑV

)
·

(
ϑV ϑf

) ]

i
, (37)

where ϑV → {ϑVω1 ,
ϑVω2} and f̂ikj =

{
fω2(E

ω1
i + E

ω1
k ↑ E

ω2
j ), for 1 ↔ i ↔ N,

fω1(E
ω2
i + E

ω2
k ↑ E

ω1
j ), forN + 1 ↔ i ↔ 2N.

and the collated three-dimensional matrix has the following structure incorporating the correct
dot-products for the conversion collision terms:

Âi →






(
0 1

0 0

)
↗ (Âω1)i, for, 1 ↔ i ↔ N,

(
0 0

1 0

)
↗ (Âω1)i↓N , for, N + 1 ↔ i ↔ 2N,

(38)

12

e.g. Annihilation matrix:

e.g. Conversion matrix:

Mathematica (or WL script) w/ full benefits

BE solvers      UI+

User friendly workflow

Pre-tabulation of rates

Functions for all physical quantities

Easily adjustable settings

Modularity & easy modding



EXAMPLE A:
EFFECT OF CONVERSION PROCESSES
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1 DM particle

elastic scattering

DM

SM’

DM

SM

self scattering

DM DM

DM DM

2 DM particles

# changing processes  number density⇒

# conserving processes  energy density⇒

3 DM particles 4+ DM particles

…

DM

DM

SM

SM’

annihilation

DM

DM

DM

SM

semi-annihilation

DM

DM

DM

DM

DM

DM

DM

DM

DM

SM

cannibalization

…

For now assume a minimal theory of SM + one DM field

stability

DM
SM

SM’

DM

SMSM’

SM’’

WHAT GOES INTO C IN GENERAL?



A,B

A,B

SM

SM

(co-)annihilation

A

A

B

B

A,B
SM

SM

conversion elastic scattering

inelastic scattering self scattering

decay

A,B

SM

A,B

SM

A,B

SM’

B,A

SM

A,B A,B

A,B A,B

A,B
B,A

SM

A

B

SM

SM

A

A

A

B, SM

A,B

A,B

A,B

A,B

A,B
A,B

A,B

SM

SM

A,B

19

WHAT IF A NON-MINIMAL SCENARIO?

3-2 cannibal

semi-annihilation/semi-conversion

A,B — two different dark sector states (at least one needs to be stable)

+ processes involving even more particles, e.g. …2 ↔ 4

Note: some of these processes affect not only # density, but also 
strongly modify the energy distribution of DM particles!



RESULTS: THE MODEL
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Let’s take one of the simplest two-component DM models:

Main motivation (for models in the literature with pseudo-scalar mediator):

Evasion of the direct detection bounds… while giving strong signal in 
indirect detection, in particular for explaining the Galactic Centre excess

(see e.g. „Coy DM”)
C. Boehm et al. 1401.6485, …

DS

SM

χ1, χ2

2 Dirac fermions
a

pseudo-scalar mediator

ℒint = f̄γ5 f
coupled directly to SM 
fermions in a MFV way

χ̄iγ5χi− ∑
i=1,2

iλi a −iλy
mf

v
a

New fields: χ1, χ2 , a New params: m1, m2, ma
λ1, λ2, λy

Parametrically:

σ11→SM ∼ σ1SM→1SM ∼ λ2
1 λ2

y

σ22→SM ∼ σ2SM→2SM ∼ λ2
2 λ2

y

σ11→22 ∼ λ2
1 λ2

2⇒

Varying: 

λ1 → c λ1
λ2 → c λ2
λy → λy /c

Keeps everything fixed, 
except conversions 

https://arxiv.org/abs/1401.6485
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Figure 1: Time snapshots of the evolution of the normalised momentum distributions for ω1

(left) and ω2 (right) in p/T , for the benchmark point showcasing the interplay of conversions
and resonant annihilations with early kinetic decoupling. The solid lines show the particle
distribution functions fωi while the dotted lines show the corresponding equilibrium distribu-
tions.

ω1 and ω2. The distributions are normalised to 1 at each x, with the progressively dark colours
corresponding to increasingly large values of x. The solid coloured lines give the normalised
distributions for the indicated x values, as found from the solution of the phase space level
Boltzmann equation, eq. (40).

The dashed lines in the figures show for comparison the (normalised) equilibrium distribu-
tions at corresponding values of x. The substantial di!erence between nBE and fBE solutions
is a marker of early kinetic decoupling taking place for both DS particles. Moreover the ω2

phase space distribution goes through a noticeably non-trivial evolution, from an interplay of
conversions and annihilation.

We may understand the observed evolution by noting that this is a point where the anni-
hilations and conversions are enhanced by a resonance (which is quite broad, ”s → 0.15Ms) for
initial momenta of about 12 GeV. Throughout most of the relevant time period this preferred
momentum happens to lie in between the main bump from the peak of the thermal equilib-
rium shape inherited from the initial local thermal equilibrium (LTE), and the second bump
arising from the conversions of ω1 to ω2, thus enabling the second bump from conversions to
additionally fuel annihilations in the x → 50↑ 100 range. The observed departure from kinetic
equilibrium will also have, as we will see later, a significant impact on the abundance of both
the particles, and the predicted signal strengths in indirect detection. It should be emphasized
that such e!ects can only be captured by the solution of the Boltzmann equation for the phase
space distributions, the explicit forms and details for which we give in the following section.

4 Boltzmann equations for phase space distributions in two-

component dark sector

We assume that the pseudoscalar mediator s remains in kinetic equilibrium with the SM
plasma, since it has a non-suppressed and thus e#cient elastic scattering rate. This leaves us

5
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the particles, and the predicted signal strengths in indirect detection. It should be emphasized
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MOTIVATIONAL PLOT



RESULTS: CONVERSION IMPACT
Varying: λ1 → c λ1 λ2 → c λ2 Only conversions change! λy → λy /c

weak conversions strong conversions

22

total relic abundance

only number density (nBE) — as in micrOMEGAs

phase space calculation (fBE)

Weak conversions lead 
to larger discrepancy 
between nBE and fBE 
calculations!

10
-3

10
-2

10
-1

10
0

10
1

10
2

0.25

0.63

1.6

4.0

10.
fBE

nBE

0.1 0.5 1 5 10

0.0

0.2

0.4

0.6

0.8

1.0

cf. Kamada et al. 2111.06808

This region for GCE disappears!
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weak conversions

strong conversions

RESULTS: CONVERSION IMPACT

weakening conversions

weaker conversions  less depletion of   around  freeze-out more  in the plasma 
 larger distortion of thermal shape

⇒ χ1 ⇒ χ2 χ1
⇒

- decays of heavier to lighter dark sector states

- inelastic scatterings

- semi-annihilations

- cannibal (3 ↔ 2)

Conversions are ubiquitous in multicomponent models… but not the only processes 
affecting the distributions:

A.H. & Laletin 2204.07078 (see also Beauchesne & Chiang 2401.03657)

A.H. & Laletin 2104.05684

Cervantes & A.H. 2407.12104

bits useful for next                                   release



EXAMPLE B:
(SEQUENTIAL) FREEZE-IN

24
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Visible Sector Dark Sector

WHAT IS SEQUENTIAL FREEZE-IN?

Dark Matter:
 , …DM

SequentialFreeze-in

Thermal bath at
 T ≲ mDM

Fr
ee

 e
xp

an
si

on

time

Dark Matter:
 , …DM

(typically) 
decay away

Direct (usual)Freeze-in

Thermal bath at
 T ≳ mDM

Dark Sector
(typically 

mediator…)

~empty

end of inflation

reheating

Hambye et al. 1908.09864

Suppression by two weak 
processes  respective 

couplings need to be larger 
than in direct freeze-in

(as to even up to being within 
scope of direct detection!)

⇒

…but can also be a 
secluded dark sector

Belanger et al. 2005.06294
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A TALE OF TWO SCALARS

sin θ =
Av

m2
h − m2

ϕ (1 −
λhϕv2

2m2
ϕ )

Postulate two new scalars (singlets w.r.t SM gauge group):

DS SM

S ϕ
Higgs portal

+

V ⊃ − AϕH†H −
λhϕ

2
ϕ2H†H −

λSh

2
S2H†H −

1
4

λSϕS2ϕ2

mediator-Higgs DM-Higgs DM-mediator

mediator-Higgs mixing
Such models are not unheard of. Most similar in the literature:

…;  Wang, Han ’14;  Claude, Godfrey ’21; …

S stableℤ2-symmetric

ϕ ”mediator”

dark matter

unstable

feeble int. with SM

feeble int. with SM

>

ℤ2 explicitly broken
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A TALE OF TWO SCALARS

mediator freeze-in:

h S

S

ϕ

ϕ S

S

h ϕ

ϕh

DM freeze-in:

h

h

S

S

sequential freeze-in:

h ϕ

ϕ

(often kinematically closed)

Typical hierarchy:

Indirect detection through a cascade decay

SM

SM
ϕ

ϕS

S ϕ

SM

SM
ϕ

ID signal = requirement of sub-
threshold sequential freeze-in

 (iff   ):mS > mϕ

h

h

∼ λhϕ

∼ λSϕ

∼ λSh

λSϕ ⋙ λhϕ ≫ λSh
Freeze-in-likeFreeze-out-like
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Points giving good fit to GCE

Points within (optimistic) 
reach of CTA

within reach of 
MATHUSLA

All points satisfy relic density constraint 

Scan driven towards regions that are 
covered by any of the experiments
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A SECOND LOOK ON Ωh2

The relic density was the main constraint of the scan. It was obtained by 
solving the Boltzmann equation for number densities of  and  (nBE)

(as e.g. micrOMEGAs or DarkSUSY would)
ϕ S

…OK, so it looks like we need to trace  as well!Tϕ

But wait… isn’t relic abundance (freeze-in or freeze-out) dependent on the  of 
the thermal bath it is produced from?

T

⇒

Which temperature is relevant for sequential freeze-in:  or ?TSM Tϕ

Dark Matter:
 , …DM

Sequential

Freeze-in
Direct (usual)

Freeze-inThermal bath at
 T ≳ mDM

Dark Sector
(typically 

mediator…)
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THIS IS REMINISCENT OF…

What is different? 
(from the decay/annihilation freeze-in)

• The production rate is proportional to the 
DM density. (Smaller initial abundance → 
larger cross section…)

• Semi-production modifies the energy of DM 
particles in a non-trivial way, so the 
temperature evolution can affect the relic 
density

χϕ → χχ

Consider process of production that is the inverse of semi-annihilation:

DM mediator or a SM state

AH, Laletin 2104.05684
(see also Bringmann et al. 2103.16572)
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SYSTEM OF CBE FOR  AND Yi Ti

Vector bosons:

vrel�VV =
�
2
ss

8⇡
�V vV |Dh(s)|2(1� 4x+ 12x

2
) , (13)

where x ⌘ M
2
V /s, vV =

p
1� 4x and �W = 1, �Z =

1
2 and |Dh(s)|2 is defined in eq. (9).

Fermion final states:

vrel�f f̄ =
�
2
sm

2
f

4⇡
Xfv

3
f |Dh(s)|2 , (14)

where vf =
p

1� 4m
2
f /s and Xf = 1 for leptons, while for quarks it incorporates a colour factor of 3 and an

important one-loop QCD correction [?]:

Xq = 3

"
1 +

 
3

2
log

m
2
q

s
+

9

4

!
4↵s

3⇡

#
, (15)

where ↵s is the strong coupling for which we take the value ↵s = 0.1172.

0.1 Scattering cross-section

Below we give the formula for the scattering amplitude needed for the KD computation (this is our computation,

not based on [?]). In Eq.(3) we use:

Mel(t) =

X

f={q0s,e,µ,⌧}

m
2
f�

2
s

2

4m
2
f � t

(t�m
2
h)

2
(16)

A) We assume all quarks afre free and present in the plasma down to temperatures of T = 154 MeV (largest

scattering scenario)

B) We assume only light quarks (u, d, s) are present in the plasma and moreover even these dissapear around

4Tc ⇠ 600 MeV (smallest scattering scenario)

y ⌘ m�T�

s2/3
(17)

�ann �el �self H & . ⇠ (18)

�el & H & �ann (19)

H & �ann & �el (20)

H & �el & �ann (21)

�el � H ⇠ �ann (22)

H ⇠ �ann & �el (23)

T� ⌘ g�

3n�

Z
d
3
p

(2⇡)3

p
2

E
f�(p) (24)
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where ↵s is the strong coupling for which we take the value ↵s = 0.1172.

0.1 Scattering cross-section

Below we give the formula for the scattering amplitude needed for the KD computation (this is our computation,

not based on [?]). In Eq.(3) we use:
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X
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B) We assume only light quarks (u, d, s) are present in the plasma and moreover even these dissapear around
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y ⌘ m�T�

s2/3
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�ann �el �self H & . ⇠ (18)

�el & H & �ann (19)

H & �ann & �el (20)

H & �el & �ann (21)

�el � H ⇠ �ann (22)

H ⇠ �ann & �el (23)

2

This we obtain through equations for the 0th and 2nd moment of the BE: 

where is a parameter that describes

the ’temperature’

The collision term is also given by its moments:
contains all scatterings and 

production/annihilation processes

In our model we got 4 equations for: YS, TS, Yϕ, Tϕ

13

DRAKE2Implementation of such capability [together with fBE system, giving also evolution of the ] 
is a part of update in the new version of

f(p)
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BENCHMARKS

10-5
10-4
10-3
10-2
10-1
100
101
102

10-1 100 101 102 103

cBE
nBE
eq.(Ti)

10-2 10-1 100 101 102
10-4

10-3

10-2

10-1

100

101

102

S

ϕ
yield 
(abundance)

Ratio of S and  
temperatures 
to the SM 
plasma one

ϕ

}
}

Simple point to keep 
in mind as a baseline

Relatively small  
means both S and  
evolve separately

λSϕ
ϕ

In the end  decaysϕ

Very mild cBE effect

Free scaling after departure from LTE
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BENCHMARKS

10-5
10-4
10-3
10-2
10-1
100
101
102
103

100 101 102 103

cBE
nBE
eq.(Ti)

10-2 10-1 100
10-4

10-3

10-2

10-1

100

101

102

Hierarchy of  and  
means freeze-in is sequential, followed 
by (mild) annihilation due to large 

λhϕ ≫ λhS mS ≫ mϕ

λSϕ

This point lies within reach of 
MATHUSLA, SHiP and FASER2

Large change due to cBE: 
lower  + large threshold from  to  
suppresses sequential freeze-in!

Tϕ ϕ S
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BENCHMARKS

10-2
10-1
100
101
102
103
104
105
106
107
108
109
1010
1011

10-1 100 101 102 103

cBE
nBE
eq.(Ti)

10-1 100 101 102 103
10-5

10-4

10-3

10-2

10-1

100

101

102 10-1 100 101
10-8

10-7

10-6
fBE

nBE

Best fit point to the GCE found in the scan:

Mostly dark freeze-out from a thermal bath 
with TS ≈ Tϕ < TSM

change in  due sooner freeze-outΩh2

GCE analysis from 
Cholis et al. ’22
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BENCHMARKS

10-1
100
101
102
103
104
105
106
107
108
109
1010

101 102 103

cBE
nBE
eq.(Ti)

10-1 100 101
10-2

10-1

100

101

Finally, a point within reach of CTA

Notice impact of  decay after EPWT:h

(as  it lowers )mϕ ∼ mh /2 Tϕ

this cooling suppresses  while 
annihilation  can proceed

ϕϕ → SS
SS → ϕϕ
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BENCHMARKS: SUMMARY

The model’s parameter space spans over various production modes: 
- direct & sequential freeze-in 
- dark freeze-out 
- co-decaying 
- (and mixtures of these)

Effect of performing calculation at cBE level: from  to ∼ 𝒪(1%) > 100
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OTHER EXAMPLES…
Sequential freeze-in thus adds to the list of scenarios where departure from LTE 
needs to be considered:

Annihilation through a (narrow) resonance

Sub-threshold (e.g. forbidden DM)

Semi-annihilation and production

Cannibal DM (freeze-out or freeze-in)

Sommerfeld enhanced annihilation

Two-component dark sectors (e.g. conversion-driven or co-decaying)

Decant et al. ’22;  AH & Laletin 2204.07078

Kamada et al. ’18;  Cai, Spray ’18;  Hektor, AH & Kannike ’19;  AH & Laletin 2104.05684

Herba et al ’18;  Cervantes & AH 2407.12104;  Bernal, Cervantes, Deka, AH 2506.09155

Freeze-out/freeze-in intermediate regime

…

SuperWIMP,  WDM and Lyman-  limitsα

Beauchesne & Chiang 2401.03657;  Chatterjee & AH 2502.08725

Binder, Bringmann, Gustafsson, A.H 2103.01944;  Liu et al ’23;   Aboubrahim et al. ’23

Duch, Grządkowski ’17;   Binder, Bringmann, Gustafsson, A.H ’17;  Abe ’21; Ala-Mattinen et al .’22

Feng et al ’10;  Binder, Bringmann, Gustafsson, A.H 2103.01944

Du et al. ’22
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DRAKE23. In recent years a significant progress in refining 
the relic density calculations in                           
to include multicomponent case & freeze-in

CONCLUSIONS

39

1.  Freeze-in in multicomponent dark sectors (like 
sequential freeze-in) proceeds in a dependent way. This 
can alter the naive predictions by more than an order of 
magnitude. This is another example of importance of non-
equilibration in dark matter production (as seen in some 
freeze-out scenarios)

T−

Thank you!

2. A simple two scalar model with feeble couplings to 
SM can provide interesting phenomenology with cross 
correlation of ID & forward physics experiments
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OTHER EXAMPLES



EXAMPLE D:
WHEN ADDITIONAL INFLUX OF DM ARRIVES

41

D)    Multi-component dark sectors

Sudden injection of more DM particles distorts 
(e.g. from a decay or annihilation of other states)

fχ(p)

- this can modify the annihilation rate (if still active)

- how does the thermalization due to elastic scatterings happen?



co
m

ov
in

g 
D

M
 n

um
be

r 
de

ns
ity

time

unstable long-lived state (decaying to DM)

DM from freeze-out

expectation

also can happen!?

(if increased annihilation)

42



DM produced via:
2nd component from a decay ϕ → χ̄χ

1st component from thermal freeze-out
DM annihilation has a threshold1) 2)

e.g.    with χχ̄ → f f̄ mχ ≲ mf

nBE (i.e
. en

force
d 

kin
etic

 eq
uilib

riu
m)

fBE (no self-
scatterings)

fBE (with self-
scatterings)

no enhanced 
annihilation, 
more DM in 

the end

some injected 
particles will 

annihilate together 
with themselves and 

cold component

energy redistribution 
will allow more DM 
particles to reach 

energies over 
annihilation threshold 

43



DM produced via:
2nd component from a decay ϕ → χ̄χ

1st component from thermal freeze-out
DM annihilation has a threshold1) 2)

e.g.    with χχ̄ → f f̄ mχ ≲ mf

number densityY ∼ temperaturey ∼ momentum distributionp2 f (p) ∼

EXAMPLE EVOLUTION

x = 100

sub-thershold +

x = 80

sub-thershold +

x = 60

sub-thershold +

x = 40

sub-thershold +

x = 34

sub-thershold +

0 50 100 150 200
0.00

0.05

0.10

0.15

0.20

no decay

eq.

nBE

fBE

fBE gχ=0

20 40 60 80 100

10-13

10-12

10-11

10-10
sub-thershold +

20 40 60 80 100100

101

102

103

AH, Laletin 2204.07078
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CBE VS. FBE
WHICH IS MORE ACCURATE?!

Which limit is closer to 
reality depends on the model, 
but it seems that fBE is 
typically more accurate, unless 
self-scattering is tuned up, e.g:

They correspond to the opposite 
limits of self-interaction strengths:

very efficient - cBE

inefficient - fBE

coupling to the mediator; 
governs self-scatterings

black line gives the 
result including self-
scattering processes!
(being between pure 
fBE and cBE)

fBE gχ=0

nBE

cBE

fBE

10-3

10-2

10-1

10-6 10-5 10-4 10-3 10-2
1.0

1.2

1.4

1.6

1.8difference of order 
O(10%)

A.H. & M. Laletin 2204.07078

https://arxiv.org/abs/2204.07078
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SEMI-ANNIHILATION
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DARK MATTER SEMI-ANNIHILATION
AND ITS SIMPLEST REALIZATION 

see also Cai, Spray 1807.00832 

Z3 complex scalar singlet:

just above the Higgs threshold semi-annihilation dominant!
Belanger, Kannike, Pukhov, Raidal ’13

very weak 
elastic scatterings

semi-annihilation 
by itself does not 
equilibrate DM

self-heating!
but rather leads to

implications for 
ID

D’Eramo, Thaler ’10; …

DM

DM SM

DMDM is a thermal relic but with freeze-out governed 
by the semi-annihilation process

These developments are especially relevant precisely in the regions that are still allowed

by the experimental data and where the improved precision of theoretical predictions is

required for robust claims of exclusion of the whole parameter space of the thermal Z3

singlet dark matter model.

The aim of this paper is to provide a timely update of the past results [53]. While the

unitarity constraints are often computed in the limit of infinite energy, we calculate them

at finite energy with the help of the latest version [75] of the SARAH package [77–80].

We use the one-loop e↵ective potential to calculate the bounds of absolute stability and

metastability of the EW minimum from the tunnelling rate with the help of the AnyBubble

package [81].1 These constraints, in particular the one from the unitarity, put an upper

bound on the singlet cubic self-coupling and therefore on the semi-annihilation cross section.

We take into account early kinetic decoupling around the Higgs resonance and for large

semi-annihilation, and use the micrOMEGAs code [83] to calculate relic density in the

larger part of the parameter space. The micrOMEGAs is also used to compute predictions

for direct and indirect detection signals. A large part of the parameter space is already

ruled out by XENON1T [47]. Thanks to the new unitarity constraints, we manage to

further restrict the model.

We introduce the model in section 2. Various theoretical and experimental constraints

are considered in section 3. Dark matter freeze-out, the impact of early kinetic decoupling

and semi-annihilation are studied in section 4. Section 5 discusses prospects of direct and

indirect detection of dark matter. We conclude in section 6. Details of the field-dependent

masses and counter-terms for the e↵ective potential are given in the appendix A.

2 The model

The most general renormalisable scalar potential of the Higgs doublet H and the complex

singlet S, invariant under the Z3 transformation H ! H, S ! e
i2⇡/3

S, is given by

V = µ
2

H |H|2 + �H |H|4 + µ
2

S |S|2 + �S |S|4 + �SH |S|2 |H|2 + µ3

2
(S3 + S

†3). (2.1)

This is the only possible potential with this field content and symmetry. Without loss of

generality, we can take µ3 real and non-negative.

The mass of the Higgs boson is Mh = 125.09 GeV [84] and the Higgs vacuum expec-

tation value (VEV) v = 246.22 GeV. We fix the parameters

µ
2

H = �
M

2

h

2
,

�H =
1

2

M
2

h

v2
,

µ
2

S = M
2

S � �SH

v
2

2
.

(2.2)

Dark matter mass MS , the Higgs portal �SH , the singlet cubic coupling µ3 and the singlet

quartic self-coupling �S are left as free parameters.

1
The first-order phase transition from thermal tunnelling into the EW minimum can produce a measur-

able gravitational wave signal, but only in a parameter space region with DM underdensity [82].

– 3 –

Kamada et al. 1707.09238 
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SEMI-ANNIHILATION
EXAMPLE EFFECT ON EARLY KD ON RELIC DENSITY

5λSH
λSH

λSH/2

λSH/10

0 50 100 150 200

x = MS/T

1

1.1

1.2

Y
c
B
E
/
Y
G
G

λSH
/10

λSH
/2

λSH
5λS

H

0 50 100 150 200

x = MS/T

0

10

20

y

*calculated with the (modified) coupled BEs method

A. Hektor, AH and K. Kannike 1901.08074
self-heating!

effect on 
relic density: 

up to O(~10%)D
M

 „
te

m
pe

ra
tu

re
”

Note: here the final effect is relatively mild (though still larger than the observational error), but only because in the 
simplest model the velocity dependence of annihilation is mild as well…

http://hep-ph/1901.08074


LESS SIMPLE EXAMPLE

Semi-annihilating Z3 scalar DM and GW    (M. Laletin) 3

Inert doublet + scalar singlet + Z3 symmetry

Inert doublet and scalar singlet are not coupled to SM 
fermions directly

Classical Inert Doublet Model Classical Scalar Singlet Model (Z2)SM Higgs

Z3 mixing terms

Credit: D. Weir

Such a scalar potential allows 
for FOPT  nucleation of bubbles 
& stochastic GW background

⇒

Inert doublet model  an with additional scalar singlet :H1, H2 S

N. Benincasa, A.H, K. Kannike & M. Laletin 2312.04627 49

https://arxiv.org/abs/2312.04627
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Figure 2. Spin-independent direct detection cross section vs. dark matter mass. Top panel: points
dominated by �S12; middle panel: points dominated by µ00

S
and µSH ; bottom panel: more general

points. Also shown are the sensitivity curves of the XENON1T (2018) [11], PandaX-4T (2021) [12],
LZ (2022) [13] in grey and the projected sensitivity curve for XENONnT [135] in dashed grey.
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Figure 5. Peak amplitude of the GW signal as a function of peak frequency with points from the
scan in Eq. (7.2). Also shown are the PLI sensitivity curves of future detectors LISA, BBO and
DECIGO. The left panel highlights the semi-annihilation rate, while the right panel distinguishes
single-step from multi-step PTs.

8 Conclusions

We have explored the cosmology of the Z3 symmetric dark matter model with an inert

doublet and a complex singlet with the emphasis on detectability of the gravitational-wave

signal and dark-matter phenomenology. In order for the model to be in agreement with

direct-detection limits the dark matter candidate needs to be a singlet-like state arising

from the mixing of the singlet and the neutral part of the inert doublet. This setup opens

an interesting possibility of important or even dominant semi-annihilation processes that

modifies the thermal DM production through an early kinetic decoupling: if the relic density

is determined via semi-annihilation, the dark matter-Higgs boson couplings that would keep

DM in kinetic equilibrium via elastic collisions are suppressed.

We performed MCMC scans to not only produce general coupling configurations avail-

able to the model, but also to look specifically at large semi-annihilation (through a large

cubic coupling µ00
S
or the quartic semi-annihilation coupling �S12 coupling). We find that

for the points with dominant semi-annihilation, strong suppression of the direct-detection

signal comes also with weak FOPTs whose GW signals would lie orders of magnitude be-

low detection projections in a foreseeable future. On the other hand, a general scan of the

model reveals points near the detection limits of LISA, DECIGO and BBO.

We then also computed the GW signal for uniformly distributed random general scan

allowing for underabundant singlet-like x1 with relic density below the Planck constraint.

(There could be either an additional non-thermal production mechanism or another DM

component.) In that case we found a sizable portion of the parameter space leading to

a single-step or a multi-step phase transition producing strong enough GW signal to be

potentially detected by LISA, DECIGO or BBO.

– 24 –

SCAN RESULTS
color: strength of semi-annihilation vs. annihilation

Some (small) portion of the allowed parameter space 
will be detectable with future GW instruments

Significant fraction of points 
has early kinetic decoupling

50


