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CHAPTER I: 
PARTICLE PHYSICS EFFECTS
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)at TeV scale generically effect of O(1� 100%)

on top of that resonance structure

effect of O(few)
for the relic density
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THE SOMMERFELD EFFECT 
FROM EW INTERACTIONS

AH, R. Iengo, P. Ullio. ’10
AH ’11
AH et al. ’17, M. Beneke et al.; ’16

can be understood as being close to 
a threshold of lowest bound state
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Figure 4. Expected upper limits at 95% C.L on the Wino annihilation cross section as a function of its mass for 500 h of CTA
observations towards the GC. The predicted NLL cross section is shown (solid gray line) and the thermal Wino DM mass is
marked (cyan solid line and bands). The only background considered here is the residual background. The full Wino spectrum
is included in the expected signal. Left panel: Mean expected upper limits at 2� (red solid line) for an Einasto profile are shown
together with the 1� (green band) and 2� (yellow band) containment bands. Mean expected upper limits at 5� (red dashed
line) are also shown. The H.E.S.S.-like 2� sensitivity extracted from Ref. [68] is shown as a blue solid line. Right panel: The
expected limits are shown for cored DM profiles of size from 300 pc to 5 kpc.

lower 1� expected limit. Accordingly, in Figs. 4 and 6,
we only show the lower 1� expected limit, as the actual
limit, by construction, cannot go below this. We also
compute the 5� mean expected upper limit on h�viline,
which corresponds to q ⇡ 23.7.

The above prescription outlines how to determine the
limit for a given dataset m�,ijk, which could be either ob-
tained from real observations or via Monte Carlo simu-
lations.

Before CTA’s first light, we can estimate the expected
sensitivity by generating a large number of Monte Carlo
datasets and determining the mean expected limit and
associated containment bands. An alternative to this ap-
proach, which we will use in this work, is to instead deter-
mine all of these quantities using the Asimov formalism of
Ref. [116]. Under the Asimov approach, instead of taking
many realizations of the model, calculating the limit each
time, and then determining the mean of those values, we
instead take the mean dataset, which is exactly given
by the model. The model, when used as the dataset, is
then referred to as the Asimov dataset. Of course, as
the model is not strictly an integer, this requires analyt-
ically continuing the Poisson distribution to non-integer
values, which can be accomplished using the � function.
The Asimov approach can also be used to determine the
confidence intervals. In detail, to determine the N -sigma
containment band, instead of evaluating q = 2.71, we

calculate

q =
�
��1(0.95)±N

�2
. (19)

Here � is the cumulative distribution function for the
standard normal, which has µ = 0 and � = 1. Accord-
ingly ��1(0.95) ⇡ 1.64, so that the above result contains
the mean limit as a special case at N = 0.

In the idealized scenario we consider here of data
drawn from a background model known exactly, the
above procedure for calculating limits is su�cient. We
emphasize, however, that when considering the actual
CTA data, our models will be inevitably imperfect. One
consequence of this is that the coverage of our limits, and
the validity of discovery thresholds can deviate from the
simple asymptotic estimates used above, and may need
to be validated and potentially tuned using datasets that
contain an injected signal.

V. RESULTS AND PROSPECTS

A. Sensitivity to Wino DM and impact of the
endpoint contribution

The CTA sensitivity forecast for Wino DM, expressed
as the mean expected upper limit at 95% C.L. on h�viline
as a function of the Wino mass, is shown in the left panel
of Fig. 4, together with the expected containment bands

resonance moves 
to the right

w.r.t. pure wino
actual 

cross section

correct RD can be achieved: 
when varying sfermion masses

similar study, pure Wino case: Ibe et al. ’15  

Beneke, …AH, … et al., ’16
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THE SOMMERFELD EFFECT 
INDIRECT DETECTION

Slatyer et al., ’21



• suitable for (large scale) scans
• implemented full MSSM
• one-loop on-shell mass splittings and 

running couplings
• the Sommerfeld effect for P- and  

O(v2) S-wave
• off-diagonal annihilation matrices
• present day annihilation in the halo (for ID)
• possibility of including thermal corrections
• …
• accuracy at O(%), dominated by theoretical 

uncertainties of EFT

NEW NUMERICAL TOOL

8

loop through points from
parameter file, for each point:

call FeynHiggs to com-
pute the Higgs masses

running couplings.m
runs the couplings

diagonalise masses.m
calculates the mass spectra

masscorrections-routines.m
calculates the mass corrections

generateGammas.m computes
tree level annihilation matrices

generateSEanalysis.m
computes Sommerfeld fac-
tors and the relic density

parametersets.m

/pointgeneration/
filebasename.slha

/masscorrections/
filebasename-loop.slha

/annmatrices/
filebasename-am.m

/SEanalysis/
filebasename-analyzed.m

Figure 1: The work flow of our program

5

not present 
in DarkSE

Status: all works as intended, making the code ready for public release

AH, ’11

based on EFT, improving accuracy in numerous ways

Beneke,…, AH,… et al. in preparation

}



DM bound statefree DM states

BOUND STATE FORMATION

X1

X2

¨ ¨ ¨ ¨ ¨ ¨ B

g

C⌫

Figure 1a: The amplitude for the radiative capture consists of the (non-perturbative) initial and final
state wavefunctions, and the perturbative 5-point function that includes the radiative vertices.

rC⌫saii1,jj1 “
i

j

⌘1K ` q

⌘2K ´ q

a, ⌫
b, ⇢

c, µ

Pg

⌘1P ` p

⌘2P ´ p

i1

j1

` `

Figure 1b: The leading order diagrams contributing to the radiative capture into bound states via gluon
emission. The external-momentum, colour-index and space-time-index assignments are the same in all
three diagrams.

that appear in eq. (2.16), q0 and p0 are determined by the poles of C⌫ , upon the integration denoted
in eq. (2.17). The total 4-momenta of the scattering state, the bound state and the radiated gluon,
K, P and Pg respectively, essentially contain all the (discrete and continuous) quantum numbers that
fully specify the system. In the non-relativistic regime, they can be expressed as

K “
ˆ
M ` K2

2M
` Ek, K

˙
, (2.19a)

P “
ˆ
M ` P2

2M
` En`, P

˙
, (2.19b)

Pg “ p!, Pgq , (2.19c)

where Ek “ k2{p2µq “ µv2rel{2 is the kinetic energy of the scattering state in the CM frame, with
vrel being the relative velocity of the interacting particles, and En` † 0 is the binding energy of the
bound state. Note that Mn` ” M ` En` is the mass of the bound state. For a Coulomb potential,
En` “ ´2{p2n2µq, with  ” µ↵B

s (cf. appendix A). Energy-momentum conservation, K “ P ` Pg,
implies

! “ |Pg| » Ek ´ En` . (2.20)

The leading order contributions to rC⌫saii1,jj1 are shown in fig. 1b. We compute them next using
the Feynman rules from [55].

Emission from the mediator

ipC⌫
medqaii1,jj1 “ S1p⌘1P ` pq

“
´igspT b

1 qi1i p⌘1K ` ⌘1P ` q ` pq⇢
‰
S1p⌘1K ` qq ´i

p⌘1K ` q ´ ⌘1P ´ pq2

ˆ S2p⌘2P ´ pq r´igs pT c
2 qj1j p⌘2K ` ⌘2P ´ q ´ pqµsS2p⌘2K ´ qq ´i

p⌘2K ´ q ´ ⌘2P ` pq2
ˆ p´gBSF

s fabcq tg⇢µrp⌘1K ` q ´ ⌘1P ´ pq ´ p⌘2K ´ q ´ ⌘2P ` pqs⌫
`g⌫⇢r´Pg ´ p⌘1K ` q ´ ⌘1P ´ pqsµ ` gµ⌫rp⌘2K ´ q ´ ⌘2P ` pq ` Pgs⇢u , (2.21a)
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9

*the effect was first studied in simplified models with light mediators, then gradually 
extended to non-Abelian interactions, double emissions, co-annihilations, etc.

see papers by K. Petraki et al. ’14-19

As noticed before Sommerfeld effect has 
resonances when Bohr radius ~ potential range, 

i.e. when close to a bound state threshold

Can DM form 
actual bound states from such 

long range interactions?

Yes, it can!

Q:  How to describe such bound states and their formation?

**vide also ”WIMPonium”
March-Russel, West ’10



DARK MATTER AT NLO

<1.5% uncertainty!
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Relic density computation at NLO from first principles

December 9, 2013

1 Introduction

Observations at astrophysical and cosmological scales indicate existence of yet unknown, non-baryonic particle
dark matter (DM) component with the present day energy density [1]:

⌦DMh
2 = 0.1187 ± 0.0017. (1)

Observations based on purely gravitational e↵ects cannot however provide an answer to the question of its origin,
therefore after several decades it still remains open. One of the most natural and widely studied possibility is that
dark matter arises as a thermal relic, i.e., it is produced thermally in the Early Universe and freezes-out when
the temperature of the plasma is not high enough to keep the dark matter component in chemical equilibrium.
The moment when it happens is determined by physical processes involving three di↵erent energy scales: the
Hubble expansion rate H, the interaction (annihilation) rate � and the scale of inhomogeneity of the system. The
latter is usually neglected as one assumes that before the freeze-out the whole system is in thermal equilibrium
(having infinite inhomogeneity length) and the process of chemical decoupling of dark matter component does not
introduce large departure of equilibrium of the background plasma. Additionally, if one assumes that the Compton
wavelength of DM particles is small with respect to inhomogeneity scale (the quasi-particle approximation) and
that one can neglect all memory e↵ects, one arrives in semi-classical description of the evolution of phase space
density functions f(p). In this case, the transport is governed by the Boltzmann equation. For the relic density
computation it is typically written in the Friedmann-Robertson-Walker background and as an equation for the
number density of given species i:

ni(t) =
hi

(2⇡)3

Z
d
3
pfi(p), (2)

with the hi being the number of internal degrees of freedom, as follows

dn�

dt
+ 3Hn� = �

Z
d⇧�d⇧ad⇧b...d⇧id⇧j ...|M�ab...!ij...|

2(2⇡)4�(4)(p� + pa + pb + ... � pi � pj � ...) ⇥

[f�fafb...(1 ± fi)(1 ± fj)... � fifj ...(1 ± f�)(1 ± fa)(1 ± fb)...] , (3)

for a process �ab... ! ij... and where we assumed CP invariance resulting in |M�ab...!ij...|
2 = |Mij...!�ab...|

2.
In recent years there has been an increasing interest in higher order corrections to scattering and annihilation

processes involving DM particles. The main phenomenological importance of such corrections is in the possibly
large modification of the annihilation spectra [?] and in the scattering rates in the direct detection experiments [?].
It has been also noted recently that in some cases the corrections to the annihilation rate � at early times
can be significant and can lead to a non-negligible e↵ect in the relic density computation [2–6]. Few projects
aiming in providing numerical codes including the higher order corrections have been started and are under
developement [?, ?]. Moreover, the increasing precision of the observational data will require even more precise
computations on the theoretical side, in some cases at full next to leading order (NLO) in the coupling constant.

However, using in the standard relic density computation the scattering matrix elements at NLO gives rise
to two questions: i) whether the transport equation itself receives quantum corrections and ii) how does the
cancellation of possible (soft and/or collinear) IR divergences take place? The first point was studied in detail
in [7] in the context of electroweak baryogenesis (see also [?]), and we will discuss it in section 3. Now we will
illustrate the second issue.

1

Ciafaloni et al.,  1009.0224

Ciafaloni et al.,  1202.0692
Cirelli et al.,  1012.4515

SloopS, DM@NLO, PPC4DMID

Harz et al.,  1212.5241
Ciafaloni et al.,  1305.6391
Hermann et al.,  1404.2931

Chatterjee et al.,  1209.2328

AH & Iengo,  1111.2916

Bergstrom ’89;  Drees et al., 9306325; 
Ullio & Bergstrom, 9707333

...

helicity suppression lifting

Bergstrom et al., 0507229; 
Bringmann et al., 0710.3169  spectral features in indirect searches

...

large EW corrections

...

NLO codes

thermal relic density
Boudjema et al., 1403.7459

...

Planck+WMAP pol.+highL+BAO; 1303.5062

}
}

}

}
}

Bringmann et al., 1510.02473
Klasen et al., 1607.06396
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Recall at LO:

CLO = �h2
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Z
d3~p�
(2⇡)3

d3~p�̄
(2⇡)3

���̄!ijvrel [f�f�̄(1± fi)(1± fj)�fifj(1± f�)(1± f�̄)]

crucial point: 

in Maxwell approx.

p� + p�̄ = pi + pj ) f eq
� f eq

�̄ ⇡ f eq
i f eq

j

at NLO both virtual one-loop and 3-body processes contribute:

Creal = �h2
�

Z
d3~p�
(2⇡)3

d3~p�̄
(2⇡)3

���̄!ij�vrel [f�f�̄(1± fi)(1± fj)(1 + f�)�fifjf�(1± f�)(1± f�̄)]

C1�loop = �h2
�

Z
d3~p�
(2⇡)3

d3~p�̄
(2⇡)3

�1�loop
��̄!ij vrel [f�f�̄(1± fi)(1± fj)�fifj(1± f�)(1± f�̄)]
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at NLO both virtual one-loop and 3-body processes contribute:

photon can be 
arbitrarily soft
f� ⇠ !�1

Creal = �h2
�

Z
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(2⇡)3
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�1�loop
��̄!ij vrel [f�f�̄(1± fi)(1± fj)�fifj(1± f�)(1± f�̄)]

Maxwell approx. not valid anymore...
...problem:  T-dependent IR divergence!
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E (@t �H~p ·r~p) f = C[f ]. (0.1)

CLO = �h
2

�

Z
d
3
~p�

(2⇡)3
d
3
~p�̄

(2⇡)3
���̄!ijvrel [f�f�̄(1± fi)(1± fj)�fifj(1± f�)(1± f�̄)] , (0.2)

���̄!ijvrel =
1

4E�E�̄

Z
d
3
~pi

(2⇡)32Ei

d
3
~pj

(2⇡)32Ej
|M��̄!ij |

2(2⇡)4�(p�+p�̄�pi�pj). (0.3)

CLO = �h���̄!ijvreli
eq
�
n�n�̄ � n

eq

� n
eq

�̄

�
, (0.4)

h���̄!ijvreli
eq = �

h
2
�

n
eq
� n

eq

�̄

Z
d
3
~p�

(2⇡)3
d
3
~p�̄

(2⇡)3
���̄!ijvrel f

eq

� f
eq

�̄ . (0.5)

E� + E�̄ = Ei + Ej ) f
eq

� f
eq

�̄ ⇡ f
eq

i f
eq

j (0.6)

CNLO ⇠

Z
d⇧��̄ij f�f�̄

⇢
|M

LO

��̄!ij |
2 + |M

NLO T=0

��̄!ij |
2 +

Z
d⇧� |M��̄!ij� |

2 +

|M
NLO T 6=0

��̄!ij |
2 +

Z
d⇧�

⇥
f�

�
|M��̄!ij� |

2 + |M��̄�!ij |
2
�

�fi

�
|M��̄!ij� |

2 + |M��̄i!j� |
2
�
� fj

�
|M��̄!ij� |

2 + |M��̄j!i� |
2
�⇤�

�fifj

⇢
|M

LO

ij!��̄|
2 + |M

NLO T=0

ij!��̄ |
2 +

Z
d⇧� |Mij!��̄� |

2 +

|M
NLO T 6=0

ij!��̄ |
2 +

Z
d⇧�

⇥
f�

�
|Mij!��̄� |

2 + |Mij�!��̄|
2
�

�f�

�
|Mij!��̄� |

2 + |Mij�!�� |
2
�
� f�̄

�
|Mij!��̄� |

2 + |Mij�̄!�̄� |
2
�⇤�

CNLO = �
⇥
h�

NLO

ann
vreli

eq
n�n�̄ � h�

NLO
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SOLUTION: non-equilibrium thermal field theory 
in the DM context some results available, lot more to be done… 
but typically not that relevant for phenomenology
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NON-EQUILIBRIUM EFFECTS
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DM in full equilibrium

chemical decoupling
timeT

kinetic decouplingΓscatt ∼ H
Γann < H

Γann ∼ H

Γann > H

THERMAL RELIC DENSITY  
STANDARD SCENARIO

(chemical and kinetic)
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time evolution of         in kinetic theory: 

freeze-out 

DM in full equilibrium

chemical decoupling
timeT

no
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f�(p)

E (@t �H~p ·r~p) f� = C[f�]
the collision termLiouville operator in 

FRW background

kinetic decouplingΓscatt ∼ H
Γann < H

Γann ∼ H

Γann > H

THERMAL RELIC DENSITY  
STANDARD SCENARIO

(chemical and kinetic)



THERMAL RELIC DENSITY  
STANDARD APPROACH

15

*assumptions for using Boltzmann eq: 
classical limit, molecular chaos,...

…for derivation from thermal QFT 
see e.g., 1409.3049

E (@t �H~p ·r~p) f� = C[f�]
Boltzmann equation for        :f�(p)
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*assumptions for using Boltzmann eq: 
classical limit, molecular chaos,...

…for derivation from thermal QFT 
see e.g., 1409.3049

dn�

dt
+ 3Hn� = �h���̄!ij�relieq
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Critical assumption: 
kinetic equilibrium at chemical decoupling

E (@t �H~p ·r~p) f� = C[f�])

Boltzmann equation for        :

integrate over p 
(i.e. take 0th moment)

f�(p)

)

fχ ∼ a(T ) f eq
χ



EARLY KINETIC DECOUPLING?
A necessary and sufficient condition: scatterings weaker than annihilation

DM

DM

SM

SM

DM

SM

DM

SM
>>A)

B)    Boltzmann suppression of SM as strong as for DM

Vector bosons:

vrel�VV =
�
2
ss

8⇡
�V vV |Dh(s)|2(1� 4x+ 12x

2
) , (13)

where x ⌘ M
2
V /s, vV =

p
1� 4x and �W = 1, �Z =

1
2 and |Dh(s)|2 is defined in eq. (9).

Fermion final states:

vrel�f f̄ =
�
2
sm

2
f

4⇡
Xfv

3
f |Dh(s)|2 , (14)

where vf =
p

1� 4m
2
f /s and Xf = 1 for leptons, while for quarks it incorporates a colour factor of 3 and an

important one-loop QCD correction [?]:

Xq = 3

"
1 +

 
3

2
log

m
2
q

s
+

9

4

!
4↵s

3⇡

#
, (15)

where ↵s is the strong coupling for which we take the value ↵s = 0.1172.

0.1 Scattering cross-section

Below we give the formula for the scattering amplitude needed for the KD computation (this is our computation,

not based on [?]). In Eq.(3) we use:

Mel(t) =

X

f={q0s,e,µ,⌧}

m
2
f�

2
s

2

4m
2
f � t

(t�m
2
h)

2
(16)

A) We assume all quarks afre free and present in the plasma down to temperatures of T = 154 MeV (largest

scattering scenario)

B) We assume only light quarks (u, d, s) are present in the plasma and moreover even these dissapear around

4Tc ⇠ 600 MeV (smallest scattering scenario)

�ann �el �self H & . ⇠ (17)

�el & H & �ann (18)

H & �ann & �el (19)

H & �el & �ann (20)

�el � H ⇠ �ann (21)

H ⇠ �ann & �el (22)

2

i.e. rates around freeze-out:

C)    Scatterings and annihilation have different structure

e.g., below threshold annihilation (forbidden-like DM)

Possibilities:

e.g., semi-annihilation, 3 to 2 models,…

e.g., resonant annihilation

16
D)    Multi-component dark sectors

e.g., additional sources of DM from late decays, …
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HOW TO GO BEYOND KINETIC EQUILIBRIUM?

E (@t �H~p ·r~p) f� = C[f�]
contains both scatterings and 

annihilations

both about chemical (”normalization”) and 
kinetic (”shape”) equilibrium/decoupling

All information is in the full BE:

Two possible approaches:

solve numerically 
for full  f�(p)

have insight on the distribution
no constraining assumptions

numerically challenging
often an overkill

consider system of equations 
for moments of f�(p)

partially analytic/much easier numerically
manifestly captures all of the relevant physics

finite range of validity
no insight on the distribution

0-th moment:
2-nd moment:

dn�

dt
+ 3Hn� = C

Vector bosons:

vrel�VV =
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2
ss

8⇡
�V vV |Dh(s)|2(1� 4x+ 12x

2
) , (13)

where x ⌘ M
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V /s, vV =
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1� 4x and �W = 1, �Z =

1
2 and |Dh(s)|2 is defined in eq. (9).

Fermion final states:
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4⇡
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3
f |Dh(s)|2 , (14)

where vf =
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1� 4m
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f /s and Xf = 1 for leptons, while for quarks it incorporates a colour factor of 3 and an
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where ↵s is the strong coupling for which we take the value ↵s = 0.1172.

0.1 Scattering cross-section

Below we give the formula for the scattering amplitude needed for the KD computation (this is our computation,

not based on [?]). In Eq.(3) we use:

Mel(t) =

X

f={q0s,e,µ,⌧}

m
2
f�

2
s

2

4m
2
f � t

(t�m
2
h)

2
(16)

A) We assume all quarks afre free and present in the plasma down to temperatures of T = 154 MeV (largest

scattering scenario)

B) We assume only light quarks (u, d, s) are present in the plasma and moreover even these dissapear around

4Tc ⇠ 600 MeV (smallest scattering scenario)

y ⌘ m�T�

s2/3
(17)

�ann �el �self H & . ⇠ (18)

�el & H & �ann (19)

H & �ann & �el (20)

H & �el & �ann (21)

�el � H ⇠ �ann (22)

H ⇠ �ann & �el (23)

T� ⌘ g�

3m�n�

Z
d
3
p

(2⇡)3
p
2
f�(p) (24)

2

…fB
E cBE



https://drake.hepforge.org

Prediction for the DM 
phase space distribution

Late kinetic decoupling 
and impact on cosmology

see e.g., 1202.5456

Interplay between chemical and 
kinetic decoupling

Applications:

DM relic density for 
any (user defined) model

*

*

at the moment for a single DM species and w/o 
co-annihlations… but stay tuned for extensions! 18

…

(only) prerequisite:  
 Wolfram Language (or Mathematica)

NEW TOOL! 
GOING BEYOND THE STANDARD APPROACH

https://drake.hepforge.org


EXAMPLE A:
SCALAR SINGLET DM

19

DM

DM

SM

SM

DM

SM

DM

SM
>>A)
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h�vreli2 ⌘
g
2
�

3Tm�n
2
�

Z
d
3
p

(2⇡)3

Z
d
3
p̃

(2⇡)3
p
2
vrel��̄�!X̄Xf(E)f(Ẽ) (1)

where the equilibrium number density in the nonrelativistic regime is n
eq
� = m

3
�g�K2(x)/(2⇡

2
x).

With these one can show that as long as the Assumption is made or Yeq ⌧ Y , the second moment of the

Boltzmann equation can be written as:

y
0

y
= �Y

0

Y

✓
1� h�vreli2

h�vreli

◆
�
✓
1� x

3

g
0
⇤S
g⇤S

◆
2m�c(T )

Hx

✓
1� yeq
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◆
, (2)

with

c(T ) =
1

12(2⇡)3m4
�T

X

X

Z
dk k

5
!
�1

g
± �

1⌥ g
±�
Z 0

�4k2

(�t)
1

8k4
|Mel|2 . (3)

To summarize we get coupled equations:

Y
0

Y
= �

1� x
3
g0
⇤S

g⇤S

Hx
sY

 
h�vreli|x=m2

�/(s
2/3y) �
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2
eq

Y 2
h�vreli|x
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(4)

y
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1� x
3
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�sY
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The Lagrangian contains kinetic terms and a cross-coupling to the standard model Higgs field,

LS =
1

2
@µS@

µ
S � 1

2
µ
2
SS

2 � 1

2
�sS

2|H|2 . (6)

After electroweak symmetry breaking, the S boson mass receives contributions from both terms, giving

ms =

r
µ
2
S +

1

2
�sv

2
0 , (7)

where v0 = 246.2 GeV. We adopt Higgs mass and width to be mh = 125.09GeV and �vis = 4.21MeV.

�vrel =
2�

2
sv

2
0p

s
|Dh(s)|2�h(

p
s) , (8)

where

|Dh(s)|2 ⌘ 1

(s�m
2
h)

2 +m
2
h�

2
h(mh)

. (9)

• For ms < mh/2, the width in the propagator Dh(s) must be increased by the invisible contribution �inv

due to h ! SS:

�inv =
�
2
sv

2
0

32⇡mh

�
1� 4m

2
s/m

2
h

�1/2
, (10)

• For ms > mh, eq. (8) must be supplemented by the extra contribution from SS ! hh (corrected sign

w.r.t. [?], as pointed out by P. Gondolo):

vrel�hh =
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where the equilibrium number density in the nonrelativistic regime is n
eq
� = m

3
�g�K2(x)/(2⇡

2
x).

With these one can show that as long as the Assumption is made or Yeq ⌧ Y , the second moment of the

Boltzmann equation can be written as:

y
0

y
= �Y

0

Y

✓
1� h�vreli2

h�vreli

◆
�
✓
1� x

3

g
0
⇤S
g⇤S

◆
2m�c(T )

Hx

✓
1� yeq

y

◆
, (2)

with

c(T ) =
1

12(2⇡)3m4
�T

X

X

Z
dk k

5
!
�1

g
± �

1⌥ g
±�
Z 0

�4k2

(�t)
1

8k4
|Mel|2 . (3)

To summarize we get coupled equations:

Y
0

Y
= �

1� x
3
g0
⇤S

g⇤S

Hx
sY

 
h�vreli|x=m2

�/(s
2/3y) �

Y
2
eq

Y 2
h�vreli|x

!
(4)

y
0

y
= �

1� x
3
g0
⇤S

g⇤S

Hx

"
2m�c(T )

✓
1� yeq

y

◆
(5)

�sY

 ⇣
h�vreli � h�vreli2

⌘

x=m2
�/(s

2/3y)
�

Y
2
eq

Y 2

⇣
h�vreli � h�vreli2

⌘

x

!#
.

The Lagrangian contains kinetic terms and a cross-coupling to the standard model Higgs field,

LS =
1

2
@µS@

µ
S � 1

2
µ
2
SS

2 � 1

2
�sS

2|H|2 . (6)

After electroweak symmetry breaking, the S boson mass receives contributions from both terms, giving

ms =

r
µ
2
S +

1

2
�sv

2
0 , (7)

where v0 = 246.2 GeV. We adopt Higgs mass and width to be mh = 125.09GeV and �vis = 4.21MeV.

�vrel =
2�

2
sv

2
0p

s
|Dh(s)|2�h(

p
s) , (8)

where

|Dh(s)|2 ⌘ 1

(s�m
2
h)

2 +m
2
h�

2
h(mh)

. (9)

• For ms < mh/2, the width in the propagator Dh(s) must be increased by the invisible contribution �inv

due to h ! SS:

�inv =
�
2
sv

2
0

32⇡mh

�
1� 4m

2
s/m

2
h

�1/2
, (10)

• For ms > mh, eq. (8) must be supplemented by the extra contribution from SS ! hh (corrected sign

w.r.t. [?], as pointed out by P. Gondolo):

vrel�hh =
�
2
s

16⇡s2vs


(a

2
R + a

2
I)svsvh

� 4�sv
2
0

✓
aR � �sv

2
0

s� 2m
2
h

◆
log

����
m

2
s � t+

m2
s � t�

����

+
2�

2
sv

4
0svsvh

(m2
s � t�)(m2

s � t+)

�
, (11)

where vi =
p
1� 4m

2
i /s, t± = m

2
s +m

2
h � 1

2s(1⌥ vsvh), and

aR ⌘ 1 + 3m
2
h(s�m

2
h)|Dh(s)|2

aI ⌘ 3m
2
h

p
s�h(mh)|Dh(s)|2. (12)

1

To the SM Lagrangian add one singlet scalar field S with interactions with the Higgs:

Annihilation 
processes:

El. scattering 
processes:

resonant non-resonant

S
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q,l

S S
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Fig. 1: Profile likelihoods for the scalar singlet model, in the plane of the singlet parameters ⁄hS and mS. Contour lines mark out
the 1‡ and 2‡ confidence regions. The left panel shows the resonance region at low singlet mass, whereas the right panel shows the
full parameter range scanned. The best-fit (maximum likelihood) point is indicated with a white star, and edges of the allowed
regions corresponding to solutions where S constitutes 100% of the DM are indicated in orange.

Fig. 2: Profile likelihoods for the scalar singlet model, in various planes of observable quantities against the singlet mass. Contour
lines mark out the 1‡ and 2‡ confidence regions. Greyed regions indicate values of observables that are inaccessible to our scans, as
they correspond to non-perturbative couplings ⁄hS > 10, which lie outside the region of our scan. Note that the exact boundary of
this region moves with the values of the nuisance parameters, but we have simply plotted this for fixed central values of the nuisances,
as a guide. Left: late-time thermal average of the cross-section times relative velocity; Centre: spin-independent WIMP-nucleon
cross-section; Right: relic density.

singlet parameters in Fig. 1, and in terms of some key
observables in Figs. 2 and 3. We also show the one-
dimensional profile likelihoods for all parameters in red
in Fig. 4.

The viable regions of the parameter space agree well
with those identified in the most recent comprehensive
studies [23, 31]. Two high-mass, high-coupling solutions
exist, one strongly threatened from below by direct de-
tection, the other mostly constrained from below by the
relic density. The leading ⁄

2
hS

-dependence of ‡SI and
‡v approximately cancel when direct detection signals
are rescaled by the predicted relic density, suggesting

that the impacts of direct detection should be to simply
exclude models below a given mass. However, the relic
density does not scale exactly as ⁄

≠2
hS

, owing to its de-
pendence on the freeze-out temperature, resulting in an
extension of the sensitivity of direct detection to larger
masses than might be naïvely expected, for su�ciently
large values of ⁄hS.3 This is the reason for the division
of the large-mass solution into two sub-regions; at large
coupling values, the logarithmic dependence of the relic
density on ⁄hS enables LUX and PandaX to extend
their reach up to singlet masses of a few hundred GeV.
3This point is discussed in further detail in Sect. 5 of Ref. [23].
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RESULTS
EFFECT ON THE Ωh2

effect on relic density: 
up to O(~10)

[… Freeze-out at few GeV        what is the abundance of heavy quarks in QCD plasma?

 two scenarios: QCD = A - all quarks are free and present in the plasma down to Tc =154 MeV
QCD = B - only light quarks contribute to scattering and only down to 4Tc …]
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mDM = 58 GeV

FULL PHASE-SPACE EVOLUTION

mDM = 62.5 GeV

significant deviation from equilibrium 
shape already around freeze-out

effect on relic density largest, 
both from different T and fDM

large deviations only at later times, 
around freeze-out not far from eq. shape

effect on relic density 
~only from different T

black - 
equilibrium 

at TDM

blue - full 
solution for 
fDM at TDM
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CHAPTER III: 
MULTI-COMPONENT DARK MATTER



WHAT IF A NON-MINIMAL SCENARIO?

24

DM
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SM

annihilation (elastic) scattering

DM

SM

DM

SM

In a minimal WIMP case only two types of processes are relevant:

drives number density evolution
(keeping the distribution to be in local thermal eq.)

scatterings typically more frequent

Schmid, Schwarz, Widern ’99; Green, Hofmann, Schwarz ’05

crossing sym.
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DM
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SM

annihilation (elastic) scattering

DM

SM

DM

SM

In a minimal WIMP case only two types of processes are relevant:

drives number density evolution
(keeping the distribution to be in local thermal eq.)

scatterings typically more frequent

Schmid, Schwarz, Widern ’99; Green, Hofmann, Schwarz ’05

Recall: in standard thermal relic density calculation:

Critical assumption: 
kinetic equilibrium at chemical decoupling

f� ⇠ a(µ)f eq
�

crossing sym.
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WHAT IF A NON-MINIMAL SCENARIO?

„defines” the mechanism
(necessary for it to work)

what one calculates 

assumed in calculation (but not necessary)
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SM
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+…..

typically 
forbidden by 
symmetry

or

Co-annihilation

25

Griest, Seckel ’91

due to efficient conversion processes one can 
trace only number density of sum of the states 
with shared conserved quantum number using 

weighted annihilation cross section

WHAT IF A NON-MINIMAL SCENARIO?

„defines” the mechanism
(necessary for it to work)

what one calculates 

assumed in calculation (but not necessary)
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annihilation

…

A A <-> SM SM
A B <-> SM SM
B B <-> SM SM

conversion
A A <-> B B

A SM <-> B SM

A SM <-> A SM
B SM <-> B SM

elastic scattering

el. self-scattering

decays

semi-ann/3->2

inelastic scattering

A A <-> A A
B B <-> B B

A <-> B SM
A <-> SM SM
B <-> SM SM

A A A <-> A A
A A <-> A B

A A A <-> SM A

in all scenarios 
kinetic 

equilibrium 
assumption crucial, 
but not always ”

automatic”!

Example: assume two particles in the dark sector:  A and B

scenarioprocess



EXAMPLE D:
WHEN ADDITIONAL INFLUX OF DM ARRIVES

27

D)    Multi-component dark sectors

Sudden injection of more DM particles distorts 
(e.g. from a decay or annihilation of other states)

fχ(p)

- this can modify the annihilation rate (if still active)

- how does the thermalization due to elastic scatterings happen?
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also can happen!?

(if increased annihilation)
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DM produced via:
2nd component from a decay ϕ → χ̄χ

1st component from thermal freeze-out
DM annihilation has a threshold1) 2)

e.g.    with χχ̄ → f f̄ mχ ≲ mf

nBE (i.e
. en

force
d 

kin
etic

 eq
uilib

riu
m)

fBE (no self-
scatterings)

fBE (with self-
scatterings)

no enhanced 
annihilation, 
more DM in 

the end

some injected 
particles will 

annihilate together 
with themselves and 

cold component

energy redistribution 
will allow more DM 
particles to reach 

energies over 
annihilation threshold 



DM produced via:
2nd component from a decay ϕ → χ̄χ

1st component from thermal freeze-out
DM annihilation has a threshold1) 2)

e.g.    with χχ̄ → f f̄ mχ ≲ mf

number densityY ∼ temperaturey ∼ momentum distributionp2 f (p) ∼

EXAMPLE EVOLUTION
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TAKEAWAY MESSAGE

31

”Everything should be made as simple as possible, but no simpler.”

*The published quote reads:
”It can scarcely be denied that the supreme goal of all theory is to make the 
irreducible basic elements as simple and as few as possible without having to 
surrender the adequate representation of a single datum of experience.” 
„On the Method of Theoretical Physics" ,The Herbert Spencer Lecture, delivered at 
Oxford (10 June 1933); also published in Philosophy of Science, Vol. 1, No. 2 (April 1934), 
pp. 163-169., p. 165

Albert Einsteinattributed to*

When computing relic density of 
dark matter one needs carefully 

to check if the standard 
treatment is sufficient for the 

case at hand


