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RELIC DENSITY:
STANDARD APPROACH

A opn > H DM in equilibrium

time

time evolution of f, (p) in kinetic theory:

dn

| E(0:— Hp-Vp)fx =Clfx] = 7
Liouville operator in e
FRW background \ the collision term \0‘4'
for 2 <> 2 CP invariant process:
2 dSﬁX dgﬁfc ' ( \
CLo = _hx (27T)3 (27T)3 Oxx—ijUrel [fxfiq(l - fz)(l - fj)_fifjg(l — fx)(l L f)b

note: added by hand” 3




RELIC DENSITY:
WHAT HAPPENS AT NLO?

at NLO both virtual one-loop and 3-body processes contribute:

ds d3 oop
C1-loop = —h; / (27?) (27)3 U>1<x1—>zg Urel [fxfx(l + /i)(1 if]) fifj(l j:fx)(l if)‘c)]

, [ d*p, dp
Crealz_hx/@ﬂ) (27T> Oxx—ijyUrel [fxfi(lifi)(lifj)(1‘|‘ )_fifj (1:|:fx)(1:|:f>‘<)]

Py TPy =DPi T Pj T —

/ o
Maxwell approx. not valid...
...problem: IR divergence



RELIC DENSITY:
WHAT HAPPENS AT NLO?

the correct expression at NLO including QED corrections:

only this used in NLO literature so far

CNLO N/dexij ffo I{IM;S%UP + |M§§{3520\2 + /dHWIMxx%iﬂP +
| } ,

NLO T=£0
M 702 4 /dﬂv o (IMyxoign P+ [Mygr—ig?)

XX—1]
A

thermal photon photon
|-loop emission absorption



QUESTIONS

|. how the (soft and collinear) IR divergence cancellation
happen?

2. does Boltzmann equation itself receive quantum corrections!?

3. how large are the remaining finite T corrections!?

Program: develop a method for relic density calculation
directly from QFT and free from IR problems 1

framework exists: non-equilibrium thermal field theory



CLOSED TIME PATH
FORMALISM

Def. contour fermion Green’s function:

______ ot S (@,9) = (Tova @)l (1)

contour Green’s functions obey Dyson-Schwinger eq, whose kinetic part can be
rewritten in the form of Kadanoff-Baym egs:

(3 — mX)S§(x,y) — /d4z (Zh(a:, Z)S§(z,y) — Z§(x, z)Sh(z,y)) =C, |



CLOSED TIME PATH
PATH TO BOLTZMANN EQUATION

Kadanoff-Baym —> Boltzmann

E(ﬁt—Hﬁ'vﬁ)f:C[f]-
7

collision term derived from thermal QFT

Assumptions: Justification:
weak inhomogeneity inhomogeneity plasma excitation
momenta
gradient expansion 0 <k

freeze-out happens

uasi-particle approx. et .
qrastp PP close to equilibrium

weak interactions



CLOSED TIME PATH
FORMALISM: COLLISION TERM

the fermion collision terms is defined as:

1 & -
Cy = 5 /d4z (Z>(a:, 2)8<(z,y) — X°(x, z)S>(z,y))
where the propagators: thermal "cut” part vertices (2 types):
i(p+m) | — |
i570) = ) o () 5 (P — ) 1 () > —ip,
1S%(p) = _p;fpﬂ;”ﬁm +2m (p+m) o (p* —m?*) (1—f ("))
= AP
i57(p) =2m (p+m)d (p* —m*) (1= f (»")) } >\ o
iS<(p) = —2m (p+m) 3 (0* —m?) (") cut propagators dotted

the presence of distribution functions inside propagators —=> known collision term structure



COLLISION TERM

EXAMPLE

Bino-like DM: X Majorana fermion, SM singlet

annihilation process at tree level:

X_: > f >
o =X
X I < f | <t
Mtree MEI}‘{QCG
scale hierarchy: mg 2 my > T > my|
no thermal effectively
contributions massless
. T Iy
rescaled variables: 1= — «'1 € <L T

My 2m
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COLLISION TERM
COMPUTATION

no # changing processes

summed over dotted and
undotted indices

1221

d*t d*ky d*ks

(21)* 6 (g +t — k1 — ko)

Tha @5 @ = N [ G

iAM (b — q) iA%? (kg — t) PriS?! (k) PriS'? (t) PLiS?! (k1) PriS*? (q)

\ 7\ 4
~~

=S =F
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COLLISION TERM
MATCHING

after inserting propagators:

Yam (057 (g) =

/ (Q;ji,@Eh (QWfZ’ZQEfQ 2m)* 8 g+t —ky — ko) MU [ (@) £ (0 (1= 17 () (1= 57 (k)]

—> one indeed recovers the known collision term and

IMal? = A v>< (part of) tree level |M]|?

Mtree (Ma}"{ece)*

Y
Y

A
A

repeating the same for B type diagrams leads to conclusion:

: tree level annihilation
DIRGPA e o
contribution to the collision term




COLLISION TERM
MATCHING AT NLO

1223 = 20 self-energy diagrams

example:

S RS N |
M, (M....) Mg (Ma)” M4 (Me) M.. (My)
/ 4
Ba 0)5<(0) = gm0~ By) [ o s (0 By
/ (ZWC)Z?;leEfl (zwc)lzZQEfQ (%c)ljs;E 2m) 0 (gt b~ ki~ kz =)
Me (Ma) [ (@) fie @) (1= £52 (k) (1= £ (K8)) (1 + )

—> at NLO thermal effects do not change the collision therm structure 13



RESUILTS

coming back to our example...

every contribution can be written in a form:

/

photon energy

note:
[ — div) n<0
Jn:/O fB(w)w dw_{N,]_n—|—1n>O

IR divergence in separate terms:

finite T correction:

J_ 1 < T =0 soft div
Jo < T = 0 soft eikonal

J1 < 0(7'2)
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RESULTS
IR DIVERGENCE CANCELLATION: S-WAVE

The divergent part J_;

—> every CTP self-energy is IR finite

Type A |  Real Virtual External | Type B |  Real Virtual External
T | e(1—2¢%) a1-2¢2) a— & o
_\Q ‘! Te2 ) Te2 _\J H Te2 ) Te2
%\_ a(1-26) B a(1-26) P o _a_
_&,/l me? Te2 J Te2 Te2
— b= 0 — 7 0
e 0 0 _\g_ 0 0
=l 0 0 — — 0 0
—[0=1 0 0 — 0
— - 0 0 — — 0 0
—| = 0 — 0
‘\_ <>C
N 0 — 0
ST | 2e(1-2¢%)° 204(1—262)2L _@ 20 (1-2¢€?) 20 (1-2¢€?)
_\5 me2/1—4e2  re2/1—4e2 me2\/1—4¢€2 me2y/1—4e2

cancels in
—> every row
separately
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) 2
factorized I oy~ Ltree
6 €2

RESULTS
FINITE T CORRECTION: S-WAVE

The finite part J;

Type A Real Virtual External Log terms

S 2(1-€2) | (1-2€2)p1(e,€) 17 (1—262) (23D 1 cancels in

i 2 2 L

_& D2Dy + 2D2Dy 3D 2DDe 2v'D — every row
_&%\_ o s separately
e _4(1-26*)D

1 e Y

T 212632 fi(ed) 2(1-2¢")(D=€") | fi(e.§)

. - _ 7 2L _|_ , 2L

_\Q D¢ VDD Dg VDD; no collinear
_Q\_ o I divergence!
_kEL oy oy
_',LL:W}\_ ey oy

k///
_ A 4(1—2€%)D

] T D?

L 9
ath I

N | 20-26)pa(e8)+(1-67)7 | 4fa(e8) 16€*(2—3¢*) —(3—¢%)° _ 4fa(e.f)
- pEQDg + \/%Dg L D2 — \/25D§ L

separate contributions complicated... but when summed up:
8(1 — 2€2) — S
tYPeA_ 12— 4e? type B 1+ &2 — 4¢? P




RESULTS
FINITE T CORRECTION

Total result for the s-wave:

8 1
BT 2

A, .
3 1 — 4e? + &2

a4 = Qiree (1 + Ag) + (9(7’4)

In general corrections from thermal photons:

4 9,
QT —— O Vtree + (’)(7'4),

3 0&?

oVl — O-/Utree -

The helicity suppression is lifted at 4t order in temperature:

Aacs 0 _ _
T 45 (14 €28 J1+€2)2 € le=o
strongly suppressed as T~ 02

at kinetic equilibrium
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CONCLUSIONS

automatic in thermal QFT formalism, cancellation at the level
of every CTP self-energy

no, not at NLO

strongly suppressed, of order O(ar?)

Takeaway:
the Boltzmann eq. is safe at NLO...

...but interesting physics awaits along the path to find out why
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Backup slides



RELIC DENSITY:
THE L.O COLLISION TERM

for 2 <+ 2 CP invariant process: note: added "by hand”

/ N

d3—* d3 > . )
Cro = —h? / (Qf;; (Qf)’; sosijtra fx(LE Q£ A% £)Q

assuming kinetic equilibrium at chemical decoupling: f, ~ a(u)f*
_ L eq _ _— nfancd
CLo = <(7xx—>mvrel> (nxnx T 1% )

where the thermally averaged cross section:

[ &, &
O i) eq _ __ X X X One i) eq £e€q
< XX—t] rel> n;qn;q / (27T)3 (27-‘-)3 xx—>tg Yrel fX fX

crucial point:  Dx + Py =pi +p; = [ =L

in Maxwell approx.
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COLLISION TERM
METHOD SUMMARY




RELIC DENSITY:

WHAT HAPPENS AT NLO?
onl»y this used in NLO literature so far

CNLO N/dHXXZj foX {'M;S—MJ‘Z + ‘Mﬁkgzjjﬂ 0‘2 /dH’Y‘MXX—)ij’Y‘2 +
|

NLO T#0 7
Mixori 1P+ /dﬂw [fv (IMyxijnl® + Mgy ) photon
/ A «— __ absorption
2 2
thermal Ji (IMyg=ija]® + [Mygiojo | ) /i ( |Mxx—>zﬂ|2 + [Mygioin|? )]
|-loop \
photon

SM fermions emission SM fermions

emission absorption

the production and annihilation in general differ:

Cxro = = [{Tann” vre) ™ nyny = (000 vrel) ! m3nT]
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